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' GLOBAL SMOOTH SOLUTIONS TO THE CAUCHY
PROBLEM OF NONLINEAR THERMOELASTIC
- EQUATIONS WITH DISSIPATION

ZuENG SoNeMU (H R4
Abstract
This paper eonsiders the Cauchy‘problem for the nonlinear thermoelastic equations with

- dissipation. By means of energy methods, under the reasonable assumptions in mechanics
the global existence, uniqueness and the decay rates of smooth solutions are proved.

§ 1. Introduction

In this paper we are concerned with the global existence of solutions to the
Cauchy problem of equations governed by one-dimensional nonlineaxr thermoelasticity
with viscous damping which are of the following form:

{ ’wn-“d ('uw, 9) ﬂ¢¢+ b (u‘y, 0)04} +a%6,‘; =O,

0(Ue, 0)05+b (s, )ty =0(8, 6,)000 1.1

(refer to, [1, 21).

In the above equatlons the berm oy with constant «>0 standsg for the viscous
damping which is important for the global existence of solutions. Instead of the
above equations, by introducing new unknown functions

Uy =1y, Ug=1s, =0, 1.2)
we consider the following system
o duy _
ot o 7’
a'af;’ —a Uy, v) 6@&1 +b (us, v)vy+ous=0, (1.3)
o (u, 'v> 5t +b (uy, 'v) ;d(” Vo) Voo =0
with
‘ $=0: us=1u30(®), Ua="no (®), v=00(). (1.4)

‘We make the following assumptions on (1.3), (1.4) which are reasonable in
mechanics:
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(i) a, b, ¢, €O and there exist positive constants vy, 3y, 81, Ao such that
when - 2
lul, |91, |00l <70,
a=>8,>0, 68;>0, d=>4,>0, b#0, . (1.5)
(i) constant a>0, L
(1if) (o109, Uso, Vo) GHs(R)
‘We now have - : o
- Main Theorem. Under the above assumptions (i)— (m) prroblem (1. 3) (1 4)
admits @ unique global smooth solution (us, ua, v), (41, 4a) €0(0, +oo; H®)
NC*(0, +oo; H2), 0)60(0 +o0; H?) N0 (0, +o0; HY) provided| (w10, %a0,%0) |ar=

(| @so] &s+ | a0 Fo+ [ 20] Hs)—z' is suﬁcwntly small. Moreover, the solution has the

following decay rates as t—>-oo:

Ny B =0, (1.8
1Dy s, ©) (8) =0 D), SR 1.7
{ D(ws, s, ©) L~%0(t"%>, B | a (1.8)
D% (s, w3, 0) B =0, (1.9)
| D*(w, ’wsx,- ’D) ) ly- O(t;1>', o ‘ (1.10)

where the notation D= "é% has been wsed.

Before giving the detailed proof of Main Theorem lst us first reeall some related
Work. In [1] the global existence of solutions to various initial boundary value
problem of one-dimensional nonlinear thermoelasticity has been proved. But, it
soems that there are not any results concerning the Cauchy pi'oblem. On the other
‘hand, the system (1.3) is a special form of general nonlinear hyperbolic-parabolic
-coupled system which also arises in the motion of viscous compressible and heat-
conductive fluids and other mechanical problems. In 8, 4, 6] the global exigience of
solutions to the Cauchy problem of the equations of viscous compressible : and
heat-conductive fluids was proved. Later in [5] Matsumura improved the proof in
+the three dimensional case. We refer to [7-15] for other equations.

We emphasize that the main difficulty in proving the globa,l existence for the
‘Oauchy problem in one-dimensional case is that the solutions of linearized equations
usually have not enough decay. In this paper by f_aking advantage of damping term
.oy and by using the energy estimate method and the technique given in [5] we are
able o prove our Main Theorem.

Throughout this paper we denote by C the constant mdependent of uy, g, @
*(R) norm, '
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§ 2. The Uniform A Priori Estimates

It is well known (see [5, 15]) that by continuation argument the proof of the
global existence is usually divided into three parts:

(i) To prove the local existence of smooth solutions.

(ii) To get the uniform a priori estimates of solutions in Rx [0, 7.

“(iii) To prove the global existence by combining the above two steps when the
initial data is sufficiently small,

‘We will proceed along this line.

Let Hy be a positive constant such that for | f|m<<H,, by Sobolev’s 1emma we
have | fli, |Df|-<<C, | flus<<7o. For some E<EH, and 0<t;<ta<<+o0 we now
define the set of functions (4, ¢y; H) as follows. .

X (ti: t27 E) {(uly Ug, 'v) l (uiy uﬂ) EO(#;{, (Y Hs) nol(tiy t2: Hﬂ))
Duy € I2 (24, to; H?), ua € LF (b, 15; H?),

(1+4) 2D € TGty b5 I7), (1) Douy €T (h, 55 12),

1
(1+2)2Dus EL2 (84, ta; L2), (1-+%) Dy € LA (#y,t5; HY),
fv€0(t1, tz, HS) nOi(ti, tg, Hl), .D’U ELa(ti, tg, H ),

(1+8)ED% €T3 (s, ts; I7), (1-+8) D% € L8(ty, 155 HY),
and N2(ty, &) <H}, 2.1)
where N (44, #5) is defined by '
N2(ty, ta) = R AUCHEDION S RICRERDIO)

+1D° (s, wz, 9) O 11) + [ (fa (o) P+ [ Dua () I

+ | Do) i+ 7 (] Dua|*+ [ D* (s, 0) |*) +2°(| Dous|?
+ | Dt + | Do) ) do , (2.2)
- 'We now have
Theorem 1 (Local Existence). Oonsider the énitial value problem (1.8) for
§=ts with the initial data ot t=1; as |
(us, sy v) €EH(R). | 2.3)
Then there exist positive constants &1, C1 (8:0:1<<H,) and & depending only on sy bui
imdependent of &y such that ¢f N (3, $1)<<e81, the Cauchy problem (1.8)(2.8) edmits a
unigqueé solution (wuy, ws, v) 4n R X [#1, t,-+3]. Moreover
' (uy, s, ©) €x(ty, 31+, O1N (8, 11)). (2.4)
Proo f The local existence theorem for the more general quasilinear
hyperholic parabolie ecoupled systems has been given in [16] (see also [4, 5]).
Although the norm N used here is slightly different from those in [16, 4], the
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proof can be given in the same way. So we omit the details here.
The key step for the continuation argument is to get the uniform a priori
estimates of solutions for nonline'ar system (1.8). |
We now have o
Theorem 2 (A Priori Estlmates) Supposs that the Oauchy Problem (1.8),
(1.4) has a solution '
(w1, ug, V) EX (0, T; B) (2.5)
Sfor some T >0 and some E<<E,. Then there exist positive constants &a (82<81) and Ca
independent of T such that if B<gs, then the solution (uy, s, v) satisfies :
. (s, g, ©) € X (0, T; O] (w10, Uso, o) [ms). (2.6)
Proof We first rewrite the system (1.3) as follows:

o 6u’1 Go 8u2 ___0
Co Ot ¢ Ox

L vy a uy | by v @, a—a duy | (bo—D) 3’”A

Co ot Co on + Co aw + Co Ua Co azv + Co fl’
_6_@_ __bg_ 3u2 do % bo _ i \ aug i do .
ot + Co O Gy O2° (co ¢/ o +(,c )

o0 = £ fa
2.7)
where ao=a(0, 0)=>80>0, be=5(0, 0) 0, oo-—c(O 0) =>8:>0, dy=d(0, 0) =>4,>0.
Multiplying both sides of the first equation of (2.7) by u,, the second equation
by ua, the third equation of (2.7) by 4, and then integrating them with respect to
@, respectively, for 1 € [0, T] we obtain '

513 ;’t(‘“ Jua ()”2+-—-|Iua(t) 24 o ) )
+20 | Do &) |-+ L () = [ (Frta-+fav)dle, @.9)
0 0 R

Differentiating (2.7) once and twice with respect to » respectively and then using
the same procedure as above, we obtain

5 (L Dus () P+ | Dus (D[ + [ Do)

+L | Doy ||2+——[[Du2(t)ﬂ9=I (DfseDus+Dfs-Do)ds, — (2.9)

1 d
2 dt

- | D% () |2 +-2 | D @) [P~ [ (D fiDPun+- D fuDR) o, (2.10)
Co . Co R

2 (LD ®) P+ DD [P+ [ D @) )

Now by integrating (2.8), (2.9), (2.10) with respect to f, we obtain
__:L Qo 2 _1__ ' 2 2
e IOV S PAOTSLIOT

| +Oj—3j; llelPdH—Z;ﬂ a2 d = fo [R(flug}fg@) dodv
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(Bl el o), e
-21~( 2| Du, (8) [|2+-—-HD%62(75) u%umo:)u )
+-0;-f0 | D% Il“’dw.—(;;fo | Dug |2dv = f ) JR (Df1Dua+D f_gbég)dm dv

1 1 ' ) . .
(2| Deto] + | Duiol*+ | Do), @.12)

1

(D) [+ D) [+ 1D%(0) )

doy 3, 112, _E/__J’t 8, (37— [ 20 )2 3¢ 79
+& [ D[ dn+L| | DualPde— | [ (DfDPus+ D Do) dwds

+ 5 (| Doy [P+ L Dol D). (2.18)
‘ On the other hard by dlﬁ'erentmtmg (1.8) three times with respect to @, we
obtain _ }
3 Ddu, Daug _ . : ' 3
& e % |
oD%,  0D%y ', g 0D% _ 1s( duy
g 2 Db o D(w-%—>
© 0D ps (s B0\, g 0D%
@ 0% \_D < 6a:> b T ow f (2.14)

ot ¢ oz o
b 8D3u9 _ b au;;
¢ om D (’? aw)

Thus in the same way as above wWe obtain

Db o 5 (d by (4 pu)p(S o)

1 3, \2 T 3, ()12 j 8,\2 7.}
-2—(JRa(D w)?do-+ | Doug (D]°+ | o(D%)2do)
+ ] d(Dw)ﬂdmdwaf | Doug | dr = f j (Dsu Y dads
([ 2= D3y, D3y do dv -+ 1.{ J‘ (D"” )gdmdr
JOJR 3
.t r - .
-+ 0 Rgb .D3’I)D3’Mgdmd"b‘+.[ J <F1D3MQ+F9D?W>dﬁd'b"“Rs(’wio, Ug0, ’Uo),
(2.15)
where
( 33 )~ aD*u,— D*(bDw) +b D,
Fg= —-%— —g—-—D v+c< D? (%l- D%)-—D (% D%))—!—c(% D4u2—-1)3<—2— Dug)).,

: - (2.16)
Rs (10, %a0, Vo) ~—-j a(Ws0,v0) (Dsum) *da+ | DPusgo |[2+J (10, o) (Do) * .

Wo would like to point out that because of the limited smoothness of solution
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(uy, s, v), the argument from (1.8) to (2.15) is formal. Bui by using the
mollofier and reasbning in the same way as in [15, 4], we can conclude that (2.15)
still holds. Since the procedur‘é is standard (see [15, 4]), we omit the details here.
In order to get the estimates for the double integral of the derivatives of i, by
diﬁ'erenfiating the firgt equation of (1.3) ~Wi'ﬁh fespect t0 @, then multiplying the

firgt two equations of (1.8) by —ua dnd '—..%‘;1.. respectively, and inl;egrating them

with respect to @, we obtain

Buy (8 of o 2t '
dtj Ug —=— 3 dw+j )dm Ua P da

_ . 8u1_@_fv_ B Oua - i
K e 5y o (% ) dw=0. - 2.17)
Therefore ' , _ ‘ '
a . : 14
o e St of B
ouy 2 RN Y
-joij a{f; Lk do do— qug(r)[|2d7=—J tan 220 g, (2.18)

Similarly, we have

[ ow Py d“f o5t >da:—||D"us(t)ﬂ |

di or  on° ow?
- 6u2 o2 ’Lbi j' o2 u1 -—Q—Q)— v
“j 2 e o ) o o7 da
_[ o6 ov Puy j’ oa duy Ouy
J' rROw Ov 02° do— ROT “ow ox° dm . (2°19)

Hence

_ aug 0%uy jj‘ *u
Raw'3m2d+ (82>dwd7

-j [ Dy (2] dr— Hb 3&:2,1 2w

_ Ouy Pus 8u1 IJ ob v Puy
| fnaa; dedr=| | o0 o0 aﬁd”"z"’

[ 2o ows 3u1 J Qugy BPuy |
.[J‘Raw o o0x® dodv r ow o0& da, (2.20)
- d 0%usq 33’1,61 j B w1 e 9

WJ ( or® ox® >cl:v+ ( e ) de— | D u2<t)|l

_ Puy Puy o J OPuy Pw

aj r O 0x° e b "o o do

__ [ %0 &Pus Puy o [ Pa Ouy Ouy
f wow o ) e o da

(% oy ov I b Ouy
+',(1z o?  ou® %OMH— rROx 0x° O de. (2.21)
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I (92202 63’u1 d -}—J‘I 83u1 dévd'z'-f IR OIR

0%  o0°
_ ¢ 32’1,62 33161 tj. 3 u1 o)
“aj‘ .(R ox? 3 5 dodv— Jo Rb o 0a° d dv
- [t oa o> ’1,61 6 ’1.61 jtj 3% 6%1 o8 Uy
Le@m o PO et T e BN

[ 2% &uy aq; J" f ob J%uy v
+. Inaw ot do d-+ rdv 0x° tadv

[ 0%us9 3%10d
Jr 02* Oo®

w—

(2.22)

Furthermore, in order to get the estlma.tes of the other terms appearmg in

N (0 T), we multiply both sides of (2.9) by ¢ and obtain

5 (B UDL@ P+ D@ I+ 1D )

o D [+ Dua ) P = (2 D))

'I‘herefore
‘3‘( IDus(®) 7| Dus(8) -+ 1D0@®)

4 bo j 2| D% (%) uﬂdw+——j 2| Dua () |2 dw

"%‘<‘Z§‘L |Dus (8) [ dr-+ = | Do () e

t S : t
+[{ 1Do @) J2av) =L of_(DfiDus+ DfoD)dod.
Similarly, it follows from (2.10), (2.14) that
2
{100 @) P+ Dwu @ + 1D 1)
4G j +*| Do ﬂ“dz‘—l———-f 7| D22 dw
—_&j 'uHD”mﬂ?dv—-——-J o | D () |3 — J’t'vHD%ﬂde‘
CopJOo ) 00_ 0 0
=j:f;‘-’jn (D% Dy + D*f D) das .
—g—(JRa(D"’ui)ﬂdw + | Dous(t) uu-j o(D%)*do)

+{ I d(D‘*fv)ﬁda:dw—l—aJ. 72| Duqy ('r)ﬂﬂlh'

,0

- ’t'vJ. w(D3u1)2dmd7~f w[leugl‘**dz'
o Jr 0

o

~[ fvj c(D%)Qda;dr=-1—Jt vQJ —ag—(D‘”'u ) dadr
Jo Jr - 2J)o Jrot 1

+—-01;~[[Du2 @) 12+ [ Do) | 2) ;th (D fDua+D £.Dv)da.

(2.23)

(2.24)

(2.25)
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_taj'ﬁ_@_ 3,, )3 . _j-_r'sz 26 /s, \2
[i7] 22 Dusbuadodr 5| o 2L (%) dwdr
t. & . ‘
+[ [ 22 Dropusdods+ |, | (FuDow+ FaDP0)dwdr. (2.26)
From (2.19), (2.21) we have
_ Oug a2 o"Uy J" 0'169 3 ’661 J- f (
tJ‘R o o do iy aa;ﬂ dedv+ dmd'r;
- o'vﬂD”ug(v)ﬂﬂdr—arwJ 9us 6au21 da dv
_f Puy ™ J" J’ ob v Puy _
JO?Jer "ot oa” dodw=|,7 row 0w 0a° da g
_ ¢ aﬁ ouy 62’M1 '
JOTJR o ox OF® dods, _ @.27)
_aa Puy Fuy j j (63u1 2
tLW G dat| @ ) dods
__" ®uy % J' j’ Ouy 63u1
Jo jﬂb G T8 dwdvta| o] T do dv
¢ . ¢ Puy Pu
—“0779 | D¥ua() [I”dvf——oaj 7? aw;’ 5 — = dwdy
=_rt [ Oa 3’&61 92’261
)T ) Em @ e I
" o &%¢ ouy O%u f J' b Puy v
| .2 1 1 Uy
)7 e B e It o do dw
(f o 0b v Puy .
2 it
+J07 I2 o0 7 P da dv. (2.28)
Set
(2.11) +(2.12) +(2.18) +(2.15) + 1 ((2.18) + (2.20) +(2.22))
+p®(2.24) +p(2.27) +p* (2.25) +p°(2.26) +1°(2.28), (2.29)
where w is a small positive constant specified later.
Now (2.29) can be rewritten as follows:
Ij_(f/) + 1, (t) =H<t) +.§3 (’Lbio,.'u20, ‘vo), (2.30)

where

L) =5 (2 s (&) Pt s D o+ o @ 1)
+—1;(j o( LY do+ | Dua ) |

2 o’
+J G(D%)Qda;)——p, (I ’Mg*—-—-d +J 3312;41 8'M1 de
aﬂu2 Puy wi a o, 1 .
) ( | Dua () |+ |\Du2<t> |1

+1Do@) |7) -4 G2 2 3'“1 do-+ ﬁ” (&1 Do)

2 2 2 2 t 3, 2
1Dy @)+ [ D )| )+ﬂ-2——(jgw<D 0y do
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"‘"ﬂDs’wal(t) !{2+IRG<DSQ)‘>2dw)_'M6t2 3&:‘? a; :;? d

=o' 2adp -2 2,
L(®) =2, 1Do () o dv-+L [, fua (@) [

+ j’ j d(D*v)”dwdr+af | Do (5) [ de

e () o) (3

ouy , Oug OPuy , Pus %y
I Jn(uﬁ ow _+ or ox° + or? o )dmdr

_IJ (3u1 ov 6216_1 6210_*_63%1 b))
oz 6w ox? 02 or® 0O1°

-
~ [{ 1w (@) o dr) + a2 L[ Do

- )da: _dz'

b 2 o) D P (o D e
J,_l_j‘ | Dusfrds + | nmuﬂdw)ﬂﬁ(f of o L) dodw
—j 2| D?ua () umq,-+j j Gy Tt gy

- 4 __3%2 0% u1 I J. o Uy 6 ’U
aJo 'FJR« 5 do dv— b —=- wru da dm-)

+ p»‘*(jijt | D32 d'v+-—“—j 7?| D2uq|2 dv

=0 [ s P dy— = 5] Dual 0

;j07|| D% usozw)-;-m(joq,-ﬂjﬂd(gﬂ) dos e
+aﬁ 72||D3u2“2d7)—/,,,5(f 7J a( 68%1) dwdr

+ﬁ 7| DPug|? dw - J: q:Lc (D¥)? dadw >

¢ PPuy \? J" ‘( Puy Pu
-+ (J”&‘J’ a( 52 ) dwd'v— 2 e dwdmf.

rt

3,
- 9||D3u2[[2d'r; J'vgj' Py 0 gy g

oa? 63

_ Puy P )
07.[13 ou® 63dd7

(Fatafa)de dfv+j0 L (D f1Dus+DfsDv)indr

¥ 2 2 2 2 ] l_ ’ _@ﬂ. 3,,.\2
+ 0jR(D fiDPua+ D f3D%) dod+- 2HR %4 (Dous)* dwd

[ 20 155 -..l.rj‘iq_-32 _
: Jojnampulpuﬁdmd’;‘*‘,z o) i ot (D?v) dm.d'r.'

(2.81)

(2.82)
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+[ [ 2 powpsuydoda-+ | [, Dot Fu D e

o)r O

ob wy  Ov . H da duy &uy
(anam 22 0 P ) vow e e WO

- t{ oo 32u1 6u1 ‘r‘ 62@ 8’161 6u1
fo,nam el N v e 0 s d

t{ 2% % 6/0 Ob+ 33u1 0t
+L:Raw9 3:1;3 d do +J B OW. &v , 0% 02 d dv ‘

‘ t
w2 j (Dleu2+ngDm)dmdr+u (j jﬂgz g;’; g;‘i i d

o 6u1 6u1 f J« e ‘_
f JR&I; ox or? dwd't')—!—y, 7 (DfiDua

+D? nggfv) dw clw) + ,uﬁ(J j 28 (D%uy)? da drw

B L 8, ) 1 .-'xac-. 8 NS g,

~|.= L D*u.D ugdsvd'v—l-zj 2 (Do) dwin

[ 3”1)31)3 dwdv+| o[ (FuDous+ FuD%)ded
i vu2w7+'v(1u2+glv)a:fv.
‘ ’gf &b o oo [ 2 o Pus

+”<J'”Raw2 o dd+o T 339?‘1"”

_ da Puy 8y r QJ' Oa duy uy
Jqov IR@(U Toa®  ox° dody— 0 Ram &v o dmd’v (2 33)

B, o, 00) =5 (L fual’ +-——(luzo[la=+ﬂvoﬂ )

-%—j w(uio, fvo) (D%io)”dw—!—]l Dsugo ||2 j c(um, wo) (D%o)ﬂdm

_ 6u10 J 3“20 3 U10 J 3 ’U/so Puso
”‘(Le“”a @t o 3w9d+ e asd)
(2.34)

” . B<<H,

Tt follows from the assumptions (1), (it), the inequality. ab<—8—§—_
that when w is appropriately small, that is, there oxists a constant pwe>0 such that

when <, We;»have

where G4>O is a posmve constant mdependen‘ﬁ of T and the solumon (w1, ug, v).

On the other hand, it is easy to see that
lgs(uio, Usgo, ’vo) | <Cs| (’“10, ’wso, ’vo) UH%

" For our punpose it remaing to estimare H ().

It follows from

(2.35)

(2.36)

W (z, £) =2 j ity & (2.87)

-—Co

that for 0<r<<i<T;
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(1) (g, 0) () |2 (s, sy ) (D]
A A+2) | D (g, ug, v) (7) |P<N2(0, B). (2.88)
Similarly, we have

(1+9)% | D(, s, 0) () )< (1+2) | D(aty, i, 0) () |2

+ (1+7)°| D (us, up, 0) () |2<2N3(0, ©), (2.89)
(1+2)| D (us, vy, 9) (7) | 3-<(1+7)* llD”(ui, Uay v) (@)[?
+ (L+2)2| D*(u, iz, 0) (7) |*<2V3(0, 2). | (2.40)

Therefors, by the assumptlon of theorem N?2(0, ¢) <E9_<E0,
‘ LZ 94 1o Doty e dq,-]<oN<o ) f | Do ||%+£ | Dous|2dv)

ow
<OEN2(0, ). 2.41)
Similarly, by the expressmns (2.7) of fy, fa
l L f  ftadude <OEN(0, ), (2.42)

[} [, favdods| <OB[ (fual*+ I Desl*+ | Do) ts<OBN*0, . (2.48)

From the expressions (2.16), we obtain | |
[ #1) <C(| Dus|1-| D] + | D*a| 1+] D?us| + | Da| z-| D] +| DB| 1-| D*v]
-+ { D% || D] + | Do |- D)), | (2.44)

[, aDouto| <OCID s, ) [5- [D%[ D] + | D%y 3} -1 D50} [ Do}

+| (Dus, Do, Dus, D*0) |1 (|1 DPua] + | D) | D%0D). (2.45)

Therefore ' ,
|| Doyt P D dode | <CEN*(0, 1), (2.46)

Furthermore, by (2.88)—(2.40) we obtain

l j : »yﬂ [R(FiDaug +F2D%)dmdq,-|
<0 (gup, 1D (us, o) |2, (1 Dousl+ |l D+ Do
+ sup 7¥| D*(us, ) ||| #1D%(u, 0) 175
+JZ 2| D% (4, 0) usdw))@ENé ©, ), | 2.47)

‘r'vj Ga 0wy Oy de dv

0o JrOw O Ox° <0 SuPTZID(ui, )| ze

O<o<t

% (f : | Duy }I”dﬁ—fowlngul |°ds)<OEN*(0, ), (2.48)
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' o 0%a ous O%u ’ 1
al 1 1 g 1 )
JOT Jroa® ow 0o® dodv| <O (i‘ig"’ IDulv('V) IL

It 1
x ([ s1D2(s, Moo+ [ 221Dl ds ) + (gup | D(ws, ) 2)?

[ ¢ . :
x( : | Duy [|2d?+I072!lD3u1[|2d ))<OEN*(, 1), (2.49)
S g
The other terms of H (¢) in (2.83) can be estimated in the same way as above,
Thus we arrive at | .
H($) <CO:EN*(0, t). (2.50)
Let

—min(e,, Oo | |
82—m1n<81, 50, > ‘ | (2.51)
Thus when E<s,, it follows from (2.85), (2.86), (2.50) that
20
N2(0, ) <f‘075 | {uio,' Uso, Vo) s (2.52)

Let Cy = 3%‘,‘-;—, thus the proof is completed.

§3. The Proof 6f Main Theorem

Based on the local existerce theorem and the a priori estimafes obtained in the
previous sections, we are going to prove our Main Theorem.
Let '

so,———min<61, 8a, -2—21, —%3;, —O;/%—_I_——é—%—) ' (3.1)
Thus when | (w0, %a0, o) | m:<<80, by Theorem 1 we have a unique local solution
(us, s, ©) € X (0, 8 Oy (o, Uso, v0) |s). (3.2)
Bince Oy | (w10, Uso, v0) |m<<O180<<83, Theorem 2 gives
(s, s, ©) €X (0, & O (ao, a0, %) ). 3.3)
Thus by Oa| (410, Uso, o) | <61 and Theorem 1 with #; =0, we again have ,
(ug, s, v) €X (3, 28; O10s] (w19, a0, Vo) &) (8.4)
It follows from the definition of N2(0, ¢) that :
. | N2(0, 28) <N*(0, 8) +N2(3, 25). (3.5)
Thus (8.3)—(5.5) lead to
(us, a, v) €EX (0, 20; Ca/1+CE | (10, %a0, o) | &s) - (3.6)
Now by the definition (8.1) of g, we have
Osn/I+0% | (uso, Uso, v0) [ <&a. (8.7
Thus Theorem 2 again gives | : |
(w1, Us, ©) € X (0, 23; Oaf (w10, Uso, V) [m)- (3.8

Using the same'drguments on [#nd, (n+1)8] and [0, (n+1)3]
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successively (n=2, 8, ---), we obtain the global existence .and uniqueress of
solutions. Thus for 0<<¢<<-+o0, we have
N2(0, ¢) <O%| (0, Uso, vo) |5 (8.9)
It follows from the definition of N and (3.9) that

|.D (w1, a, 'v) (®) |]<0(1+t) V>0, . (8.10)
| D2 (441, thay 9) (&) | m<<O(1+1) -1, Vi=0. ' . (8.11)
Combining (8.10), (8.11) with (2.38)—(2.40), we obtain the decay rates of
solutions. Thus the proof is completed. o
Remark. Consider the Cauchy problem of the radiation hydrodynamic system
with damping term aw:

rou _ ov _
o
ov_ BRI ou (R, 160 g\ 00 .
| (a5 g ra=o,
R 160u 03\08 O (1604 G357 00 Rﬂ 160 4\ v _
(m—1+ 0 6’/at or\ 38 % 6m>+( 80 0) =0,
=0z u=uy(®), v=20(w), O=0,(),

where R, o, @, y>1, 4, B, O are positive constants (see [17]). |
Using similar arguments we can get the global exigtence of solutlons near
equilibrium and the same decay rates.
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