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C E R T A I N  P R O P E R T I E S  O F  R E A L I Z A B L E  

M O D U L E S  O V E R  T H E  

S T E E  N R O D  A L G E B R A

L i n  J i n k u n  O f c & t y )  *

A b s t r a c t

Let Qi, P a be Milnor base elements of the mod p Steenrod algebra, p > 2 . P f=  
jxo.-o,P‘,0,-) with  p* in the t-th  position, $ < t. The present paper obtains a construction 
of killing P° homology group of A module M: (1) For bounded below A module M, there 
exists an A module Ж and monomorphism flM -> Ш such that H (M , P ? )= 0  and £Г (/, Q() , 
H ( f ,  P f), H  ( / ,  (P f)p-1)are  isomorphisms fo r all i > 0, s<#=j£=l- (2) For bounded below 
spectrum X  there exists a spectrum Y and a map f :Y -* X  such that H(Y*, P ° )—0 and 
£ ?(/* , Qi), H ( f * ,  P f), H ( f* ,  (PJ)*’-1) are isomorphisms fo r all i> 0 , s< ti=  1, where Y* 
is the Z p cohomology of Y and f*:X*-^>Y* is the A module morphism of Z P cohomology 
induced by f .

L e t A  b e  m od  p  S te e n ro d  a lg e b ra . A n  A  m o d u le  M  is  ca lled  re a liz a b le  i f  th e r e  

e x is ts  a s p e c tru m  X  su o h  th a t  H *  ( X ,  Z V) ^ M .  I n  th e  case p = 2, [5] o b ta in e d  a 

c o n s tru c tio n  o f k i l l in g  th e  P ?  hom ology  g ro u p s  o f M  i n  th e  ca teg o ry  of A  m odu les. 

T h is  c o n s tru c tio n  c a n  a lso  b e  c a r r ie d  o u t  in  th e  c a te g o ry  of re a liz a b le  A  m odu les, 

h e n c e  i f  M  is  r e a l iz a b le  t h e n  th e  c o n s tru c te d  n e w  m o d u le  is  a lso  re a liz a b le , th is  

g iv es  a n e c e ssa ry  c o n d itio n  of re a liz a b le  m o d u les .

T h e  p re s e n t  p a p e r  co n sid e rs  th e  case p >  2 a n d  o b ta in s  p a r t ia l  r e s u l ts  co rres­

p o n d in g  to  th e  r e s u l ts  i n  [5 ] :  F o r  P J , th e r e  is  a  c o n s tru c tio n  i n  th e  ca tego ry  of A  

m o d u les  a n d  o f r e a liz a b le  A  m o d u les  s u c h  t h a t  P ?  hom ology  g ro u p s  of th e  

c o n s tru c te d  n e w  m o d u le  v a n is h e s , b u t  o th e r  P f  o r  Qt hom ology g ro u p s  of i t  re m a in s  

iso m o rp h ic  w i th  hom ology  g ro u p s  o f th e  o r ig in a l  m o d u le .

T h e  p roofs of a l l  r e s u l ts  l is te d  i n  th e  p re s e n t  p a p e r  h a d  b e e n  g iv e n  i n  d e ta ils . 

U n le ss  th e r e  is  a n  o u t l in e  o f p ro o f o f o n e  th e o re m  i n  [5 ] ,  th e  a u th o r  h a d  n o t  seen 

a n y  l i t e r a tu r e  w h ic h  s ta te s  th e  p ro o f of r e s u l t s  in  [5] w h e n e v e r  th e  a u th o r  

e s ta b lish e d  th e  o r ig in a l  m a n u s c r ip t .  A f te r  th e  o r ig in a l  m a n u s c r ip t  h a d  b een  

e s tab lish ed , in  th e  e n d  o f 1984, th e  a u th o r  saw  th e  book [8] (p u b lish e d  i n  1983) 

w h ic h  s ta te s  th e  p roofs o f r e s u l ts  i n  [5] ( [ 8 ] d o esn ’t  c o n c e rn  th e  case p > 2 in  th is
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p ro b le m ) . B u t  u n le s s  a  l i t t l e  r e v is io n  i n  th e  p ro o f of T h eo rem  1.4 . t h i s  re v is e d  

m a n u s c r ip t  r e m a in s  a l l  c o n te n ts  o f th e  o r ig in a l  m a n u s c r ip t .

§  1 .  T h e  M a i n  R e s u l t s

I n  th e  p re s e n t p a p e r , A  d en o te s  th e  m od p  S te e n ro d  a lg e b ra , p > 2. L e t  Qb P f  

( г > 0) be  M iln o r  b ase  e le m e n ts  o f A , P f  = P (0> w i t h  p* in  th e  tf-th  position , 

t h e n  ( P st ) p= 0, Q?= 0  fo r  s < t ,  h en ce  th e r e  a r e  hom ology  g ro u p s  H  (M , Qi) =

k e r  Q</im a n d  H ( M ,  ( P | ) 0  = k e r  (P f  y / i m ( s e e  [ 7 ] ) .  T hese  a re  fu n o to r ia l  

in v a r ia n ts ,  i f f ’.M -^ -N  is  a n  A  m o rp h ism , th e n  /  in d u c e s  hom om orphism , H  ( / ,  a ) :  

H { M , а ) - > Н (N ,.os), w h e re  a = P f  o r  Q{.

T h e o r e m  1 .1 . L et f i M - ^ N  be A  m o rp h ism  o f  bounded below A  m odules sueh 

th a t  PL ( / ,  Qi) is  a n  isom orph ism  f o r  a ll  i~>0, H ( / ,  P f )  and  H ( f ,  (PI)®-1) e re  £so- 

m orph ism s f o r  a l l  s < .t ,  then Ы , N  a re  stably isom orph ic , 4. e. isom orphic  u p  to f r e e  

A  m odules fa c to rs .

T h e o r e m  1 .2 . L e t E  be a n y  subalgebra o f  the e x te r io r  a lgebra  E (Q 0, Q i, Qa, •••) 

o r  E  be Z p [ P  13 / ( ( P | ) p) a n d  N  be E  m odule, M ~ A ® BN , then H (M , a ) = 0  f o r  а ф Е ,  

w here a = P f}  o r Qi.

T h e o r e m  1 .3 . L e t M  be bounded below A  m odule, then f o r  a = Qo o r P ° :

(1) T h e re  exists a n  A  m odule  M  and  m onom orphism  f '.M -> M  such th a t H  (M , a )  

= 0  and  H ( f ,  Q i), И ( / ,  P f ) ,  Л ( / , ( P I ) ”-1) a re  a l l  isom orphism s f o r  a ll  Qi o r  P f  

o ther th an  a .

(2) I f  there  exist A  m odules N 1} N s and  m onom orphism s fp .M -^N -i, / а : M—>N2 

satisfied  the conditions o f  (1 ) ,  then  N t , N a a re  stab ly  isom orph ic . ■

W e  w r i te  Ж  (a ) fo r M  o b ta in e d  i n  th e  ab o v e  th e o re m  a n d  a = Q 0 o r  P J . F o r  

s p e c tru m  X ,  le t  X *  d e n o te  th e  Z P cohom ology H * ( X ,  Z f)  of X ,  h en ce  X *  is  a n  A 

m o d u le . F o r  m ap  / : F —> X , f *  :X * — is a n  A  m o d u le  m o rp h ism  in d u ce d  b y / .  .

T h e o r e m  1 .4 . L et X  be bounded below spectrum , then there  exists a  sp ec tru m  Y  

an d  a  m ap  f \ Y - > X  sueh th a t  H (Y * , P ”) = 0  an d  H ( f * , Q i ) ,  P ( / * ,  P f ) ,  H ( /* ,  

(Р!)г>-1) a re  а ц  isom orph ism s f o r  Qi o r  P f  o ther th a n  P $ .

T h e o r e m  1 .6 . I f  M  is  a  rea lizab le  bounded below A  m odule, then M (P I)  is  also 

rea lizab le  u p  to stable iso m o rp h ism .

§ 2 .  P r e l i m i n a r i e s

I n  th is  p a ra g ra p h , we p ro v e  som e r e s u l ts  o n  P f  hom ology  g ro u p s  of A m o d u les . 

F i r s t ,  w e consider th e  r e la t io n  o f P f  hom ology  g ro u p s  a n d  E x t  fu n c to r .

T h e o r e m  2 .1 . L e t E = E ( d ) ,  a  =  Qt ( i > 0 )  o r  E ^ Z p i a ] / ( a P ) , a = P f  ( « « )  and
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M  Ъе E  m odule , then

•:E x 4 ’* (£ w М ) & Н Шева(М , a 1*),

where i f  a = Q i  a n d  b = p ~ ±  i f  a = P st . Hence E  in jec tive  m odules m e  f r e e „

P r o o f  I f  a - P ? ,  Р = ^ р [ Р | ] / ( ( Р О р) ,  l e t

Ъе В  b a r  r e s o lu t io n  o f Z s (see [ 1 ] ) .  A n y  oooyole /  £  H o m ^  (B 1} M f ,  t h e n

И  - / [ a i+']  = 0

a n d  / [ а <+3]  = « * /[« * ] , th is  m e a n s  t h a t  /  is  u n iq u e ly  d e te rm in e d  b y  / [ « ] .  a n d  

a p_1/ [ « ]  = 0 .  D efin e  a  f u n c t io n

M ) - > Я {+аееа(Ж , a®-1)

s u c h  t h a t  M / }  =  { / [ a ] } .  I f  { / > = 0 ,  th e n  f = d g  a n d  / [ a ]  <= 8 y [« ] =  g a l  ]  =  

a g  [ ] ^ a M p  i .  e . { / [ a ] } = 0 ,  h e n c e  ju, is  w e ll  defined , g, is  c le a r ly  ep ic . I f  

{ / [ « ] } - 0 ,  t h e n  th e r e  is  m £ M t s u c h  th a t  / [ « ]  = a m , le t  g :B 0-* M  b e  </[ ]  = m } 

th e n  f = 8 g  a n d  { / }  = 0, h e n c e  ]x is  m o n ic . I f  a = Q h E = E  (Qf) , th e  p ro o f is  s im ila r . 

I n  fa c t , i t  c a n  b e  p ro v e d  th a t  E  f re e  m o d u le  is  E  in je c tiv e . B u t  w e do n o t s ta te  

th is  i n  d e ta i l ,  s in c e  i t  i s  u se less  i n  th is  p ap e r.

S eco n d ly , w e c o n s id e r  som e c a lc u la tio n s  o f th e  hom ology g ro u p s  of A  m odu les 

su c h  as A /A Q i.

P r o p o s i t i o n  %%. (1 ) L e t a==Qj ( ^ > 0 ) ,  then H ( A /A a ,  a /)  = 0  f o r  а г Ф а, where

o r P f .

(2) L e t a = P |  ( s < t ) ,  then H ( A / A a }, a / )  = 0  1 ) f o r  сс±фа where

« a = Q i 0 r P t \ -

P r o o f  (1 ) W e  g iv e  p ro o f fo r  a±= P f  a n d  th e  p ro o f fo r a 1= Q i is s im ila r .  A /A a  

h a s  a  c h a r a c te r  l ik e  n e a r  s im p le  m o d u le  i n [ 3 ] ,  i .e . th e re  is a  s h o r t  e x a c t sequence

0 —> A /A a  —> A  —> A /A a  0,

w h e re  /  (a* ) = a a ,  g ( a )  = a *  a n d  d e g / —deg a = m ,  deg g —0. H e n c e  i t  in d u c e s  a lo n g  

e x ac t se q u e n c e  ( [7 ]  P ro p . 3 . 2 . )

----- > H i_ m(A /A a , « i)^ >  H b(A , « i ) ^  H i( A /A a ,  a /)
b

H i+ m i-m (A /A a, a?-1) —> H i+mi(A , o f 1) 

w h e re  m x= d eg  a%. P ro m  [7 ], H ( A ,  a f)  =  H ( A ,  a?-1) = 0 ,  th e n

H i ( A /A a y a±j = H i+  mi- m(A /A a , a f  1) 

a n d  th e  fo llo w in g  lo n g  e x a c t seq u en ce

Н ^ т ( А /А а ,а Г г)* Л Щ (А , « Г 1) ^  Щ А / А а ,  « Г 1)

B ti+(p-i)m -m (A /A a, a / ) - *  H i+(p- 1)mi(A , а * )-»  ••• 

in d u ces  iso m o rp h ism

R i^ A /A a , a r^ S Z H i+ to -v n ^ m tA /A a , a x) t
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h e n c e  th e re  is  a n  iso m o rp h ism

Я  i+m-mi (A /A a , a 1) s E I iHp_1)m_m(A /A a , «1), 

i t  is  e a s ily  se e n  th a t  1т —1т ± Ф  ( р —1 ) т 1 — т ,  th e n  H ( A /A a ,  a f)  =  0.

(2) T h e  s h o r t  e x a c t seq u en ce  0 -> A f Aa?~}-U A-%> A / A a ^ O ,  w h e re  /  (it»*) =aa?> 

g ( a ) =«*, d eg  / = d e g  a ^ j m ,  deg g —0, in d u c e s  a  lo n g  ex ac t seq u en ce

’ ••-^■Si-jm ^A /A a9 4 , « i ) ->  J5Ti(J.f « i ) - >  H i( A /A a j, a f)
§

- * H i+ni4m (A /A a 9- ), а Г ^ - ь Н ^ п Х А ,  « Г 1) - » 1-  

a n d  o b ta in  a n  iso m o rp h ism

ЕЕ{(А/Аа?~*, а Г ^ ^ Н ^ - п - п Х А /А а ? ,  « 0  

a lso  fro m  0— w e h a v e

, EEi(A/Act* o f .)rni-(t-j)m(.A/Aa?, 01)

Sinoe j w —m i #  ( p — ( p —j ) m ,  i t  fo llow s t h a t  Я ( A /A d ,  a i)  = 0 .

P r o p o s i t i o n  2 .3 . L e t a ^ Q i  o r  P I  ( i > 0 ,  $ < t ) , then i f  o=£Q,, (1  < « • < } )  

IE  ( А / AQi%4 -ylQ t,+ •  • • + AQiK, a )  =  0.

P r o o f  F ro m  P ro p o s itio n  2 .2 . ,  th is  h o ld s  fo r й = 1 .  Suppose th a t  th is  h o ld s  fo r 

jfe—1. O b serv e  th e  fo llo w in g  s h o r t  e x ac t se q u e n c e

0 —> A /  A  Qtt + •  • • +  AQiH —*■ А /  AQix+ •  • • + —> А /  A Q 4 - ...  4- AQilt —> 0, 

w h e r e /( a * * )  =  (aQ O *, g (a* ) —a**. C le a r ly  ^  is  ep ic  a n d Ty / = 0 .  I f  ^ ( V )  = 0 ,  th e n

a = e iQ i,+ •  • • + »fcQ<t

/ ( o T )  — )* ” »*, h e n c e  im  / = k e r  <7. N ow  p ro v e  th a t  /  is m onio . I f /(» * * )  =  0,

th e n
« Qik= 4 - . . .  4-

S inoe  A  is  E ( Q iu ” ',Q<S)  f re e , th e n

а = \ у + 2 у 3в3,

w h e re  X £ Z P, e3£ E  ($<„•••, Qfx) a n d  deg в3Ф 0, у , y3 is  E  (Qh, f re e  base

e le m e n ts  of A . I t  fo llow s f ro m  aQh"-Q ik= 0  th a t  X«/Q{l-” Q<it==0 a n d  th e n  X = 0 , a  =

2  y3e3 6  AQh 4------1-AQh, i .e .  a * = 0. T h u s  th e  abo v e  se q u e n c e  is s h o r t  e x a c t a n d  deg

/ = d e g  Q ij^ d e g  a .  F ro m  in d u c t iv e  h y p o th es is , Я (A /A Q h 4------o ) = 0 ,  th e n

fo llo w in g  b y  th e  s im ila r  a rg u m e n t  in  P ro p o s itio n  2 . 2 . ,  t h e  p ro p o sitio n  is  p ro v ed . 

P r o p o s i t i o n  2 .4 . Я (A /A Q h'~ Q h, a )  = 0  i f  a¥>Qir ( K r < & )  and  a= Q <  o r  P I .  

P r o o f  H o ld s  fo r  Js==l. B y  in d u c tio n  o n  Ъ. C o n sid e r

0—> A /A Q it 4- • • • 4- AQik -£■ A/A.Q,iy' • *Q<s-h> A /A Q ,^  • 

w h e re  / ( a * )  =  (oQi, •••(&*_,)**, g{a**) =«***. C le a r ly  g  is  ep ic  a n d  g f = Q .  I f  </(«**) = 0  

th e n  a= a 'Q < , a n d  / ( « '* )  =  «**, im  / = k e r  0 . N ow  p ro v e  th a t  /  is  m on io . I f

/0 * * )  = 0 ,  th e n

aQ h’"Q h -x = a ,Qix" 'Q tk>

th e n  ( a ± a 'Q ik) Q<, •••$<*„, “ O. S im ila r  to  th e  a rg u m e n t  i n  2 .3 ,  we h a v e
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a  ±  a 'Q iH £  AQh +  •«»+ AQlt_.

a n d  a * = 0 , /  is  m on io , th e  abo v e  se q u e n c e  is  s h o r t  ex ac t. F o llo w in g  b y  in d u c t iv e  

h y p o th e s is  a n d  P ro p o s itio n  2 .3 ,  th e .p ro p o s it io n  is  p ro v e d . ; , '

P r o p o s i t i o n  2 .6 . L et e$ ( l < j < # )  a re  elem ents o f  the f o rm  QisQ<2•••£&„, two o f  

w hich a re  d is tin c t, then

E (A /A e % -h  • • • + Aefc, a )  =  0, 

w here а = Р \  o r  Qi w hich does not a p p e a r  in  e,- ( l < j < # ) .

P r o o f  B y  in d u c tio n  o n  Jo. F r o m  th e  fo llo w in g  s h o r t  ex ac t seq u en ce  

0—>A /A Q fx+ •  • • + AQr —> A j Ae%+ ?  * • H~ A e^-t—>A/Ae±+ •  • • + Авц—>0, 

th e  c o n c lu s io n  fo llow s d ire c tly , w h e re  Qfl, Qf„ a re  a l l  a p p e a r  i n  ex, ea, ви, 

f ( a * )  -  (ae*)** a n d  g(a**) *?a***.

§ 3 .  P r o o f s  o f  t h e  M a i n  T h e o r e m s

P r o o f  o f  Theorem  1 . 1 .  F i r s t  l e t  f : M - > N  b e  a n  A  ep im o rp h ism  a n d  k e r  / = F ,  

t h e n  th e r e  is  a n  A  m o d u le  s h o r t  e x a c t  seq u en c e

0—> F —>Ш —> N —>0

w h ic h  in d u c e s  a  lo n g  e x a c t se q u en c e  (see  [7] )

( P i ) * - 1)  E ^ N ,  ( P ? ) ’"1)

E i ^ - x U F ,  P I )  - > E i+(^ 1)m(M , P I ) - * —

I t  fo llow s f ro m  H ( f ,  P I ) a n d  E ( f ,  ( Р | ) р-1)  a re  isom orph ism s th a t  H ( F ,  P | ) = 0  

fo r a l l  s < t .  S im i la r ly  H (F , QQ = 0  fo r  a l l  0. T h e n  F  is  f re e  A  m o d u le  (see [ 7 ] ) .  

B u t  f re e  A  m o d u le  is  in je c tiv e  (see [ 4 ] ) ,  th e n  th e  sequence  sp lits , a n d  M ^ N ® F .

I f  f : M —>N i s n ' t  ep ic , f in d  th e  f re e  re s o lu tio n  o f  N , F o -^ > N -* 0 , th e n  /© < /:  

M @ F 0- * N  is  ep ic , l e t  k e r ( / 0 p )  =  F%, th e n  th e r e  is  a  sh o rt ex ac t seq u en ce  0 -> P i

- > M ® F o ^ l N - * 0  a n d  E  ( f @ g ,  Q<) E ( f @ g ,  P | ) ,  E ( f @ g ,  ( P l ) ^ 1) a re  also 

iso m o rp h ism s, th e n  i t  fo llow s fro m  th e  abo v e  a rg u m e n t  th a t  M © F 0^ N © F x .

P r o o f  o f  Theorem  1 .2 .  L e t E  b e  a n y  s u b a lg e b ra  o f E  (Q0) Qi, Qa, •••) a n d  a — 

P | .  A n y  e le m e n t o f A  ® e N , w e m a y  assu m e i t  be  a ® n  fo r s im p lic ity . I f  a ( a ® n )  = 0  

th e n  e i th e r  a a = 0  o r  a a —2 a!}ej a n d  e ,n = 0  (e j£ E ,  a) is  E  free  base e le m en ts  of A ) ,  : 

I n  th e  fo rm e r ,  i t  is  e a s ily  se en  t h a t  { « ® n }  =  0 £  E  ( A 0 BN , d ) a n d  in  th e  la t te r ,  

s in c e  0} is  o f th e  fo rm  Q ^ Q ^ ’-Q^, t h e  tw o  o f  щ a re  d is t in c t  a n d  a = P | ,  th e n  fro m  

2 .5 .  w e h a v e

a = a f^1b + 2 h je j ,

w h e re  b, & ,£ A . S in ce  а ® и = а ? ~ 1(Ъ® n )  th e n  { a ® n }  =  0 £ E (A (x )EN , a ) .  I n  th e  

case a = Q i ^ E ,  th e  p roo f is  s im ila r .
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I f  E = Z 9l P st } / ( ( P I ) p, а —Р Ц Ф Р * , a n y  a ® n £ A ® EN  su c h  thatos(a® w ) = 0 ,  th e n  

e i th e r  a a = 0  o r  а а —а '{ Р 1 У  a n d  ( P st ) sn = 0. T h e n  fro m  P ro p o sitio n  2 .2  w e h a v e  

а = а р''1Ъ +  о{Р1У , t h u s  {«® ti}  = 0 £ H { A ® EN , a ) .  I n  th e  case a=Q <, th e  p ro o f is  

s im ila r .

P r o o f  o f  T heorem  1 .3 .  (1) I f  w e c a n  p ro v e  th e  fo llow ing  le m m a , t h e n  b y  

u s in g  th is  lem m a  re p e a te d ly  a n d  u s in g  l im it ,  T h e o re m  1 .3 .  (1) w il l  b e  p ro v e d . Now 

w e p ro v e  th e  fo llo w in g

L e m m a  3 .1 . L e t a = Q 0 ( o r  P i ) ,  i f  H t (M , Q0)  = 0  f o r  i < w  {or H t {M , P f )  =■ 

H t ( 3 f , (p o )p - i)  = o  f o r  i < w ) ,  then there  exists a n  A  m odule M  and  m onom orphism  

h iM -> M  such th a t  H { h ,  Qt) ,  H { h , P i ) ,  П (h , ( P ? ) 9-1)  a r e  isom orphism s f o r  a ll  Qt, 

P t  o ther th an  a  a n d  H i ( M , a ) —0 f o r  i< ,w { o r  Н {(М , P ° )  =  U 4(M , ( P ? ) 9-1)  = 0  f o r  

i < ,w ) .

P r o o f  I f  a = P i ,  E = Z f l P i 2 / { { P i ) p) .  R e g a rd  M  as E  m odu le , t h e n  th e r e  

e x is ts  a n  E  in je c tiv e  e x te n t io n  o f M , i .e .  th e r e  e x is ts  a n  E  in je c tiv e  m o d u le  N  a n d  

E  m o n o m o r p h is m /s i f - * IV . F ro m  2 .1 ,  w e k n o w  t h a t  N  is  E  free . L e t L = o o k  f ,  i n
d e

th e  f re e  re s o lu tio n  F - > N - + L - > 0  o f L , th e r e  is  g  su o h  th a t  th e  fo llo w in g  d ia g ra m

L e t g iA ® EF - > M  b e  g ( a ® e )  =  a g (e ) ,  th e n  g is  a n  A m o rp h ism , in  t h e  free  

re s o lu tio n  of A ® EL  .

fo r  a l l  Qi a n d  P f  o th e r  t h a n  os. H e n o e  w e h a v e  a lso  H ( A ® EL , ( P | ) 9-1) = 0 (s e e  [ 7 ] ) .  

I t  fo llow s fro m  th e  in d u c e d  lo n g  e x a c t seq u en ce  th a t  H { h ,Q i) ,  H ( h , P st ) ,  H { h , 

( P I ) 9' 1)  a re  iso m o rp h ism s. N ow  w e p ro v e  th a t  H ( M ,  < х )= Л  (M , a 9-1) = 0  fo r  i< ,w .

S uppose  th a t  £ i iL -> A ® EL  is  defined  b y  f i ( l )  —1® ?, th e n  f i i s E  m o n o m o rp h ism , 

a n d  th e r e  is  E  m o rp h ism  y iN - > M  s u c h  th a t  th e  fo llo w in g  d iag ra m  com m u tes

I n  fa c t, M  is th e  e x te n tio n  d e te rm in e d  b y  g , t h u s  Ж  is  a  q u o tie n t  g ro u p

c o m m u te s

/  e0 ->M ->N -> L~*0.

F->N

A ® EF — i  A ® BN ——> A ® BL->Q,

w e h a v e  g ( k e r ( l ® d ) )  = 0 ,  h e n c e  g d e te rm in e s  a n  e x te n t io n

0->M->M—>A®eL ->o
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M © A ® BN / P ,  w h e re  P  is  su b m o d u le  g e n e ra te d  b y  e le m en ts  ( g ( l ® e ) ,  l ® d ( e ) )  a n d  

h (m )  =  (m , 0 ) + P ,  & [(m , a ® n )  + P ]  =  a  ® s n .  H en ce , i f  we le t  y ( n )  =  (a , l® w )  -f* 

P ,  th e  ab o v e  d ia g ra m  co m m u tes . T h u s ,  i t  in d u ce s  th e  fo llo w in g  com m utative* 

d ia g ra m  o f e x a c t seq u en ce
* g 1

(А®д!(, a*’-1)— a)-*Hi(lZ)a')->IIt(A®]}L, <*) -*H(+m(M} afi *),
\  /  \  /

Я  (ft o p - ! ) \  S2/ ~  Н(Э, « ) \ ^

Н|-(р-1Ы (А «Р-1) a)

w h e re  m = d e g  a . S in ce  Л ( Л ,  a )  =  Л  ( N , a®-1) = 0 ,  th e n  S2, S4 a re  iso m o rp h ism s a n d  

Si, 8S a r e  ep ic , Л { /3 , а ”-1) ,  Л  (/8, а )  a re  m on io . See th e  fo llo w in g  d iag ra m

• (A®SL, a) (M, o*-i) -*И4 (Ж, a»-1) -*H4(A ®eL, (M, «)
\  \  A

E ^ m(L ,a) Щ(Ъ, c A )

I f  w e c a n  p ro v e  Si, 83, S5, S7 a re  iso m o rp h ism s fo r i < , w ,  th e n  H f M ,  a )  => 

H i( M , a®-1) = 0  fo r a n d  i t  suffices to  p ro v e  th a t

H ( f t ,  o e ) :H t (L , а ) -> Н 1 (А ® в11, a ) ,

H Q 3 , а®-1) -> Л j ( A ®  £Zr, a®-1)

a re  ep ic  fo r  & <w . W e  p ro v e  th e  l a t t e r  f irs t.

F o r  a n y  e le m en ts  of A ® BL , l e t  i t  b e  a® ? . Suppose t h a t  deg (a® Z ) = i < w  a n d  

а®-1 (a ® ? )  = 0 ,  d iv id ed  in to  tw o  oases:

( i )  deg  ap*pm , m ^ d e g a .

T h e n  e i th e r  а®-1 a = 0 o r  a®-1 a  =  « V  —1) a n d  u 4 = Q . I n  th e  fo rm e r  i t

is  e a s ily  sh o w n  th a t  {a®Z} =  0 G H i( A ® BL , «®_1) .  I n  th e  l a t te r ,  s in ce  deg а > р т  

th e n  deg  l ^ .w —p m < w —jm . I t  fo llow s fro m  Н {(М , а®-1) = 6  ( i < w ) t h a t  H t( L ,  a )  =  

0 F ro m  [7] P ro p o s itio n  3 .1 ,  w e h a v e  H f L ,  a 1) =  0 th e n

1 = а 9~Ч' a n d  a®Z==aa®_}® r .  B u t

а®-1<г a®~#= aV a® - ’ = 0 ,

h e n c e  a  a®~J= a c  fo r som e cG  A . T h u s  { a ® Z } = 0 G H i( A ® BL , a®-1) a n d  H Q 3, a®-1) 

is  ep ic  fo r  i< .w .

( ii )  deg  a < p m .

N ow  a = a s ( l < j < p —1 ) , s in ce  й c a n r o t  e q u a l to  Q0 in  th is  case (F o r  a —P \  a n d  

a®-1 Q o^Q o^O  - T h e n  a G  Л  a n d  a® Z =  l® aZ , Л ( /3 ,  a®_1) is  ep ic  fo r S im ila r ly ,

w e c a n  p ro v e  Л  08, « ]  is  ep ic  fo r  £ < w , a n d  th e  p roo f is  com plete  i f  a = P J .  I f  a = Q 0, 

th e  p ro o f  is  s im ila r .

P r o o f  o f  Theorem  1 .3 .  (2) F i r s t ly ,  we p ro v e  th a t  th e  c o n s tru c tio n  of 1 .3  (1) is 

n a tu r a l .  L e t f i M ^ M a b e  A  m o rp h ism , a n d  th e re  a re  M%, M 2 c o n s tru c te d  in  1 .3 (1 )  

a n d  m o n o m o rp h ism s  h i\M r~ > M t , A cco rd in g  to  th e  c o n s tru c tio n  in

1 .3 ( 1 ) ,  w e h a v e  a  c o m m u ta tiv e  d iag ra m
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Г
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ж

-*■ Nx ■
\  s
g i \ / d i

ъ \ l
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h  A

8l

82
\  ..

Li ■— > 0

i ......Ъ<ь ——> 0

T h e n  ire  h a v e  c o m m u ta tiv e  d iag ra m

Mx A®eFx a® bF! 
|l0Z

. g<X Y 1®Й24 ji®fc

a n d  M ( is  th e  q u o tie n t  g ro u p  M i® A ® EN i/ P i as s ta te d  i n !th e  p roo f of 1 .3 .  ( 1 ) ,  th e n  

th e re  ex is ts  a n  A  m o rp h ism  / :Ж ! - > Ж 2 su o h  t h a t  th e  fo llow ing  d ia g ra m  co m m u tes

i.e . th e  c o n s tru c tio n  i n  1 .3 .  (1) is  n a tu r a l .  I f  f i lM - ^ N t  is  a  m o n o m o rp h ism  

S a tisfy in g  th e  c o n d itio n  of, 1 .3 ,  (1 ) th e n  fo r M  in  1 .3 .  (1) th e re  is  a n  A  m o rp h ism  

su c h  th a t  th e  fo llo w in g  d ia g ra m  c o m m u tes  ( i = l ,  2)

a n d  Я ( Ж ,  « ) = Я ( ^ 1, « ) = 0 ,  Я  (A, Q j), H ( h t, Q ,) , Я  (A, P ? ) , Я (А {, ( P ? ) ) ,  

Я (h , ( P f ) J’~1) ,  Я (А 4, ( P | ) p_1) a r e  iso m o rp h ism s  fo r a l l  Qj o r P f o th e r  t h a n  oc. B u t 

E ( f i ,  Q i), R ( f i ,  P*t), H ( f i ,  (P f )* -1) a re  iso m o rp h ism s. I t  follow s fro m  T h eo rem  

1 .1  t h a t  M , N i s ta b ly  iso m o rp h ic  a n d  so N iy N t a n d  N it Ж .

... B efore p ro v in g  T h e o re m  1 .4  we p ro v e  th e  fo llo w in g  tw o lem m a s  f irs t.

L e m m a  3 .2 . L et E = Z P [P ?] /  ( ( P f ) p) , M  be E  m odule such th a t M \= 0  ( i < r )  

and  H i ( M , P i )  =  0 ( i < n ) , then there  exists an  ex ten tion  N  o f  M  such th a t N  is  E  f re e  

m odule and  f o r  »<•№.—4 (^ j—1 ) 2.

P r o o f  S ince  H i ( M , P f )  = 0  ( i < n ) , th e n  th e re  is a n  E  free  m o d u le  F  su ch  

th a t  Е *= М } fo r i < n — ( p —1) -deg  P x= n —2 ( p  — l ) 2. L e t M = A M r + 4 Ж Г+1 + — 1- 

A M ^Q c—n —2 ( p —l ) 2) , t h e n  M  is  fre e  su b m o d u le  o f M  a n d  (М /М У = * 0 (г< 1 с). L et 

N  be  sm a lle s t Я  in je c tiv e  e x te n tio n  ( i.e . in je c tiv e  envelope) o f M /M . T h e n  i t  

fo llow s fro m  T h e o rem  2 .1  t h a t  N  is  f re e  E  m o d u le  a n d  N f= 0  ( i < h — ( p  — 1) d e g P | 

- n —4 ( p - l ) a) ,  S ince  N  is  th e  sm a lle s t one. Now , s ince  M  is  free  a n d  hence  

in je c tiv e : th e  fo llo w in g  s h o r t  e x ac t seq u en ce

0 -> Ш -> М -+ М /Ж -» 0 '

sp lits^  th u s  M  ̂ M ® M ./M . T h e n  N  =  M @ N  is  a n  e x te n tio n  of M  s u c h  th a t  N {= M l 

fo r  i < n —4 ( p —l ) 3.
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L e m m a  $ .3 . L et a —P i ,  X  be bounded below sp ec tru m  such th a t Л * ( X е, « )= • 

H i( X * , a 9-1) = 0  ( i < w ) , then th ere  exists a  sp ec tru m  Y  and m a p  f ’.Y ~ > X  such th a t 

H ( /* ,  Q i), H ( /* ,  P | ) ,  H ( f ,  ( P I ) 9-1)  a re  isom orphism s f o r  a ll Qt o r  P |  o ther th an  a  

and  Н {(¥ * , a ) = H i ( Y * ,  a 9-1)  =  0 f o r  + 1 ,  / » : зг4( F ) -»ет4( X ) is  isom orph ism  f o r

i < w - 4 ( p - l ) s.

P r o o f  L e t Р = £ р [ Р $ ] / ( ( Р $ ) 9) ,  re g a rd  X *  as*E  m o d u le , th e n  th e r e  e x is ts  a n

e x te n t io n  N  of X е in  L em m a 3 . 2 .  s u c h  th a t  N  fre e  a n d  X * —N * ( i< w —4 ( p —l ) 2) 0
• d e

L e t y% X *->N  h e  in je c tio n  a n d  L = c o k  y .  I n  th e  f re e  re so lu tio n  F i - >  F 0 ->  L -> 0 o f 

L , th e re  a re  В  m o rp h ism  щ , %  s u c h  th a t  th e  fo llo w in g  d ia g ra m  co m m u tes

Y0-+X*-
4i|

N->L-*0 
e S

4 / '
F i —->Fo

L e t 97: A ® eF - > X *  h e  9?(a® e) =  a  - r j(e ) , th e n  9? is  A  m o rp h ism  a n d  9 ? (k e r ( l® d ) )  =  0 . 

S in ce  J_ 0 ij.P i, A ® eF 0 a re  free  A  m odu les, fro m  [4 ] , th e re  a re  m aps д % Х -> Х У р »  

h 'K V w < r* X V ж, s u c h  th a t  KV*j?o= A ® eF 0, g*= rj, Д * = 1 ® й , w h e re

V f„  Vfc a re X j, v e c to r  spaces Z p® eF i ,  Z P® B, F 0 a n d  X V Fi, X V Fo a re  E i le n h e rg -  

M aolane  s p e c tra . L e t Y  b e  p u l lb a c k

fX ■

4

• r<

*1
KFr j <— KV,t < -Z  { . ,

th e n  /  a n d  h h a v e  th e  sam e co fib re  Z . I n  th e  fo llo w in g  c o m m u ta tiv e  d ia g ra m  o f  

e x a c t sequences
■f*

■ z *■
f* f*. X* Y*

KV*Fi-
fc*

KV*Fo->Z*->KV*Fl- t
h*

z n .

S in ce  # * (k e r  k*) = 0 ,  t h e n  w e h a v e  a  s h o r t  e x a c t seq u en ce

f *
0->X* Y*->Z*~>0

a n d  a lso  e a s ily  o b ta in  th e  fo llo w in g  exact sequences

0->cok h* —̂>Z* -—*■ kei 7г*н>0

<*) 0-»im h*—>KVF ~>c6k h*->0 
0-»ker h*->KVFlr->im h*->0

S ince  cok h * = A ® EL , f ro m  T h e o re m  1 . 2 . w e h a v e  Л  (сок Д*, Q*) =  H (сок X , P | )  =  

H  (cok h*, ( P | ) 9-1)  = 0  fo r  a l l  Q<, P |  o th e r  t h a n  a . I t  fo llow s fro m  th e  second a n d  

t h i r d  sequences i n ( * ) th a t

Л ( к е г  Д*, Q i ) = H ( k e r h * ,  P st ) = H ( k e r h * ,  ( P | ) 9-1) = 0 ,

th u s  we h a v e

# ( £ * ,  Qt) ~ B ( Z * , P I ) = H ( Z * ,  ( P | ) 9-1)  = 0
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a n d  R ( f ,  Q i), R ( /* ,  P \ ) ,  R i f " ,  ( P f ) 9"1) a re  iso m o rp h ism s.

Now w e p ro v e  Л 4(У *, os) ^  Л 4(Т * , a 9-1)  ==0 fo r  i< w - P  1. L e t f i :L -> Z *  be 

Э(?) =  $(1® Z)>  th e n  /8 is  Л  m o rp h ism  a n d  th e r e  is E  m o rp h ism  £  s u c h  t h a t  th e  

fo llo w in g  d ia g ra m  co m m u tes  u p  to  s ig n

> z * .

( - D N

-Г*-

. ь
\ N

. Z*•

I n  fac t, s in ce  th e re  a re  c o m m u ta tiv e  d ia g ra m s  o f E  m o d u les  ex ac t seq u en ce

o-»X* -L-* Y*->Z»-> о

f a  a f a  faF± *— > -Fq—;

0->X*

1̂ 1 л i *  i
—> >0

a n d  N  is  iso m o rp h ic  to  X * ® F 0/ P ,  P  is  a  su b m o d u le  g e n e ra te d  b y  e le m en ts  o f th e  

fo rm  (v i(e ) , d ( e ) ) , th e n  i f  £  is  de fin ed  b y  £((se, 2/) + P )  =<K?/) - / * ( * )  th e  

c o m m u ta tiv ity  follow s. T h e n  th e y  in d u c e  c o m m u ta tiv e  d ia g ra m s  ( r a = d e g a )

8 8 1

(-1 )  / Л  Я ( & « ) \ ( - 1 )  / А

Я4-т (Я* а) Я4(Х* «*>-!) ->Я4(Г*, aP-i)->Я4(Я*, о * - * ) Я 1+<р_1)т(Х*, а)
Я ( Й « р - 1 ) \ ( - 1 )  / Л

Д)_т  (А, а) Я4(Х,аг>-1)

S in ce  Л  ( Л , a )  =» Л ( Л ,  osp_1) = 0 ,  th e n  8а, S4, 8e, S8 a re  iso m o rp h ism s a n d  so 8 i, 8a, 

8g, 87 a re  ep ic , R  (jQ, а ) , Л  ( $ ,  osp-1) a re  m o n ic . N ow  w e p ro v e  th a t  8 i, 83, 86, S7 a re  

in o n ic  fo r i < w + 1, i .e .  R (/3, a ) ,  R  ( $ ,  a®”1)  a re  ep ic  fo r  i < w + l .  B u t  /3 is th e

1 j8
com position  Zr ->  ->  i?* a n d  i t  h a s  b e e n  p ro v e d  i n  1 .3 .  (1) th a t  R ( j , a ) ,

R ( j>  a*-1) is  ep ic . T h e n  i t  suffices to  p ro v e  th a t  Л ( / 3, os), Л ( /3 , os9-1) a re  epic fo r 

i < w + l  a n d  c a n  be  red u c e d  to  t h a t  Л 4(кегЛ®, а )  = Л {(кегЛ*, a 5-1) = 0  fo r  i < w + 2 .  

I t  fo llow s fro m  e x a c t sequences (* ) t h a t

Л 4(кегй * , a p а )  ^ Л ^ ^ с о к Д * ,  а 9-1) ,

b u t  fo r  £ < э д + 2 , w e h a v e  ®— 2 — р г < а д -  ( p  —l ) m ,  th e n

Ri-pm  (сокД*, a 9-1)  ~ R i _ vm(L , Г ^ Л , Я( Г ,  os) = 0 .

T h e n  Л 4(кегД*, а 9"1) = 0  ( i < w + 2 )  a n d  so Л 4(к е г  A*, a )  = 0  ( i < w + 2 ) .

L a s tly , s in ce  X * = N {( i < w —4 ( p  — l ) a) t h e n  Л = 0  a n d  F [ = F i = 0  ( i < w — 

4 ( p —l ) 2) .  T h e n  jp4( ^ F *-,) = 7C i(K V pt) = 0  a n d  so / e:aT j(F )—>®4( X )  is  iso m o rp h ism  

fo r  -  4 ( p — l ) a.

P r o o f  o f  Theorem  1 .4 .  L e t X ‘= 0 ( £ < r ) . F ro m  L em m a 3 .3 .  th e r e  is  a  sequence 

o f  sp e c tra  a n d  m aps

•••— —> -5Tn_i— .Xfa —> X 0= Л
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s u c h  th a t  (1 ) H i(X * n, ос) = Л {(Х * , а г’~1) = 0  ( i < r + n ) .

(2) I f  Qh P I  Ф а , H ( f n, Q<), Я ( Л ,  P I ) ,  H ( f n, ( P I ) » - 1) a re  iso m o rp h ism s.

(3) /„ * iov i(X n)->7V t(X n_i) is  iso m o rp h ism  fo r  i < r + n - l —4 ( p —l ) 2. L e t Y  =® 

l im  X „ , th e re  is  a  m a p  h lY - > X „  s u c h  t h a t  c o m m u te s  w ith  a n d  i t  fo llo w s fro m  

th e  co n d itio n  (3) t h a t  hm ".яг4( F ) ( X n) is  iso m o rp h is m  fo r i < r + n - l  — 4 ( p - l ) 3 

a n d  h l'.X i-X Y * is  iso m o rp h ism  fo r  ъ < г Р т —1 —4 ( _ p - l ) 2. T h e n  7 * = h m J J ,  

H (Y * , a )  = l i m  H ( X I ,  a.) = 0 ,  h0l Y - > X 0= X  is  th e  re q u ire d  m ap .

P ro o f  o f  T heorem  1 .6 .  I f  I f  is  re a liz a b le , t h e n  th e r e  is a  s p e c tru m  X  a n d  a n  

iso m o rp h ism  r j i X * ^ M .  F ro m  T h eo rem  1 .4 . ,  th e r e  e x is ts  a  sp e c tru m  Y  a n d  m ap  

f : Y - > X  such, t h a t  H ( f * ,  Q i), H ( f * ,  P I ) ,  H ( f * ,  ( P I ) » - 1) a re  iso m o rp h ism s fo r a l l  

Qt, P I  o th e r  t h a n  P J  a n d  H (Y * , P ? )  = 0 .  L e t h :M —> M (P I)  b e  m o n o m o rp h ism  in  

1 .3 . ( 1 ) ,  t h e n  hrj:X * -^ M (P °1) is  a lso  m o n ic . B u t  И (М (Р ° г) ,  P ? ) = 0 ,  H ( h v, Qt) ,  

H (h r j ,  P I ) ,  H (h r] , ( P I ) » '1) a re  iso m o rp h ism s, i t  fo llo w s fro m  1 .3 ( 2 )  th a t  F " ,  

M  (P J )  a re  s ta b ly  iso m o rp h ic , th e n  M  is  re a liz a b le .
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