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GLOBAL SMOOTH SOLUTIONS TO THE CAUCHY 
PROBLEM OF NONLINEAR THERMOELASTIC 

EQUATIONS WITH DISSIPATION

Z h e n g  S o n g m u

Abstract

This paper considers the Cauchy problem for the nonlinear thermoelastic equations with 
dissipation. By means o f energy methods, under the reasonable assumptions in mechanics 
the global existence, uniqueness and the decay rates o f smooth solutions are proved.

§ 1. Introduction

In  this paper we are concerned with the global existence of solutions to the 
Cauchy problem of equations governed by one-dimensional nonlinear thermoelasticity 
with viscous damping which are of the following form:

( u u —a(w«, вУит Л-Ъ{иа, в )$ а+ а щ = 0,
tc(W<p, 0 Q XX

(1.1)

(refer to, [1, 2] ).
In  the above equations the term ащ with constant « > 0  stands for the viscous 

damping which is important for the global existence of solutions. Instead of the 
above equations, by introducing new unknown functions

=  0 =  0, (1.2)
we consider the following system

' _л
~8i ~дэГ >

1 "Ж — a^Ul> «O^e+oak-o,

o(mi, v )~ + b ( u ! ,  v ) - ~ — d(v, t, . ) « „ -0

(1.3)

with
t= 0 : w2=MaoO»), 0 =  0o(a>). (1.4)

We make the following assumptions on (1.3), (1.4) which are reasonable in  
mechanics: * * *
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( i ) a, b, o, d €  0 3, and there exist positive constants yo, do. Si, A0 such that
when

M , h i ,  Ы < 7 о ,
a>d0>0, c> di> 0, d> A 0>0, ЪфО, (1.5)

( i i )  constant <x>0,

(iii) (Wio, Wso, i>o) € Д 3(# ) . 
We now have
Main Theorem. Under the above assumptions (i)—(iii) problem (1 .8), (1.4) 

admits a unique global smooth solution (u±, u2, v), (u±, u2) £ 0 (0 , +oo; Л 3) 
П o 1 (0, +oo; Я 2), v£G (0 , +oo; Я 3) П G1 (0, -f-oo; Я 1) provided\\ (w10, U2o,v0) ||я* =

!( | wio||h*+ i^ao | h=+ 1'VoIh»)"3- is sufficiently small. Moreover, the 
following decay rates as t->-f-oo:

solution has the

| (%, u2, v) (*) 1л-~0(Г*), ( l .e )

1D («1, «a, v) (t) 1 l. = 0  ( Г г) , (1.7)

| D («i, v) |u- =  0  ( t ~ ) , (1.8)

\B^(ui, u2, v)(t')\u'-=0(t~1), (1.9)

|Da(Ml, Us, V) (t) |^ - 0 ( Г * ) ‘, ' (1.10)

0where the notation D =  -~— has been used.ox
Before giving the detailed proof of Main Theorem let. ш  first recall some related 

work. In  [1] the global existence of solutions to various initial boundary value 
problem of one-dimensional nonlinear thermoelasticity has been proved. But, it 
seems that there are not any results concerning the Cauchy problem. On the other 
hand, the system (1.3) is a Special form of general nonlinear hyperbolic-parabolic 
coupled system which also arises in  the motion of viscous compressible and heat- 
conductive fluids and other mechanical problems. In  [3, 4, 6] the global existence of 
solutions to the Cauchy problem of the equations of viscous compressible and 
heat-conductive fluids was proved. Later in  [5] Matsumura improved the proof in 
the three dimensional case. We refer to [7-15] for other equations.

We emphasize that the main difficulty in  proving the global existence for the 
Cauchy problem in  one-dimensional case is that the solutions of linearized equations 
usually have not enough decay. In  this paper by taking advantage of damping term 
au2 and by using the energy estimate method and the technique given in [6] we are 
able to prove our Main Theorem.

Throughout this paper we denote by G the constant independent of щ, u2, v 
-and t, and denote by || • [| the L a(B) norm.
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§ 2, The Uniform A Priori Estimates

I t is well known (see [6, 15]) that by continuation argument the proof of the 
global existence is usually divided into three parts:

( i ) To prove the local existence of smooth solutions.
( ii ) To get the uniform a priori estimates of solutions in В  X [0, У ].
(iii) To prove the global existence by combining the above two Steps when the 

initial data is sufficiently small.
We w in proceed along this line.
Let E 0 be a positive constant such that for by Sobolev’s lemma we

have |/ |z - ,  ||/ ||н а< 7 о-For some Е< ,Ей and 0 < ^ < ^ < + о о  -we now
define the set of functions x(fa, fa; E ) as foUows.

X ( h ,  fa; E )  ={(wi, u2> v) | (щ, ua)€C (fa , fa) Я 3) fa) Я 2),
B ^ L a(fa, fa; Я 2) , Я 3),

( l + t y D ^ e L ^ h ,  fa; L a), fa; La),

(1+ 0 ^ m2GLs(#i , fa) La), (1+ t)B aua€ B a(fa,ta; H 1), 
v<=C(fa, fa; Я 8) ПC'(fa, fa) Я 1), B v £ L a(fa, fa; Я 3),

(1+ t)W * v € L a(t1, fa) L a), ( l+ t)B 3v £ H (fa , fa) Я 1), 
and № (tlf ta)< E } ,  (2.1)

where N  (fa, fa) is defined by
N a ( f a ,  f a )  =  sup ( I (ui} ua, v) ( t )  | i . - + t 1В  (щ, ua, v) (t) ||2

*Н2ЦПа (u%, ua, v) (t) ЦяО +  (ЦмаСг) ||я*+1Вщ,(и) ||я»

+  II П-d (I я»+ v ( || Bua 12 + 1П2 (ui, v) ||2) + v a(||n 3Mi||a
+  ||2)2wa|| | .+  ||n 3<y||IO)dv. f (2.2)

We now have
Theorem £ (Local Existence) „ Consider the initial value problem (1.3) for  

fa>fa with the initial data at t —fa as
(щ, ua, v) € Я 8(Б ). (2.3)

Then there exist positive constants s*, Ог ( s iC ^ E f )  and d depending only on 8i but 
independent o f fa such that i f  N  (fa, fa) <; g*, the Cauchy problem (1.3) (2.3) admits a 
unique solution (ifa, u2, v) in В  X [fa, ^ + 5 ] .  Moreover

(u±, u2, v) Q.x(fa, fa+8, OiN(fa, if)) . (2.4)
Proof The local existence theorem for the more general quasilinear 

hyperbolic parabolic coupled systems has been given in  [16] (see also [4, 5 ]). 
Although the norm N  used here is slightly different from those in  [16, 4], the
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proof can be given in  the same way. So we omit the details here.
The key step for the continuation argument is to get the uniform a priori 

estimates of solutions for nonlinear system (1.3).
We now have
Theorem % (A Priori Estimates). Suppose that the Oauch/y Problem, (1.3), 

(1.4) has a solution
(ui, us, v ) £ X (0, T; E )  (2.5)

fo r some T > 0  and some E ^ E o . Then there exist positive constants e2 (e2< 8 i) and 0& 
independent o f T  such that i f  E< ,s2, then the solution (u1} u2, v) satisfies

(wi, u2) ® )£ J (0 , T; 0 21 (им, u2o, щ) ||h«). (2.6)
Proof We first rewrite the system (1.3) as follows:

a0 дщ a0 du2
Co dt c0 Эх }
1 8u2 go 8ut b0 8 v ____а а —а0 _ dux , (bp—b) dv д  *
Cp dt Co dx Co dx Co c0 dx c0 dx ~
dv , b0 8u2 dp d \  _ /  b0 _  b \ du2 , / d  d0 \  d \  ^  r
dt Co dx Co da? л со с /  dx \.c c0 / dxz =  ■'a>

(2.7)
where ао = а(0, 0 )> 8 0> 0 , 60= 5 (0, 0 )^ 0 , Co=c,(0, 0) > § i> 0 , d0=d(0, 0 )> A 0> 0 .

Multiplying both sides of the first equation of (2.7) by u1} the second equation 
by u2) the th ird  equation of (2.7) by v, and then integrating them with respect to 
x, respectively, for t G [0, T7] we obtain

Y ls + V ll“ aW :|S+'| r ® l|S)

+ A |B « W p + ^ - | Ma( 0 I . _ f  (Л«>+Л«)*>. (2.8)
Co Co JR

Differentiating (2.7) once and twice with respect to x respectively and then using 
the same procedure as above, we obtain

i  + A i B M, (j) r  +  ц л ,© 1 3)

+ A .\ \D \( t )  |» + -£ - |Л м * (0 |* - [  (D f1-Du2+ D f2^Dv)dx, (2.9)Co Co JR

V  ®  r + - ^ - P 4 0 )  l*+ IPM*) II2)

+ A ||B S » (J )P + J L |B % 1I'(<) Г - f  (i)2/iB 2«>+D7»D2«)*». (2.10)Co Co JR
Now by integrating (2.8), (2 .9), (2.10) with respect to t, we obtain

w  la + - ^ l|M2(i) I”+ M * ) I a )

+Jk i  ы ‘Лг dxit
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+ Y ( ^ i ^ i 4 - i - i « » . i s + i* » r ) .  (2 .i i)

(f) |* + А.|Л<,С<) |* + 1 D v®  !*)

+ ^ S - f l B 4 I , < i T + 4 - f | a i , | . » * f - f  f (D fJ to ,+ D fM )A > itCo AO Co J О JO JR

+ |- ( -^ - i l> « i4 ,,+ -i-ll> < % la+ lD » » F ), (2.12)

- | ( - | 4 D ‘4 (» )  |« +  |D 4 W  p )

+  * .Г  I ВЧ  |> * ,+ -2 .Р  I D ' ^ y a v -  Г f ( D % B \ ,+ D -f,D V )d x ,hV - , Co Jo Gq Jo J0 J в
+ y (-* - ||D % o |!i+ -H |B « m2, I 2+ |D % I ‘'). (2,18)

On -the other hard, by differentiating (1.3) three times with respect to x, we 
obtain

r B D ^  dDhia ,
at at

^ - “^ 1+а1>̂ +ъr DS (•■%)
f (2 .i4)

—jfcrt-A  —^ a- В Ч )  = DS (—  В ч ) - В (— В Ч )at о ox 8 x \ c  /  \o  /  \ c  /
, b 8B3ua _т)з ( Ъ 8ua \  

о 8x \ c  8x Г
Thus in the same way as above we obtain

^ ^ 4 1)4 x + \\D 4 a{ t y ^ + ^ e {  В Ч у Щ

+ £  | E d (1>Мa d r+ « £  II I)%3 II2 d r == | - £  (1)%) 2 &

— f f — • B sUiB3u2d x d t+ ^ -{  f -^ - (B sv )adxdt Jo Jr 8x  2JoJndt

+ Jo^ ~ - B 4 B 3uad x d 't + ^ ^ ( F 1Dsua+ F uB 3v)dxdr+ B 3(u10> щ 0, «о),

(2.15)
where

F i—Bp(a -  аВЧ г- В \Ъ В х )  +  ЪВЧ,

T  ( т  ^ М т  ^ - Ч т Вм«))’
(2.16)

Ra(uio, Мао, '«о) “ ■у | в«(мю,'Уо) (B 3u10) adx+ \В 3и ^ \3+ ^ в (и п , щ) (B 4 0)adx.

We would like to point out that because of the limited smoothness of solution
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(u1} uS) v), the argument from (1,3) to (2.16) is formal. But by using the 
mollofier and reasoning in  the same way as in  [15, 4], we can conclude tha t (2 „ 15) 
still holds. Since the procedure is standard (see [15, 4 ]), we omit the details here.

In  order to get the estimates for the double integral of the derivatives of ux, by 
differentiating the first equation of (1.3) with respect to x, then m ultiplying the

С**! \
first two equations of (1.3) by — w9 and — "g~~~ respectively, and integrating them

with respect to as, we obtain

Therefore

d f du-i , ,
dt JR dx \ А ж ) ‘ а а - а \ ^  ж ^

- f  гJ R
dux
dx

dv
dx dx— д и а

dx—̂  dx—Q.

* +Ъ \А ж У  -  “0 / ’ ж  * *
- dxdu— | щ (v) ||adr =  “ | BM20 dx.

(2.17)

(2.18)

Similarly, we have

d  Г dus 
dt  J r dx ж -  Лх+1 А ж ' ) Лс~ |I)S“a(t) 1

Hence

- 4 J i
d U n
dx dx* d L 6 dx* dx* ^

f  8v Лт — f  8a 8Ul
J в dx dx dx* J в

________ d*Uj
1 dx dx dx& dx.

{
dua ___

в dx dx* oJb
J  aV i V
\ dx* / dxdv

- £ p x w i

f 8 u * d *U iJoJ
- f fJoJ.

) в dx dx3
da dibi d*ux

JojB0a? dx dx*

0Wao
в 0a;

d f (  0aM2 
dx*

dx*

dt i f
03Wi_ JJ В 0O5a dx* J Л

f 0Й 0aWi 03«1 , . f
Jb 005 0O52 0O53 J

, f П  08Mj 0» , f

Г ) r dx dx*

[ J - d*ux 4.2) dx—
JR V dx3 /

dzux d*v dxdx8 dx*

’ d*a dux 03%
r dx* dx dx3

db d*Ux 0aD ,
0a;2 dG dx dx*

da?,

dx

(2.19)

(2.20)

(2 .21)
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8xa 

в 8xa

е т - М Ы ж ) ’ ^  - f . |DtMaW |a<ir
83u% dxdv- 8Чх 8 4

о J в да? да?

- и

- и
■—  Г  f  дЧ 1 дЧ ± Лггг! -  Г  f  &3L 8и1 

JоJвдх da? da? V JoJв дха 8% до?
, Р Г  даЪ 8Ч1 8v ,  ,  , Р Г  дЪ dhit 8 4  

J o  )в 8 х а 8х3 дх J o  J b  8х3 дха

- I

dxdv

д3и± dxdv

dxdv

8aus0 83и
>в-ШГ ~ШГ 'яХ' (2 -22)

Furthermore, in  order to get the estimates of the other terms appearing in 
N (0, T ), we m ultiply both sides of (2.9) by t and obtain

Т  ж ( - ^ - I2 + 1“)

+ A l < 1 ^ ( 0  ]* + •£ -  *||л*а(«) r - U ^ - l D b ®  IsCo Co A \ Co
Ч -1 . |Л ад2(г )р  +  | ^ ( « ) | Л - Л  (Df±Du2+ D f2Dv)dx. (2.28)Co / Jb

Therefore

I*+ MM*) II2)

+ A f  *|ЛМ») р ^ + ^ - Г т Ц в ^ а д  у л ,Oo JO Cq jo

- T  ( v £ > ^ wii^ +i l > %w|3fc
+ £  \Dv (v) II2dv) =  £ <r£(D ftDua+ D fsDv)dxdv. (2.24)

Similarly, it  follows from (2.10), (2.14) that

Ш г |1)' М1(*) Ia+ - i - l i ) a«a( * ) r +  P M O I ”)

+ - | - J / sP a»Iaf c + - | - j ‘ r alD%alafo

— “ (  T |Z ? a« i f l a d T — —  f  г I В 2щ ( т )  иa e fr  — f  т | Л ащ ||а й т  

= £  r 2 £  (D % D 4 2+ D % D 4 ) dx dv, (2.25)

^ a i B ^ Y d x  -+- ! D3ua(t) 13+ £ с ( ^ ) 2^ )

+ £  r 2 £  d (DV) 2 dxdv+ «J va\D3u2(v) | 2dr 

— £  т£сг (D3Uj) a dx dv—£  v | Dsua ||sd r

c ( D 4 y d x d v = ^ [ \ a [ - ^ ( D ^ y d x d vJo J в a Jo Jr ot
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-  ( V  f  I ±  D3u1D3uad x d r + ^ [ t r a f  J ^ - ( D 4 ) 4 x d t  
Jo J.R'DX 2 Jo Jltdr

+  f  *2 f  4 ^ -  IFvD ^n  c Z o j d r + f V f  ( . p y ) 8wa + j ^ aZ»8<y) &  d r .
Jo Jbckb Jo Jb

From (2.19), (2.21) we have

- i
duz d2u±

в dx dx2 f c + r . L w  - H r  *=йт+ 1 М / ( - ^ - ) 3<!!,!* г

- J\|7>4W l**-«f,»J'I1-fr -If- *>*
-  №  I f  J l  w  w - л?Лг

—Jo J b &»
dMi 3aW

£Ь2
d2ua д3и1
doc? даj8-«■J,

-  Г т а | |В гм а ( » )  ||3 й г — a j ^ r 3 ]*

P  dx dr,

а3м3 a3̂ !
в ctea dx3

daus d3Ux 
в eb2 £ba

dxdr

■ dxdr

+

да дЧ л дРщ
■ дх дха дх8
даа дих д3и±
dxa дх дх8
db dav &их (
дх дха дхй

Г д2Ъ d3u± dv л ,
1 * а 5 Г 1 й Г  a» dxd

Set
(2.11) +  (2.12) +  (2.13) +  (2.16) +  At ( (2.18) +  (2.20) +  (2.22) ) 

+ fjus (2.24) +fjus(2 .27) +  /t4 (2.25) +  /л5 (2.26) + f i \ 2.28), 
where ju- is a small positive constant specified later.

Now (2.29) can be rew ritten as follows:
I l( t)+ Is ( t)  — S ( t ) +Мз(Що, Щ0, Vq) ,

where

H*' Co■\u2(t) Цг« + 1^00 IIH* )

l ( W ^ b + ^ ® ' a

j*  « W * » ) - / *  ( j >  *>+J,

+  fJi
dau2 83Ut

* ’) + J F -(-2 \  c0 

) в dx dxa
\xHa

Co
Й0

Uncoil5в дж2 dx3

+им 0 |*)-*л[
1 i n t .  ^Mla - |j5ar ( 0 r )  '- ^  ^

*> + -^ ( - ^ - Ц В Ч №  II

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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+ 1Л  0 ) 1> + |я«(ЛЧ.)Ч«)-

I a ®  ' " M l  *B « W Г |« .(* ) |Co J 0 Co JOCo
+

liar* dr

jo j jt ^  3 dv+ «j* ID3wa (v) | adr

м Ь л е И - Й Ч - е т ' Н .
0Wa 5*%,

ete 0a? etea- • ш

— f  JjDMa ('®') Ан’ й г ) + ^ a - ^ - f  r | | i ) ar | | a d rJO Co Jo
4 ~ | - p F j ; . | a % | - * r - ^ ( A . f t |D « 1| 4 .

- a  m * i* * + r„ и и 1 а* ’) + ^ ( [ / | / ( ^ - ) !'*»гг

- P r | I ) awa( r ) |ad r + P  [ 8щ  a%1J о Jo JJ dm drJ r дао dm2

- t f A J s t n s r  йаЛ,- ^ А . ь T S ^  I f  й* ,к )

+  ix4( A ( V | £ V i|ad r + — f  r afll)aua| a dr \ Co Jo Co Jo
-J%||.DaM1| ad r - - i - £ r | |D % a||adT<?o

Co

~ f»* i ^  I ' ^ + ^ d ’/ } ^  ( - 0 - ) “* ’* '

+“fV  i д ч  i* * ) -  ,»•( £ <** *

+ |  r | D 8wal a d r + j  r j  c ( D8r )2da?dr ^

♦ K T / M - f r ) ’* ’* ' - 2 I / L - ^  -HP5- * ’*

Л  (i) =  (fiU 2 + fav) dm d r+ ( Df±Du3+ D fsDv) dm dr

+  P f  (D2 + D2f 2D2v) dm d r + . - 1  f  f — (B H ^d m d r
J о J is Jj  J o  J r  o t

(2.31)

(2.32)
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+ ■ITJoJb

+  JU-

- ПJO JR

D3vDsuadxd r+ [  f (FtD3ua+ F2D3v)dxdr 
Jo Jr

8b_
dx

8 b  8 * U j  d v
о) r dx dx2 dx dxdr- da duj dPux 

о Jb dx dx da? dx dr

da daut dsut Г Г dsa 8W  dx(ix
Ж  dx3 dx3 d d h h d ^ ~ W  dx3 - xd/v

г г «  * k * * * +fr  »
J.O'JudX2 dx3 dx Jojrc

dx dv
в dx . dx3 , dxa:

+Daf aDav) A* <*»)+/*“(£ * *  ̂ J^ -(D 3Ux)adxdr

-  P r 2 f —  D ^ D 3̂ d xd r+ ~ -\* raf  - f r ( D3v)adxd t Jo Jr dx 2 Jo Jr 8t

+ £  ra ̂ J ~ I ) 3<oD3ua dx dr+ £  r* (FiD3Us,+ FaD3v) dx dr)

M I / L  I I  - 0 -  fr  &fc+f / I  И  - г г  < M t

■MJo Ji
da ,daUi dPu,! dx dr - MJo Jj

8aa dux d3Ui dxdr) ,  (2.33))r 8x  dxa dx3 Jo " Jr dxa dx dx3

M&(Uw} uaо, %) = -к'(~~1м1о|н,Н— I^so((a® +  Н(|я*)A \ Co 6>o , /  ; :

+  1_|йЙ(М10, ^o) ( ^ 3Wio)a^a?+||D3M2o|2"bJ^Cwioj г>0) (D3Vc>)a dx

(2.34)
sea baIt follows from the assumptions (i), (ii), the inequality ab<  — , E ^ E 0

that when jx is appropriately small, that is, there exists a constant jn0> 0  such that 
when ii<ifjb0, we have

CxN^o, t X h W + U i ) ,  y t£ l o ,T ] ,  (2.35)
where (74> 0  is a positive constant independent of'T  and the solution (u1} ua, v).

On the other hand, it is easy to see that

lMs(u10, uao> Vo) I ^ ^ g|| (%o> uao> ^o)|as* (2.36)
For our punpose it remains to estimare H it) .
I t  follows from

re
ua(x, t) =2J uuxdx

that for 0 < r< t< !T ,

(2.37)
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( i + tO ^IO j, «я, «0 (v) |!»< || (и,, щ, v) (? ) Ia 
4- ( l+ т ) \D (ux, щ, v) (r ) |a<iVa(0, t).

Similarly, we have

(l4-*)*|D(tfe, щ, v) (г) ||-< (1 + 'г ‘) ||J5(mi, ua, v) (r) | a 

+  (14-*)а||Да(%, «а, ■«>(*) 12< 2 ^ ( 0 ,  О,
( l + r ) a|Da(u,, «a, ® ) ( r ) |i - < ( l+ v ) a||i)a(Mi, «a, v)(v) ||a 

4- (1+ vy\\D s(Ul, щ, v) (г) ||3< 2i73(0, 0 - 
Therefore, by the assumption of theorem i7s(0, i) < ^ 2<J5/o,

f  <aiV (0, i ) ( £  Ц£ % 12d r+ £  ||D3Ua12dr)

< O E N a(0, t).
Similarly, by the expressions (2.7) of f , ,  / a,

If f f,Uada}dt<,OENa(0 ,i) ,I J 0 J R

< 0 ®£ (|wa||a+  ||Z>%||34- (jD v12)d t^ O E N 3(0, *).

From the expressions (2.16), we obtain

I F i « « 7  ( | D% | x,. || D3a I +  | D3» | L. [| JD8Wi || 4 -1 Da | 1| Dzu, || 4-1 Db | 1| Ds«? ]|
4 -1 i)361 ь- l l »4-1 -Dv | Ц.ЦD3b I),

^ F 2D3̂ |< C 7 ( |2 ) ( Wl, v) | 1 I | |Д*г|  -HZ>a(th, ^ )U .||D ^ |||D S |

4- j (Du,, Dv, Dau„ D4) |b-(||2)3%|| 4- ||Л8г||) | | M ) .

Therefore

^ RF J )sUa+FaD4dxdv < O E N a(0, t). 

Furtherm ore, by (2.38)—(2.40) we obtain 

£ r a ̂ B(F,DbUa+F2Dsv)dxdv |

< C ?(sup  |D(u„ v) |ь»Гг3( IDsu ,«34-[|D3Ua13 + 1Dsv ||3 + 1|D*v||a)dv 

sup I Da («a, v) I L»( f r  I Da (u,, v) \adv 

- £ 'S'a||z>3(M1, « ) \\ad ty < O E N a(o, t),

X ( £  I Du, 13 ЙГ+ £  r 1 Dau, (12 dr) < OENa (0, t),

4-

4-

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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1/ Щ -  Т5Г -0 - *’*1 L
X (T v \D \u 1} -э)||2Йг+ f r2i-D3Mi||2dr) +  ( sup т?\В(и1} v) |L»)2 

vo Jo /  0<r<t

X ( £  II В щ  12 d r+ £  г21X)3̂ ! [|2 d r ) )  <CJEN2 (0, i). (2.49)

The other terms of H (t)  in  (2.33) can be estimated in the same way as above. 
Thus we arrive at

H ( t) < 0 6E N \ 0, i).
Let

s* - m in( >  Ш
Thus when J?< sa, it follows from (2.36), (2.36), (2.50) that

2 Gi
N \ 0 ,  t) I (%o, м2о, Го) I h«.

Let C/o 20,
V a thus the proof is completed.

(2.50)

(2.51)

(2.52)

§ 3. The Proof of Main Theorem

Based on the local existeree theorem and the a priori estimates obtained in the 
previous sections, we are going to prove our Main Theorem.

Let

So-min^Sj, s2, C i, Ga, GaS/ l ^ i  У ^

Thus when || (u10, u%o, r 0) ||h»<s0, by Theorem 1 we have a unique local solution
(ut, щ, r)  G X  (0, 8; Oj I (u±o, м2о, Го) | н») .

Since Oil (м10, m2o, r 0) \\ю<01бо<8а, Theorem 2 gives
(«И, щ, v) G X (0, 8; 0 2 | (mio, m2o, Го) ||н»)«

Thus by О a I (мю, m20, r 0) ||h«<8i and Theorem 1 with ii= 8 , we again have 
(mi, m2, r)  G-5T (8, 28; ОЮзЦ (мю, мао, Го) ||на)«

I t  follows from the definition of iV2 (0, i) that
1V2(0, 28)<iVa(0, 8 )+ Ж 2(8, 28).

Thus (5 .3)—(5.5) lead to
(ut, Ma, r)  G (0, 28; G as/^-^rOii (% , M2o, Го)||нО»

Now by the definition (3.1) of s0, we have
C^ax/l +  df I (Мю, Мао, Го) I ^Sa*

Thus Theorem 2 again gives
(mi, m2, r)  G-2"(0, 28; С̂ Ц (мю, м2о, Го)||нО» 

Using the same arguments on [nd, («,+1)8] and [0, (и+1)8]

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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successively (ft=2, 3, •••), we obtain the global existence and uniqueress of 
solutions. Thus for 0 < i< + o o , we have

№ (0, (.Що, Що> щ) IIя8- (3.9)
I t  follows from the definition of N  and (3.9) that

\\D(ui, щ , v ) ( t) i< C (l+ t)~ ?  Vt>0, . (3.10)
||D2(mi, w2> ^ ) ( t ) ^ ^ ^ ( l + t ) -1, Vt>0. (3.11)

Combining (3.10), (3.11) with (2.38)— (2.40), we obtain the decay rates of 
solutions. Thus the proof is completed.

Remark. Consider the Cauchy problem of the radiation hydrodynamic system 
with damping term av:

i

8u dv 
8t dx ’ 
dv B9 8u . / В  , 
8t u? dx \ u  

(  R  , 1 беги дЛ d9
\ r - i  о  )  dt

16cr
30
__ d_

dx

t>a) w + m - 0>
(16o-A 93+e 8 9 ) ( 

Л 3 и 8 х Г \ и
0: и= щ (х), v = vo(x), 9*=9o(x),

16cr Qi\dv 
30 )d x 0 ,

where B, cr, a, y > l ,  A , /8, О are positive constants (see [17]).
Using similar arguments we can get the global existence of solutions near 

equilibrium and the same decay rates.
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