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SINGULAR PERTURBATION FOR A BOUNDARY 
VALUE PROBLEM OF FOURTH ORDER 
NONLINEAR DIFFERENTIAL EQUATION

MoJlAQI

Abstract

The singular perturbation for a boundary value problem of fourth order nonlinear 
differential equation is studied. Under suitable assumptions using differential inequalities 
the author finds a solution of the original problem and obtains the uniform ly valid 
asymptotic expansions.

We consider the boundary value problem of fourth order nonlinear differential 
equation

в У 4>=/(Я , yt g)^ 0< »< 1 , (1)
2/(0, e) = A ( s ) ,  y ( l, e ) -B i( e ) , (2)

y ' \ 0, в ) - Х * *(в), y”{ 1, e )-B a (e ) , (3)
where s is a small positive parameter. The case for seoond order differential equation 
has been studied (e.g. [1—6] , [12—14]). For fourth order differential equation, 
only first approximation of the solution has been obtained. In this paper, a boundary 
value problem (1)—(3) of fourth order nonlinear differential equation is discussed 
by using differential inequalities. By introducing two functions that possess boundary 
layer behavior' we obtain uniformly valid asymptotic expansions to any degree of 
precision for the sought function and its seoond order derivative on the entire 
interval 0<£C-^1 ,

§ 1. Constructing Formal Solution

"We now construct the outer solution of the original problem (1)— (3). The 
reduced problem is

S'1’, 0 ) - 0 ,  0<® <1, (4)
к о ) - 4 , ( 0 ) ,  K l ) - S i ( o ) .  (5)

We assume that its solution is ?/0(*) and the known functions /(ж , у, у", s),
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A j(s), 2) all have continuous partial derivatives with respect to
the variables involved up to (« + l)th -o rd e r and there is a positive constant m  such 
that/j,//>m . Thus

/ ( » ,  У, У", e) *zF(a) -  J j  F iS {+ r , (6)

4f(<0= i^A jiS t+ rn  ( j = l ,  2),

Ж 6) “  §  ВН8*+?Я ( i = 1 , 2),

where
F o= F  (0) y0, yl, 0), (7)

«^“ j r  2̂0, yl, 0 )tf+ /,(® , yo, yl, 0)«/4+ с{0 )  (4 -1 , 2, •••, »), (8)ъ\

Л - | у ^ " ( 0) ( * - 0, 1 , i - 1 , 2),

VI
r = 0 (g«+i) (0< S « 1 ),

«•/4= 0 ( 6n+i) (», 0< e««l),
while Cj(<c) can be obtained by cc and y3, j = 0, 1 , •••, 4 — 1  successively.

We now assume that the outer solution of the problem (1)—(3) has the 
following formal expansion:

Y (x ,  s ) = 2/0(a5) + 2/1(a5) s + 2/a(a))sa+---, (9)
where y4(®), 4=1, 2, ••• are undetermined functions.

Substituting (9) into (1), we have

/0 , r ,  Y", 8). (10)

From  (4), (6)—(8) , collecting the terms of like powers of s and equating the 
«coefficients to zero, we have

y0, yl, 0)y 'l+ fy(a, Уо, yl, 0)yi+Ot(p)= yl% (0< x< l;  4=1, 2, —, »), (11) 
where y_i==0. In  order to obtain yi(a>) from (11), we need the suitable boundary 
conditions y{(0) and. y{(1). They will be given below. Substituting yiioo) into (9), 
we obtain the и- th  approximation of the outer solution of the problem (1)— (3). 
Clearly, its second order derivative with respect to x  may not satisfy boundary 
conditions (3) approximately. Then we shall construct the functions possessing 
boundary layer behavior near x= 0  and x —1 respectively.

First, we construct the function £(v, e) possessing boundary layer behavior 
near x=Q. Let

Г -Г (я , »)+f(r, 8), ( r - i ) ,
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where r  is a stretched variable. We assume that g(r, s) has the following formal 
expansion:

£(r, 6 )= 8 2( |ro(r)+^i('!r)s +  |a('E')82+ ” 0» (12)
Substituting Y  into (1) we have

sa-f5 г -Л ® .Г ,Г " .0 .  (13)

From (10), (9) and (12) we get

т  I M * *  r + s ’ s) - ^ >  r > r "> s>

= F ( s ) -  2  J V + r ,  (14)
i=0

where

F 0B s F (0 )- f(o t ff0t Уо+-§рг>°) “ /(<>,' y9, yl, 0)

- Л " ( о , ^ , ^ + 0 ^ , 0 ) ^ ,  O C b K l,

-^w(0) “ /i/"(o, i'o>'^+ i| J n 0) 4 | r + ^ ( ‘r)» (»= 1 , 2,—, »),

while C{(r) are defined successively by polynomial of v and ys ( j = 0, 1 , ■•••, £) and 
(j*=»0, 1, i —l) .  Equating the coefficients of like powers of s will yield

(15)

2/0, 2/ o + - ^ , 0̂ -^ -+ C i(v ), ( i - 1, 2 —, и). (16)

We shall give the suitable initial conditions of £{ below so as to solve for £i(v) (»=» 
0, 1, •••, n) from (15) and (16) successively.

Second, we construct the function t?(cr, s) possessing boundary layer behavior 
near a;= l. Let

. f ~ T + n -T { a ,  •)+«*, C + 4(<r, <0 (°—^ p ) ,  (17)
where o' is a stretched variable too. We assume that 77(<r, s) has the following formal 
expansion:

17(0-, s )  =  S2(% (o,)+»Ji(o')e+772(o')sa+»*')» (18)
Substituting F  into equation (1) we have

. / V

_9d4F =/(0), P , f 'V e)da:4
From  (13), (9), (12) and (18), we get

' Г+^+”' F,, + f  ( # + - 0 -> *)
- / ( l - e c . r + ^ r ' + i ^ s )  

= ? ( ( ) -  2 A e 4 ? ,
i=0

(1 9 )
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where

*o=*(0) - / ( 1, Уо, v'o+ ф + ф ,  О) ' / ( 1, Vo, Й+ ^ f - ,  0)

? ‘>(0) Vo, Л + ф + ф ,  o ) 0 - + “.(O , ( i - l ,  2. »),

while Cj(cr) are defined successively by polynomial of cr, y}, DO’=0, 1, • ••, i)  
and r]j(j=03 1, • ••, i~  1). Here we have assumed that £j are functions possessing 
boundary layer behavior. Equating the coeffiioients of like powers of s, we have

d4% , Vo, a d 2r)0 л \  d srt0
*?■ »»■ й? г ■ (2°)

Й + ^ + 0 , о ) ^ - + г . ( о - ) ,  ( i - l ,  2 ,  n ) .  ( 2 1 )

We shall also give the suitable initial conditions of % below so as to solve for %(cr) 
(&=0, 1, n) from (20) and (21) successively.

Now we give the boundary conditions of yt and the initial conditions of £{ and щ 
as below.

We first define the initial conditions of £o(?) and cr):

(15')^ Н - Л (  o)-»S (o),

(20')

In  (16') and (20'), we have deleted the small quantities of higher orders. We note 
that £0 and rj0 satisfy the equations (16) and (20) respectively. I t is not difficult to 
see that there exists a pair of the functions £0 (r), %(u) 6 0 <4) possessing boundary 
layer behavior1-73:

(*»1 , j= 0 , 1, 2)

= 0 (е - ''т(1- ада) (<г»1, /= 0 , 1, 2),dcr1
where h0 is an arbitrary small positive constant,

Next, we define the conditions of yiipo), £i(r) and г/4(сг) (®=1, 2,
2/i (0) =  А ц  — £j_2 (0), g/i (1) = В ц  — ̂ i-a(O),

n ):

ck2
d \ (  0) 

da2 <B2i- y K 1),

(11')

(16')

(210

in which the letters with negative subscript are taken to be zero. In  (11'), (16') and 
(21'), we have deleted the small quantities of higher orders, Prom the equations
(11), (16). and (21) the ?/4(ж), £»(г) and щ(сг) can be obtbined successively, where
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and rji satisfy also the conditions
dJU r )  _

dj'0i(ar)_

(t, e r» l, 4 -1 , 2, •••, Щ j=*0, 1, 2,), 
where (4—1, 2, •••, n) are arbitrary small positive constants,

Substituting the above defined yi} gt and ^ (4 = 0 , 1, •••, n) into (9), (12), (18) 
and (17) successively and replacing the stretched variables by as, we obtain the 
sum T n of the first n terms of formal asymptotic expansion which is the solution 
у  (x, e) of the problem (1)—(3):

sfcW+ ф  ( f  ) + * (22)

§ 2. Estimate of the Remainders

Now we prove that under the suitable conditions original problem (1)—(3) has 
a solution у (as, s) £ 0 (4) which can be represented by the following uniformly valid 
expansions:

у (со, s) “  Jj[W ® ) + « а (23)

and

( 2 4 )

where М± and R3 are remainders satisfying
# j= 0 ( s ,,+1) (0<а?<1, 0 < s < l ;  4—1, 2).

We first state a lemma as follows.
Lemma. We consider the boundary value problem for system o f nonlinear* 

differential equations

’ yl= fi(® , Vi, 2/a),
„ ,  f s ( 0< ®

l - /> (» , y±, yf),
2/i(0)=J.i, 2/1 (1) =Bi,
2/2(0) — ula, 2/2(1) —Bq.

I f  there are functions щ(а>), &(ге) £ 0 (2)[0, 1] (4—1, 2), which satisfy the following 
conditions

« .(o )< 4 < A (o ) ,  . , 0«.—l, 2,
«<(1) < Д < /3 4(1),

f « ? ( » ) > / i(®, oi(®), 2/2),

I £ i( ® ) < /i( ® , A (® ), 2/2),
0<Я5<1, aa(®)<2/2</3a(a?),










