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Abstractt

Suppose that 2  is a group-theoretic property. A group whose every proper sub­
group but itself is a 2  group is called an outer-2 group.

The paper gives a series of results to groups which possess trivial Frattini subgroup 
and only one solvable minimal normal subgroup. The outer groups are such groups when 
the classe of 2  groups is a saturated formation.

By use of aforementioned results, the c(fc) groups (group with classes less than &),. 
Г к-рп  groups (groups whose й-th  term of lower central series are p-nilpotenit) and 
p-supersolvable groups are discussed.

§ 1. General Results

All groups which are discussed in this paper are of finite order.
Definition 1.1. Groups with property 2 are called 2 groups. Groups whose every 

proper subgroup is a В group but itself is not are called inner-2 groups. Groups whose 
every proper factor group is a 2  group but itself is not are called outer-2 groups. 
Groups whose every proper subgroup and every factor group are 2 groups but itself is 
not are called minimal non-2 groups.

Lemma 1.1. I f  property <r is preserved for subgroups and all inner-2 groups 
are not <7 groups, then the property a is a sufficient condition of 2 groups. I f  c is 
preserved for factor groups and all outer-2 groups are not <x groups, then сг is a sufficient 
condition of 2  groups.

Proof The lemma follows from the minimal counterexample.
Prom Lemma 1.1, outer-2  and inner-2  groups are of importance for studying 

2  groups. This had been showed by the research of supersolvable groups in the 
paper [1]. There are more papers regarding the inner-2  groups about some most 
common properties 2 , while less research of the outer-2 groups appears. Klein121 
and BaartmansC3:i studied the outerabelian groups; DoerkM] and the papern:i studied 
the outersupersolvable groups. * *
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The following lemma shows that outer-2  groups are more important than 
inner-2 groups for studying 2  groups.

Lem m a 1.2. Suppose that property 2  is preserved for factor groups. Then 
inner-2 groups G with Ф (£?)=> 1 is an outer-2 group, i.e. G is a minimal non-2 
group. Conversely, i f  2  satisfies the condition:

(*) Suppose that G/<3>(G) is a 2  group implies that G is a 2  group, then minimal 
non-2 group G is an inner-2 group with Ф(бг) =1.

Proof Suppose that there exists N, 1 <N<3G, such that G/N  is not a 2  group. 
Let H  be any subgroup of G such that G = HN. Then H  is not a 2  group, since 
H /H  f\ N ~ H N / N = G /N .  We have H = G, since every proper subgroup of G is a 2  
group. From this, Ж < Ф ($) =1, and it is a contradiction. Therefore G is an outer-2 
group. The last conclusion of this lemma is clear.

We note that nilpotenoy,supersolvability, cr-sylow tower and jp-supersolvability 
( [15], Th. IV, 8.6. a) are all satisfying the condition (*).

In  this paper we discuss the outer-2 groups for some common properties 2  
(nilpotenoy, metanilpotenoy supersolvability etc.) and minimal non-2 groups by 
using results of outer-2 groups.

The main result of this paper is the following principal lemma. Its hypotheses 
are few and its conclusions are rich. I t shows that various conclusions of this paper 
may be developed, because these conclusions are based upon the principal lemma and 
the hypotheses of principal lemma is quite general.

P rin c ip a l Lem m a. Suppose that G has a unique minimal normal subgroup N 
which is an elementary abelian p-group of order pa and Ф(6?) =  1, where Ф(6г) is the 
Frattini subgroup of G. Then

1) G=AN, A f ] N ^ l ,  and A is a maximal subgroup of G.
2) CQ(Nj = N.
3) A has no поп-trivial normal p-subgroups, that is, Op(Aj =1.
4) The Fitting subgroup F(G ) of G is equal to N and N is a maximal abelian 

subgroup of any Sylow p-subgroup of G.
5) I f  0Р>(А) Ф1 (this holds when A is pr-solvable), then Л  conjugate to A whenever 

II<G with G=*IIN.
6) Every noninedtity element of the center Z(A ) of A acts N fixed-point-free and 

so Z(A) is cyclic.
7) I f  1Ф H<3G, then
i) H - B N ,  B f \ N - l ,  B=°Af)B.
ii) either r ll( H ) = l , H = N  or r i c (H)=rk(B)N. I f  Г к(Н) is p-nilpotent, then 

В is a nilpoient group of class less than Те and p \\B \, where Г и(Я) is the Те-th term of 
the lower central series of И ( J ’i(U )  =  Л ) .
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; 8) The following four propositions are equivalent:
i) G' is p-nilpotent.

ii) G' is nilpotent.
iii) A is abelian.
iy) A is cyclic*

In  case 8), the exponent of p  (mod\ A]') is a.
9) I f  A is p-solvable and non-abelian, then ( | u4 , а)ф1.
Proof 1) From <b(G) =1, there exists a maximal subgroup A of G which does 

not contain N. Hence G—AN.  Let Af]N=D. D<\<A, N>=G. By minimality of 
N  and A ^ N , D = l.

2) Let D=Oq(N) f]A. Then D<3A, D<}(A, N} = G. By uniqueness of N,D=*±. 
Hence Oa (N) .-JV.

3) If A  has a non-triy ial normal p-subgroup B, then NP(B) >B, where P —BN. 
Therefore NG(B) contains non-identity elements of N.  Hence NG(B)>A, Ng(B) =  
G, B<\G, contrary to uniqueness of N.

4) Olearly F(G )> N .If F{G)>N,  then Я  (<3) must be a p-group by uniqueness 
of N. I t is triyial that F (G) fl A  is a non-trivial normal p-subgroup of A, contrary 
to 3).

5) In  analogy to proof of 1), H<G, H N  = G implies H f]N=l.  Therefore
H - H / H O N t e H N / N - Q / N - A N . / N c z A .  . . ‘ .

Ор>(Н)Ф1, since 0P,(A)¥=1. Hence oA®/N)^OpfA' )N/N^Op,{E)N/N, Op,(A)N 
=OpfH)N.  By Schur-Zassenhaus’ theorem, there exists an element g such that 
Ор,(Л)=Ор>(А)д. Thus Opf  H)<l<Ag. H > . If Л ф А 9, then Op>(H)<iG, contrary 
to uniqueness of N.

6) If l= £d£Z (J.), then <(d><5A If there exists an element 1 ФaG:N, such that 
4td=da, then IVrG « d » > < J4, a)=G, contrary to uniqueness of N. Hence the non­
identity elements of Z(A) act N  fixed-point-free. By [6]. 7.24, Z(A) is cyclic.

7) i) Я П  N<3G, since Л <iG. By minimality of N, Я П  N = 1 or N. From 
H<G  and uniquencess of N, Я Л N=N.  Thus \G\ = \AN\ - \АЛ\ = \ A \ >\Л \ f  
\ А ( ] Л I, \Л\ = \АПЛ\ .  |Я | ,  sinoe \AN\ =  \A \ • \N\. Olearly E > ( E ( ] A ) N ,  
whence Л  =  (Я  П A)N.  P u t B = А  Л Л,  we derive that E<=BN, В 0N*=1.

ii) From Я / Г М(В )Я = (В )Я /Г Й(В )Я ^ В /А (В ) , Г , ( Я ) < Г й(В )Я (В /Г гб(В) 
is a nilpotent group of class less than Jo). -ГЙ(Я)<](?, sinoe Г ^ Л )  is a characteristic 
subgroup of Я . If  ЯЙ(Я )  =1, then Я  is a nilpotent normal subgroup. Hence Я <  
F(G)=N  and so Я  =  Я . If Г Ъ{Л)Ф1,  then Г Й( Я ) > Я  by i). Thus Г * ( Я ) /Я -  
Л (Я /Я )« Г » (Я ) .

If ЯЙ(Я ) is p-nilpotent, then the normal p-eomplement К  of ЯЙ(Я ) is a 
characteristic subgroup of Г Й(Я ) , K<\G. Therefore K  = 1 and Ги(Л)  is a p-group.
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Thus r k( H ) < F ( G )^ N .  If  Г В(Я)^= 1, then Г В( Я ) > Я . Thus Г Й(Я )= ^Я  and so 
/ ’й(Б) =1. If  ЯВ(Я )  =1, then Г Й(В )= 1  also. Henoe 5  is a nilpotent group of class; 
less than b.

If p | | В | , then the Sylow ^(-subgroups of В are distinct to 1. They are characte­
ristic in  В and so normal in A, since B=HC[A^A.  This is contrary to 3).

8) G' is ^-nilpotent, that is Г 2(0)  being p-nilpotent. By 7) ii), A  is abelian* 
From 6), A  is cyclic. By [6], 9 .4.3, the exponent of p (mod |A\~) is a.

9) Derived from [16] VI. 8.1.
Lemma 1.3. Suppose that property 2  satisfies the condition
(A ) If G/N1} G/Na are 2  groups, then G/Nt( \Na is also a 2 group.
I f  G is an outer-2 group and G possesses a поп-trivial normal p-subgroup, then- 

G has a unique normal p-subgroup N. Thus G is p group described in the principal 
lemma when Ф(<30=1.

Proof G has non-triv ial normal ^p-subgroup. G must have minimal normal 
^-subgroup N. I f  M  were a minimal normal subgroup of G distinct to N, then by 
minimality -MTlIV^l. By condition (A ) , G/Mf \N~G  is a 2  group, This is a. 
contradiction. Hence N  is the unique minimal normal subgroup of G.

We note that if property 2  satisfies the condition (*), then outer-2  group 
must have Ф((?) =*1. By Lemma 1.3, we derive

Theorem 1.1. I f  the class which consists of all 2  groups is a saturated forma­
tion, then solvable outer-2 groups we groups described in the principal lamma for some- 
minimal normal subgroup.

Lemma 1. 4. I f  the property 2  implies П-solvable, then the minimal non-2- 
group G is П-solvable, or a simple group.

Proof I f  G is not simple, then G has a proper normal subgroup N.N  and G/N  
are 2  groups and so G is Я -solvable.

§2. c ( k )  Groups

Definition 2.1. Nilpotent groups of class less than ic are called c(b) groups, c (l)1 
group means the identity group.

Theorem 2,1. Solvable outer-nilpotent group G is a group described in the 
Principal Lemma. Furthermore

1) F(€f) =N is the Sylow p-subgroup of G.
2) A is nilpotent and the center of every Sylow subgroup of A is cyclic.
3) I f  A is generated by b elements, then G is generated by two elements when b= l 

and G is generated by b elements when b> 1.
Pfoof The nilpotent group class is a saturated formation. By Lemma 1.1. G is
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a  group described in  the Principal Lemma and A  is nilpotent. 2) comes from 
Principal Lemma 6).

Now prove 3). If &=1, then  A  is oyolic, А — а̂У- Then G — Kfl, by evidently, 
where 1Фb£N.  Suppose that b> 2 , a3, •••, â y. If there is a non-identity 
•element b £ N  which commutes with a±, then since A  is nilpotent, p\\a i\, iaib, a3, •*> 
•%>“=■ <(«i b)p, (ffli6)ISl1, й2, •••, a»> =  <af, Ъш , a3, —, ahy contains A  properly, Whence 
<«A a3) —, a^y=G.

Suppose that all non-identity elements of N  cannot commute with %. Take 1Ф 
Ъ £  N.  Consider the group H  =  <%, bd3, •••, «&>. Clearly HN>AN,  so NH=G.  If 
M<G, tneri by Principal Lemma 5), H  is conjugate to A  H  must be nilpotent. Let 
iihe class of H  be c. We must have

C
/ A Л"П1 '""Ч

\Ъа3, a1} «1, % ]= ! .

Using the formula [ab, c] =  [a, e]6 [6, c], we have

[[•••[[&, « и З ^ ’- З ,  a d * ’*’- «i, o i ] - l .
'The last commutator is 1, since the class of A  is c too. Hence

[[•••[[&, «i30,,« i ] C0,’eiC- ] , « i ] = l .
We note that the commutators in successive order of the left hand Side are all in  N  
•mod the elements Of N  which commuts with a% are only 1. We have \b, a{\ =1 
ultim ately. This is a contradiction.

Theorem 2. 2. A solvable outer-c(b) group G is either an outer-nilpotent group.
■or a p-group. I f  G is a p-group, then I\(G ) is of order p and Z(Gt) is cyclic.

Proof I f  G is not nilpotent, then G is an outer-nilpotent group. Now suppose
ih a t G is nilpotent and 6 r= P 1X ««• x P r to be the direct product of its Sylow
subgroups. If  r>  1, then the class of each P { is less than b, since P^G/ J fP j .  Hence

i—1
the class of G is also less than b, which is contrary to that the class of G is not less 
than b. Thus G is a ^p-group. Suppose that M is any normal subgroup of G. Then 
the class of G/M is less than b. Hence M > r b( G f  Thus we have shown that any 
non-triv ia l normal subgroup of (Pcontains P ft((?) arid so \ r h(G) | =p. Prom this, 
Z{Gf) has a unique subgroup of order £>(that is P fc ((?)). Therefore Z(G) is cyclic.

get b =2, the conclusions to solvable outer-abelian groups are derived (see [2,
3 ] ) .  ■ •

T heorem  2.3. A solvable outer-abelian group G is either a p-group with cyclic 
center and \G'\ =p, or a Frobenius group with cyclic complement A and elementary 
•abelian bernel N and i f  | N \ c=:pa, then the exponent of p (mod [ A \) is a.

Proof The preceding case of this theorem is a special case of Theorem 2.2. Here 
G —AN .L e t g£G\A., we prove A f \ A 9e=l. Let J .f | Ag—D. Then D<\(A, А9У. By
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the maximality of A  and the uniqueness of N, D = 1  or A. If D ^A , then 
Thus g € N G(A)=A.  This is a contradiction. Hence D = l ,

The last conclusion comes from Principal Lemma, 8).
Theorem 2.4. Suppose that G is solvable and every Sylow subgroup of G is 

generated by &(>1) elements. Then G is nilpotent i f  and only i f  each k-generator factor 
group of G is nilpotent.

Proof Our theorem follows from Theorem 2.1, 3).
Theorem 2.6. Inner-c(Jc) group G is generated by h elements.

,Proof There exists elements eq, ah£ G, such that [cq, •••, af\ Ф1, Since the
class of G is not less than it. Then the class of group <eq, •••, ОюУ is not less than k. 
I t  can not be a proper subgroup of G, whence G=<%, •••, «»)>. .

§ 3. Гъ-рп Groups and p-Metanilpotent Groups

From Lemma 1.2, the inner-2  groups with Ф((т) =1 are the minimal non-2? 
groups when 2  is nilpotenoy, super solvability, p-nilpotency or p-sUpersolvability. 
They were studied by predecessors (see [7, 8, 9, 10] ). Now we are discussing broader 
group classes.

Definition 3.1. Group G is called Fk-pn group, i f  Pk(G') is p-nilpotent. Let 
r{G ) =[”') r k( G f  G is,called p-metanilpolent, i f  Г  (G) is p-nilpotent.Tc

Evidently, Properties “Г yrpn” and “p-metanilpotent” are preserved for 
subgroups and factor groups and satisfy the condition (Д ) .

p-supersolvable groups are Г$-рп groups; Г к-рп groups are p-solvable groups.
Theorem 3.1. G is a Fh-pn group i f  and only i f  G/$?(Gr') is а Г к~Рп group.
Proof The necessity is clear. "We only need to prove the sufficiency.
From Г*((?/Ф(<Э9) -  Г»(<У)Ф(<?)/Ф(<?), we have Ф(9) <  Г Й((?)Ф(£) <1 G. 

/\(С?)Ф(£?)/Ф((?) isp-nilpotent by the hypotheses of the theorem. From [16] VI,. 
6.3, Г  1с((х)Ф(&) is p-nilpotent and so is r k(G).

Theorem 8.2. Suppose that G is a p-solvable outer-Г k -pn group. Then G is a 
group described in the principal lemma. Furthermore, A  is а Pk-pn group and «>1. 
I f  G is a p-solvable minimal non-Pk-pn group, Jc^2, then A is an inner-c(Jc) . 
group; I f  p \ \A\ ,  th e n p | |A |, A is an inner-cQs) group of order pqe and the Sylow 
q-subgroup of A  is normal.

Proof Suppose G is an ou ter-J1k-pn group. By Theorem 3.1, property “Ги-  
pn” satisfies condition (*•), whence Ф(6?) =  1. If  OpfG)i>l,  then G/Opf G ) is 
аГц-рп group. Thus r k(G/0P>{Gt)) = r b{G)OpfG)/Opl{G) is p-nilpotent. Hence 
r-k{G)Opt (G) is p-nilpotent and so is r k(G). This is contrary to that G is not a 
Г к-рп group. Then Op(G)i=±, since G is p-solvable. G has non-triv ial normal
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^subgroups. By Lemma 1.3, G is a group described in  the principal lemma. By 
Principal Lemma 7), .Tfc((?) =F1{(yA)N . /^ (A ) is not a -p-group, since /* ;(# ) is not 

nilpotent.
If  «=1, then N  is cyclic group of order p. From 0 0(N) =N,  we have
AG(A ) /0 G(A) ^ (З У Я ^ А ^ а  subgroup of Aut(lV). Hence G/N is abelian, 

rn(G)<!N(h>2'). Whence F ^G )  is jp-nilpotent, and it is a contradiction. Hence 
« > 1.

Suppose that G is a minimal поп-Г^-рп group. Let В be any proper subgroup 
of A. Then H=BN<G,  whence Г ^ Н )  is p-nilpotent. Let К  be the normal p- 
eomplement of T ^ H ) ,  then K<3H, whence K N ^ K x N .  Hence AT =  1, and so 
T]s(H) is a jp-group. Here

Я /Г » (Я )> В Г » д а /Г » ( Я ) « В /Г ьСЯ) n s .  I f  я 4 |В |, th en А ( Я )  П В =1 and 
В  is a c(&) group. If  p \ \B\, then p\ \A\, Let О be a p-complement of A  О is a c(Jo) 
group, since OKA.  By [11], IX . 2.e, A is solvable and so is G. Hence r b(G)<G , 
when &>2. By hypothesis, T^iG') is а Г ь-рп group. -Ffc( r fe((?)) is p-nilpotent. By 
Principal Lemma 7), Г Ъ(С£) = J ’fc(A)iV, Г  if A) is а c(Jc) group and p i  | Рц(А) |.From 
A/ Г fc( A) being a c (l)  group, A is p-nilpotent. Thus A has a normal subgroup At 
such that | A: Ai| —p, AXNKG.  By Principal Lemma 7) again, Aj is a c(Ic) group 
and jp'jslAil. Thereforep\ [ A| and so p|| |B |. If Г 1с{Н') Г\В=РФ1, then P  is of order 
p  and P  is a Sylow ^subgroup  of B. Let B% be the normal ̂ -complement of B. Then 
B=PxBx.  We have proved that B± is a o(Jc) .group. Thus В is a c(h) group in any 
case.

Now prove that A is not a c(k) group. If  A is a c(&) group then by Principal 
Lemma 7), r lc{G) —r 1({A)N = N.  Whence G is а Г irpn group, and it is a contradic­
tion. Thus we have shown that A is an inner-c(&) group and p\ |A |, when p\ |A |. 
By Principal Lemma 3), A is an inner-c(A) group of order pqB and the Sylow д'-  
subgroup of A is normal.

Corollary 3.1. p-solvable minimal поп-Гъ-рп groups are solvable.
Corollary 3.2. The oner of a p-solvable inner-Pjf-pn group contains at most 

three distinct prime factors.
Proof The distinct prime factors of the orders of G and 0/Ф ((?) are the same. 

By Theorem 3.1 and Lemma 1.2, 6?/Ф((?) is a minimal non-Г^-рп group. An 
inner-c(A) group contains at most two distinct prime factors (Theorem 2.4). By 
Theorem 3.3, the order of G/Ф (G) contains at most three distinct prime factors.

Theorem 3.3. p-solvable inner-Г  %-pn, h>2, group G=AN is generated by & 
elements. When A is not nilpotent, G is generated by two elements.

Proof We may suppose that G is a minimal non-TVyw group, since G and 
(?/Ф((?) have the same number of generators.
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If  A is nilpotent, then by Theorem 2.1, 3) and Theorem 2.5, G is generated 
by Tc elements. If  A  is not nilpotent, then A. is an inner-nilpotent group.

1) | A \ =̂ ryqe, | N  | —pa, p, q, r  are distinct primes.
We have known that A=<c,&> and <c>=R is a Sylow ^-subgroup of А; b is any 

generator of the Sylow ^-subgroup Q of A. If  (7a (o) contains an element аФ 1 of N, 
then (са, b)> =» Kfi, a, by contains Q properly and so (ca, &>=(?. Theorem is proved. 
Suppose 0G(o) f| A = l .  Let H  = <p, ЪаУ, where b is any generator of Q, 1Фа£Иа 
Clearly UN=G.  Let H  Л N=D,  then D<\(H, Ny=G.  By the minimality of N, D 
=N  or 1. If  D=N,  then H > N  and H  — HN=G.  If D = l,  then H  is conjugate to 
A=RQ. Hence there exists g £  G, such that H g= (cg, (ba)gy = RQ. From (6a)8" ̂  
Z>8V = a' €:N and Д  (]N = 1, a '= l .  The order of ba is a power of q, whence (ba)g£Q. 
Here g, c8£  А, c conjugate to cg in A. Henoe there exists &i£Q, such that obl=cg. 
Then gbx1 £(7G(c). From Og(N) f \N = l, 0 G(c)< A . We have gb^G.A, whence gG. 
Ab±=A. Here (ba)g£Q. Sinoe Q<3A, ba£Q, this is contrary to agQ .

2) A=pqe, A=RQ, G= RQN, P = R N  is a Sylow ^-subgroup of G. If the 
exponent of P  is p, then P  is a regular p-group. Wo(P) = P , since Og(N) =N.  From 
W ielandt Theorem [15, IV, 8 .1], G has a normal ^-complement Q, and it is a 
contradiction. Therefore P  must have an element oa of order pa, where o£R, a GN 
and so 1 ^  (ca)9=a' £N . Let H  =  <(ш, by, b is a generator of Q. Evidently HN=G.  
1 ф Д  П ^ = Р < < Я , Ny=G,  sinoe a' From the minimality of N, D—N.  Then 
G = H N = H .  This proves the theoaem.

C orollary  3.3. p-solvable inner-Г^-рп group is generated by two elements.
C orollary  3.4. p-solvaible inner-p-metcmilpotent group is generated by two elemets.
T heorem  3.4. I f  Г и(Д)  of every &(&>2) generator subgroup S  of ap-solvable 

group G is p-nilpotent, then r k(G) is p-nilpotent. I f  the derived subgroup of every two 
generator subgroup of a group G is nilpotent, then G' is nilpotent.

Proof The first result is an immediate consequence of Corollary 3.3. In  order 
to prove the second result, we need only to prove that G is solvable. By induction, 
we have the derived snbgroup of every proper subgroup И  is nilpotent and so H  is 
solvable. If  G is not solvable, then G is inner-solvable and G/Ф(G) is a minimal 
simple group. All minimal simple groups are generated by two elements. Hence G 
is generated by two elements and so G' is nilpotent by the hypotheses. I t  is a 
contradiction. Therefore G is solvable, which proves the theorem.

Analogy to the proof of Theorem 3.4, we can prove
T heorem  3.5. I f  every two generator subgroup of a p-solvable group G is p- 

metanilpolent, then so is G.
[13, Th. 1.47] shows that every simple group can be generated by two elements. 

Using this result and Lemma 1.4, the hypotheses “^-solvable” of Corollaay 3.3, 3.4
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and Theorem 3.4, 3.6 may be omitted.
Theorem  3.6. G is а Г-^-рп group i f  and only i f  G is p-solvable and Г ft(i\TG(P.)/  

0 G(P ))  is a p-group for every p-subgroup Р<3$р, where S9 is a Sylow p-subgroup o f 
G.

Proof "We have
Г  ( ^ ( P )  N ГьШв(Р))Од(Р) ^  r^NgCP))

*\ 0 G(P ) ) 0 G(P') -  0 G( P ) n r » № ( P ) )  ’
If  G is а Глгрп group, then so is jVG(P ). Whence P»(iVG(P )) is p-nilpotent. Let К  
be its normal p-complement. -&r<3iVG(P ), Since К  is characteristic in P ft(lVG(P )) . 
Hence P K - P x K  and so К< О в(Р). К<Ов(Р) [}Г^Ив(Р). Thus T h(NG{P))f  
0 G(P) C\Ph{Ng(P) is a p-group and so is P»(JVG(P)/OfG(P )) . The necessity is 
proved.

To prove the sufficiency. The minimal normal subgroup N  of G is a p'-group, 
or a p-group, since G is p-solvable. Let G=G/N.  I t is easy to show that NG(P) = 
Ng(P)N/N  for any p-subgroup P , where P^PN/N,  when N  is a p'-group, P = P /  
N  when N  is a p-group. Clearly, 0 G(P) > 0G(P)N/N.Thus.

Ng(P) _, N g(P) „  Ng(P)N/N  , ,  N n(P)
_ 0 G(P) 0 G(P){NG(P) п ю ~  og(p )n / n  a 5( P ) ’

Suppose p<3&p. Then P<3Sp, when N  is a p-group; PN<\SpN, when N  is a p'-group. 
By Frattini argument SpN—N ^ ^ P )  'N.  Hence NBpNN(P)  contains a conjugate of 
Sp. Thus P  is normal in certain Sylow p-subgroup. We may suppose P<\Sp. 
By hypothesis, P fc(lVG(P)/C ,G(P ))  is a p-group, and so is its homomorphic image 
Pk(Ng(P)/Og(P)).Bj  induction, G/N  is а Г^-рп group. Thus we have shown that 
the factor groups of G for any minimal normal subgroups are Г^-рп groups. Every 
proper factor group of G is а Г ь-рп group, since property е‘Гц~рп} is preserved for 
factor groups. If  G is not а Р»-рп group, then G is an outer-Pъ-рп group. By 
Theorem 3.2, G=AN,  JLfllV=l; N  is a normal subgroup; Р»(Л) is not a p-group. 
Since N g(N) —G, Og(N) —N,  then N G(N) /0G(N)ezA.  But P R(J.) is not a p-group, 
and it is contrary to the hypothesis.

The theorems mentioned above may be stated for p-metanilpotent groups.

§4. p-Supersolvable Groups

T heorem  4.1. p-solvable outer-supersolvable group G is a group, described in the 
prinlipal lemma. Furthermore A is p-supersolvable and «>1. When G' is p-nilpotent, 
A  can not decomposed into A —A^Aa such that At N  is p-supersolvable, i= 1, 2.

Proof Similar to the proof of Theorem 3.2, we may prove that G is a group 
described in  the Principal Lemma. A  is p-supersolvable and «>1. Then G' is p -  
nilpotent, A  is cyclic by Principal Lemma 8). If  AtN  is p-supersolvable,. then AtN
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has a normal subgroup P  of order p. By Principal Lemma 8), the non-identity 
elements of A  act N  fixed-point-free and so does Ai, i —1, 2. Hence 0A(N/P) =N,  
i —1, 2. Whence N AiN(P ) / О ^ (P ) — AtN / N ^ A ^  a subgroup of A ut(P) and so 
|.А4| \p—l, i=l ,  2. |A | =  [ |A 1[, |Aa|] , since A  is cyolio. Thus \A\\p—1 and the 
exponent of p  (mod [ A  | ) is 1. This is contrary to «>1.

Theorem  4.2. p-solvable inner-p-supersolvable groups are generated by two 
■elements.

Proof We may suppose that G is minimal non-supersol vable, G—AN.  If  G' 
is p-nilpotent, then by Theoaem 4.1 and Principal Lemma 8), A is cyclic, while G 
is generated by two elements. If  G' is not p-nilpotent, then G is an тпвг-Г2-рп 
group by [15, УI. 9 .1]. Prom Corollary 3.3, G is generated by two elements.

Theorem  4.3. I f  every two generator subgroup of a p-solvable group G is p -  
mpersolvable, then so is G.

Proof The theorem is corollary of Theorem 4.2.
Theorem  4.4ш,1б:|. Suppose that G—GiGu, where Gi is a normal p-supersolvable 

subgroup of G, i=° 1, 2. Then G is p-supersolvable i f  and only i f  the commutator group 
[6?i, Gf\ is p-nilpotent.

Proof The necessity of this theorem is clear. To prove the sufficiency. Here Gf 
=  [бгцбга, GiGfl =  G’ [(?i, <?a] G2 ( [11] УL 1-1). G' is a product ef mormal ̂ j-nilpotent 
groups and so G is p-nilpotent. The conditions of this theorem are preserved for 
factor groups. If  G is not p-supersolvable, then G is an outer-p-supersolvable 
group. By Theorem 4.1 and Principal Lemma 8), G=AN, A is cyclic. By Principal 
Lemma 7), G=(G (]A)N, Gt r\A=A{, i= 1, 2. Evidently A=A1A2, contrary to 
Theorem 4.1. Hence G is p-supersolvable.

Theorem  4.S'-163. Suppose that G is p-solvable, or p is the smallest prime factor 
o f \ G I. I f  each maximal subgroup of every Sylow p-subgroup is normal in G, then G 
is p-supersolvable.

Proof Let P  be the maximal subgroup of a Sylow p-subgroups Sp of G. Then 
p\\\G/P\. G/P possesses cyclic p-subgroup. When p  is the smallest prime factor of 
\G\, G/P has a normal p-complement and so G is p-solvable. Thus G is p-solvable 

in  any case. Evidently the conditions of this theorem are preserved for faotor groups. 
If  G is not p-supersolvable, then G is a p-solvable outer-p-supersolvable group. 
By Theorem 4.1, G—AN, 0P(G') =N. Hence N=P.  Therefore P  is the unique 
maximal subgroup of SP and so &(SP) = P . Moreover | : P  | =p, Sp/ 0 / S P) is cyclic
and so is. SP. Thus N  is cyclic, | N  \ =p, contrary to «> 1 . Hence G is p-supersolvable.

Theorem  4.6. Suppose that G is a p-solvable group. I f  the numbers of indices 
divided by pin the index series of all maximal chains of subgroups of G are coincident, 
then G is p-supersolvable.
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Proof By induction, every proper subgroup of Gf is p-supersolvable. If О is 
not jo-supersolvable, the Gf is inner-p-supersolvable. Gf/H)((f) —AN  is minimal 
non-p-supersolvable, \N \ = # “, «>1 . -A is a maximal subgroup of (?/Ф((?). Then 
the inverse image of A  is a maximal subgroup of Gf. Its index in Gf is pa, a> l. But 
Gf is solvable. The composition series of Gf is a maximal chain of subgroups. Hence 
Gf have two maximal chains. The numbers of indices divided by p  of them are 
distinct. I t  is contrary to hypotheses.
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