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COMMUTING n-TUPLES OF CLOSED OPERATORS
WHICH POSSESS SPECTRAL CAPACITY

H u  Shanwen (#| SO * * *

Abstract

This paper introduces the notions of commuting «-tuples of closed operetors which 
possess SVEP, SDP and spectral capacity respectively. A formula of analytic functional 
calculus for several commuting unbounded operators is found. With the help of the 
formula, it is proved that T  has spectral capacity implies T  has SDP and T  has SDP 
implies T  has SVEP. I t  is also proved that i f  T  possesses spectral capacity 8 and f } is 
analytic on a neighbourhood of cr(T) for j = l ,  2,--°, h, th e n /(I ')  =  (/,i(2’), Д (Т ))  is
decomposable, and the spectral capacity 8* of f ( T )  is uniquely determind by 8*(F)  =
/CrW ncrCJO).

§ 1. Analytic Functional Calculus

In [ l] , X  is a Banach space and T1} •••, T„ are closed operators on X . For any 
i , K K ® ,  there exists £i£p(Ti) f]C  Let «*=(£«—T*)-1. If  a = («1, •••,««) is a 
commuting я-tuple of bounded operators, then T = (Гх, •••!'„) is called a commuting 
«-tuple of dose operators. Taylor spectrum, denoted by <r(T), is the subset of

£ ' G o-(«)| where Cn= t x f i x  -  x

C and €=CU{oo}. If  (i) =  {i-t, •••, ^ } c { l ,  •••, «}, r  =  (ti, •••, t„) is an «-tuple of 
indeterminates, then t(i) denote th Д---Д tip. Let Z>(i) =  П {Bfjv..vh f°r  апУ ih> д }  
П where B Tjl„.Tjn is the domain of Tk...hy and BJp= { 2  oomt(i) | %> £  A o,
I (*) I =3?}, 0<jp<«. / „ i s  a mapping from BJt into Дг : 2  «№<<«-► 2  2  2>«)^Д*( 0.

(O i
We shall use these notations in this paper.

Let U be an open set in  <£”. We define

1. Am (U, X)-{f\f€A(U, Dm) and for any {j±, — , i»}fl (») “ 0 . Д г(,/(2)

€^(17, А ») M > d n r , . r i  X )};P~1 P=1
Л '[т , 1(17, X )]  -{2 /< o*»)l/(e€ l(o (I7 , X )} ,

2. 0 ; )e)(f7, X ) - { / | / g  0 “ (!7, Д,,,) and for any {fa, •■•,»«} П ( * ) - 0  and
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iji , а < = 0 '),П  ч П  < / 0 )  6 0~(U, A „) and П  у ., П  ч П г ? . / »  6 О "(17, X )>s
j )= l  g - 1  ' ; p = l  j>=s=l g = l

A ’lrUdi, 6 ‘ (U, Х ) ] - { 2 /< « д  X ),
I (») I + 1 (X) I '■?}, 0<J)<2» .

For any A(U, X )] , J* is a mapping from Лр[г, ^(0", X )]
into Ap+1 O, i(?7 , X ) ] :  /<0(е)*/ A W  «7,00 is a mapping

from Лр[ги<йг, 6°°(U, X )]  into A p[r\Jdz, X ) ] :
(J j>©0) ( 2  /(oo)t(i) Л (г)

“ 2  S  ~  ̂ а)/<ад> 00 A t<o A + 2  2  -r=— /(««) (я) Й03 A %) Л d i й),a a oza
For convenieoe, if £ =  (£i, £»)GC", let Q ={is=  (4, •••, z») |ss£Cn, Zii*£h

K i ^ a n d - ^ p - K ^ i - ,  ■г Л ; - ) | . € 4

T heorem  1.1. Let T  = (T1} •••, T n) be a commuting n~tuple closed operators, 
£i£p(Fi) ПC, ai=(£i—Ti)”1, and « =  («1, *••> «»). Then the following
diagram is commutative:

О i ( l 7,  X ) ] - i ^ [ r ,  i(E7, Х )]-* --* Л " [т , A(U, X )]->0
|% |«1 j«n

0->Л°[ст, A(V, X ) ] [ c r ,  i ( F ,  Х )]-*--»Л *[<т, i ( F ,  X )]-»0,
1where V

£ - U
and Up is an isomorphism from A v[r, A(U, X )]  onto Ap[cr, A(Vf

then

X )] :  for awy A(JJ, X ) ] ,  wp(/« )W  (l) -  П ^ —

Hence, i f  let
H P[A(U, X ) ,  «7] = ker Jp/Im J t. 1}

H P[A(U, X ) , / ] ^ F [ 1 ( F ,  X ), a].
Proof For any ^ o G ^ C o -, A(V, X ) ] , we can define another mapping zy

Pp(9wSw) 0 )  -  П  В is clear that vP°Up=l and щo«v-l.
xe (i ) \ g  —  %  / \ g  —  2 /

For any z £ TJ, X £ г-«
(%•«,) ( л а о ) (x) - % w (  i i  ( ^ ^ A W x ) 8™

л >(^т>‘Л8«>)
=  Up+l( 2  — T f)f (i) (z) th A ) = (uv+1°Jp) (/(i)t(i)) (^).

fcfo)
Thus we complete the proof.

T heorem  1.2. .Let T and a be as in Theorem 1.1. Then the following diagram
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is commutative’.
0-*Л°[г1Ы5, C°°(U, X ^ - ^ f r U d S ,  C~(JJ, X ) ] - * - - ^ SB[VUd2, d~(Z7, X )]-» 0

"0 К
-J A

0-*Л° la u dl, 0~(F, X)] ->A% [cr U dl, C~(F, X )] • -* Л 2" [<r U dA, 0 “(F, X)] ~*0,

where V  = £ -C J
and wp is an isomorphism from Ap[v U dz, 6^(JJ, X )]  onto

A*la\)d%, 6~{V, X ) ] : for any f (iMAi)l\dza)€A*bf \Jdz, 6~(JJ, X )] ,

юг(/<.>оЖоЛ<й«,)<>.) - (-1)1® 1 П ()( - ^ ^ ) Д  jrfi m>(s-Y)s«>Adi<i"

Hence, i f  let
H*l6”(JJ, X ), /© 0 ]  = k e r ( /P0 0 ) / I m (/„_!©§),

then
H*ld{TJ, X ) , / © 0 ] ^ Я ’ [д(17, X ), a©0], 0<2><2«.

Proof I f  g(i)u)S(i) A dXa) £ A p£a (J dA,, 0 " (F , X ) ] , then the mapping iy

rv(dwoAо AdA0)) (2) = ( —l ) 10) 1 П ) П • Vc« Ad«(y>
fcs«A sfc- 4 '  »e(fl '  s~ 2  / 

satisfies the condition w9° r9 — I  and rP°Wp—I„

For any zQTJ,XQ~ - —
S - e

(a©0) °Wp(fmj)t<t) Д d i0-)) (A,)

+Д  ,Цлж Л « « К ^‘>лЛ“'

+  2  ( _ ! ) ! < ,> ; «  П  ( Z s p & )  П  i . A / ^ 1 „ Л ^ Д й Х а ,
sea) fts(i) V A* /ftso>u{a> A,f dzq

e  (wp+i°Jp) (frnirfw f\dz(j>) (X) +  (wj,+1°0) (f(i)a)ki) A d i(n) (A.)
= Wp+10 ( / г©#) (f(i)U)t(i) A dS(/)) (A.).
Suppose Z7 is an open set in We shall denote by 
0P(U, X ) =  (J  { ( i / O z I A(W, X )]  for some neighbourhood of z}Z£U

the sheaf of all germs of analytic forms of degree p, and denote by
BP(U, X ) =  [J  {(<p)г\(р£Ар[т;[)dz, 6^(W, X )] for some neighbourhood of z}ziuU

the sheaf of all germs of somooth forms of degree p. For any z£TJ, we have 
operator / г(or / P©0) from Op(z) (or Bp (2))  into Op+1(z) (or Bp+1(z)) and 
define

H p[l({z}, X ) , J] = k e r J p/Im Jp+1)
H pld°°({z}, X ) , /© 0 ]  = k e r / P© 0 /Im /I)_1©0.
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Obviously, BP(JJ, X ) is a fine sheaf.
By Theorems 1. 1 and 1. 2 we have the following corollary.
C orollary 1.3. For any zQt? and% --^— }

X ), J]^ H p[A({h},X), «], 0<p<n;
H p[6~({z}, X ), /© ^ Я » [ б " ( { ^ } ,  X ) , a@0], <Kjp<2».

C orollary  1.4. For any z£p(T),
H*[A({e},X),J’] = 0,

x), /©a] ==o, o<P<2n.
Proof If  в=(й1, •••, г„) Gp(T), we can choose gtGp(Tt) but £4=£й4, !< * < » .

Then A, = —^— GCnflp(e). Thus we have -£Р[а£({й}, X ), / ]  ({X}, X ) , a] =
s —*

Я Р[Л ({A,}, X ) , a] = 0  by [2] Lemma 2.2. Similarly, Я р[<3”({г}, X ), J© a ] s  
Я Р[СГ ({*,}, X ) , a© a] =0.

Proposition  1.6. For any open set Uczp(T), the sequence 
0-*Л°[>и<й, 6 “ (U, Х )]-> # [^ С Й 2 , d°°(U} X )]-> --» A l2n[TUd5, 6 “ (Dr, X )]->0  

is easactf.
Proof For any iJr£./lp|jrUd«, (T°(t7, X ) ] ,  («/f)e is a section of the sheaf iK  

Since BP(JJ, X ) is a fine sheaf and for z£TJ, Я р[<3“ ({г}, X ), «7©a] =  0, b y [7] 
Propositions 6. 3. 2 and 6. 3. 6, the sequence is exact.

C orollary  1.6. I f f  is analytic function on an neighbourhood U of <x(T), then 
for any xG X  there exists ф ^А ^^хЦ А г, G“(V, X )] , V — U f]p(T), such that 
tf(z)x=f(ss)xt1/\"-/\t»==(J®d)'P-

Proof By definition, t f  (z)x£  An[r [Jdz, C°°(V, X )] and (J@B) (tf(z)x) =0, 
then the Corollary is an immediate consequence of Proposition 1. 6.

We shall define the single valued extention property. Before stating the 
definition, we shall have variant of Dilbeanlt-Grothendieek Lemma, like [4] Lemma
2.1.

For convenience, let

л ; [ t u < 6 , d ‘ ( u ,  x ) ]  - { 2 Л в « А » л с е < ) ) |  I (* )  I + 1 O') I - p , I ( « I - ? } .

L em m a 1.7. I f  Gf is an open polydisc in Cn, then for any Jo, 0 the 
sequence

0-»J.ft[r, A(G, Х ) ] Л ^ [ т и < й ,  д ~ ((?Х )]Л л £ +11 > № , d°°(G, X )]

—>•••—> A^+n[yf UdzQ°°(Gr, X )]-»0
is exact.

Proof F irst we show it is exact if Jc = Q, Our proof is similar to that of [7] 
Theorems 6.8.1 and 6.8.2 but slightly complicated. We omit the details.

Now, suppose Jo> 1. If  ф G A\+t+1 [> U dz, 6°°(G, X )]  and ф= 2  2  /<омЛ)Л<(|),
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then дф = 0 is equivalent to 3 ( 2  fwndzw) эи0 for any ( i) . Similarly, we can
U)

construct 2 to A i ) s a t i s f y in g  g(iW£ СГ(G, D(ii) and Th-~Thg(i)a)GO°°(G, X ) for 
any {ji, •••, jio} n (®) = 0  and 3(2 9тя&а>) = 2 faxsydzo). Let ?>«)=2 9в)аФа) and

(Я Ш
Then q>^Al+p[>Udz, С“ (^ , X )]  and Зр = 2  д<рю = ф.

If  (?= 6?iX • • • X (?»is an open polydiso in  C", where (?4={й| |з—6{| < r 4} or #<=* 
{z\ |г | >r<), we denote by G1 the polydiso in  C", (У1 =  6?i x • • • x where Gj = Gi if

<?iCC and Gf = -^~ otherwise.
«Г*

Lemma 1.8. I /  <2 is an open polydiso in C", then the sequence in Lemma 1. 7 is 
also exact.

Proof W ithout loss of generality, we may assume Gi = {z\ \з[>г<}, i> h  and 
Gi={z\ |й—bjj 0 < } , i<&. Define isomorphisms

8*; Al+P\y U dz, 6°°(G, X ) ] - > 4 j№ U  dl, d~(G\ X ) ] ,
1 -W (i)« ^Z (i)A ^(^ )=  П  -=»- f(i)(j)dh(j)/\t(i),8S(i)\U,-.ft> Aj

where

f W ~ f ( K  К  - f - ) .  0<p<n,\ Afc+i An /
and 8,: A*[r, A(G, Х )]-*Л *[* , !(<?*, X )] , d j wt(i)= fw tW) I t is easy to verify 
that the follow diagram is commutative.

о-*лй[>, A(a, x)]4 ^[vud5, d~((?, x)]->- Д л £ +яои<й, #•(<?, x)]-»o 
|5* |So . I5"

i ( ^ ,  X )]  АхЦ/rU dX , 6 oa(G1, Х ) - > - - Л ^ +"[ги й 2, d~(<A X)]->0. 
Then, it follows from Lemma 1.7 that the sequence is exact.
Definition 1.9. I f  for any g£C", H p[A({z}, X ) , JJ = 0, 0<  £><и—1 , йеп T 

ад said to have single valued extension property (abbrev. SVEP).
Theorem 1.10. Suppose T = {T1} •••, Tn) is a commuting n-tuple of closed 

operators. Then the following coditions are equivalent:
(1) H.p[A{{z}, X ), J] = 0  for all 0 6C" and each p — 0, •••, n—1;
(2) I?9 [$“ ({2}, X ), J ©3] = 0  /o r  all g££" and each p —0, •••, « —1;
(3) H p [G^(JJ, X ), /©3] =0 /o r  each open set JJ in C" and p= 0, 1, •••, n — 1;
(4) H p [A (D, X ), / ]  =0  /o r  each open polydisc В in C" and p== 0, 1,

81 —  1.

Proof W ith the help of Lemmas 1.7 and 1.8, we can prove this Theorem using 
the same methods as in [2]. We omit the details.

Proposition 1.11. I fT =  (Tty •••>, Tn) is a commuting n-tuple of closed operators, 
iiGp(.Tt) f)£, ««= ( £ i ~ Т{)~\ 1 < i< « ,  and a =  (a±, '•••, a„), йоп T has SVEP iff a 
has SVEP in the sense of [2] Definition 1.1.
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Proof For any X £  C"\€n, if we regard a= (a1} •••, a„) as a closed operator 
system, then X£p(a). Hence Н 9[А({Х}, X ) , a] =0  for each p= 0, 1, • ••, n—1. 
Then the proposition follows from Proposition 1.3.

Definition 1 .IS . Suppose T  =  (Tlt •••, Tn) have SVEP , the local spectrum 
cr{T, x) relative to x(~X is the complement of p(T, *) = U{U cCn open\ there is 
ф(£Л”*1 [vUdz, 6°°(U, X )] such that tx = ( / ®д)ф}.

Proposition 1.13. Let T and a be as in Proposition 1.11, for т у х £ Х ,

<r(T, » ) - £ 1
<r(a, x)

and Wi(cr(T, x)) —<r(Th x), where етг4 is the projection of G" onto its i-th
coordinate.

Proof Immediately from the definition and Theorem 1.2 and [2] Corollary
2.2.

In  [1], Esehmeier defines the analytic functional calculus for «-tuples of closed 
operators. I f  /  is an analytic functional on a neibourhood of ar(T), then f { is an

analytic function on a neighbourhood of cr(a), where;/f( ,̂) = /  — f(T )  is

defined to be /#(<?). We try  to define the analytic functional calculus directly.
Let £ f<= £ \{ £ 4}, G” = € flX Then t,( is a local compact topology space.

y»k

We notice that if we substitute compact set in C" by compact set in :Q , then [5] 
Lemma 3.8 are true for the case of closed operator systems. Therefore, if /  is 
analytic on a neighbourhood U of cr(T), then the equality tf(z )x—% = (J®д)ф has a 
solution x G Лп[тгUdz, 6f(JJ , X ) ] ,  where Лп[vUdz, C?(U, X )]  is the family of
forms with compact support in  Q . Let яг be a chain homomorphism keeping the

_ _ « / £ _m \
part of x which contains dz±, •••, d z„, TAz) =  П(-^=------)  and RZ-t f{z)x = {~ l)nw%.

< = 1 \ £ i  Zi /

We can show f ( T ) x —( ——r) T({z)RZ-vfip)xdz±/\--- /\dsn is generalized Lebesgue

intergrable and /-> /(2 T) is an algebrio homomorphism satisfying the spectral 
mapping theorem. Because of [1] Theorems 2.2 and 2 .4 , it  is sufficient to prove

Theorem 1.14. Let T= (T%, ••«, Tf) be a commuting n-tuple of closed operators, 
gt£p(T) ПС, o4=  -1, К К » ,  and a =  (a±, •••, af). Suppose f  is analytic on a
neighbourhood U of cr(T) . Then f ( (a) —f  (T ).

Proof By applying Theorem 1.2, the equality t f( z )x —x=(J®Ъ)ф  becomes 
sf((X)x—w„x =  (a©S)wn-i ф. I t  is clear that supp.w„x is compact in  C" because

supp.% is compact in Q . Moreover, since = i - u • czC", we have wn-t ф£

An 1 [u U dX, X )] . By definition, Rh-af {(X)x—( — l ) n %wn% =  ( — l ) nwn7v%. Let
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x^Xi+hdziS — A.dzn. Then w^x  ” f [ (  ^  . Ti ) l l  -Lr h U -^ )d 'k 1A-" Adh^
i= i \  Aj /<=i A* \  А /

Therefore

/ / ( « ) *

\  2 j7F'Z- /  J F| i=i \  Aj /<=.1 A« > A /

V 2я;% /  J p t=i /=i

« 1 -  -  
Х Ц  -гг--------7 r d z i / \ - ' - A d z nA d z i / \ - - ‘ / \ d z n

I 4̂ I

R em ark . If №=1 and a(T )aU , let cr(T) czUi cUaCU" and Г  be a close 
Jordan curve in U\Ua enclosing cr(T). Assume 0 is a CP-scalar function, equal to 
0 in  U, and to 1 outside of U2. Let ifi(z) =  (z—T) Then

'< * > -  2Ы W W ) * "  * « *

- i : L ^ e - * + 2 s r L (^ ;r )^ (i!)a*

If U = C7i X • • • X U„, oo£<j(Т{) czUi, we can show inductively that 

/ С Г ) я  =  / ( о о ,  <*>> +  g  ( ° ° j " V  *»i — > ° ° ) ( z t - T iy 1 a>dzi

+ f5(2w $) L L / ( ° ° ^  ‘”,Zh Zh *’*' co)^ i-T i)~ 1(^ j-T jy 1 xdzidzs 

H----- ь(-тг~) J •••( /(«1, •••, O r iO s i-^ i) -1 xdzr"dzn.
\  /  J r i  J r »  i = i

Let Inv(T) =  { F |F  is a closed subspace of X  and for any F<(F fl-Oz0ciF, 
р ( З Д = £ 0 } ;  ^ ( n = { F |F G I n v ( T )  and for any i, p(Tt) flp(F{| F )  Ф 0}.

C orollary  1.15. Suppose Y  £B (T ) and U is a neighbourhood of 
<x(T)Ua(T\Y). I f  f  is an analytic function on TJ, then F  £  Inv ( / ( F ) )  and f ( T \Y )

Proof For any £i£jo(Fi) n p (F i |F )  and each «/£F,

f ( T \ Y ) y - ( А - ) -  ̂ ( ^ . . „ . / ( s O s / c b i A  -  Л&.
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Hence /  (T) у  £  Y  and /  (T) у -  f ( T  | Y) y.
If T  has SVEP, we can also define analytic functional calculus on the local 

spectrum. If /  is analytic on a neighbourhood U of <s(T, со), then there exists 
% £  П" [v U di, 6f(U , X )] such that tf(z)  holds on U. "We define

fx (со) = (-— ^ ) ^T((z ) (~ l)novxdst /\---b,dzn. The results of [2] can be extended to

the case of closed operator n-tuples. In  particular, if /  is analytic on 17, then 
f(T)cc=fx(%) for any a ;£X . Because of the similarity of the proof, we omit it in  
this paper. We have the following proposition.

Proposition 1.16. Suppose T= (T1} •••, Tn) has SVEP and <x(T, <o) is compact

for some a ;£X . Then x ^^^D x t andf{T)co—(^-~^j ^Rs-xf(z)%dz1/\'"f'\dzn for any

analytic function f  on the neighbourhood of cr(T) .
П

Proof Since g(z) =П (£<~^) is analytic on a relative compact neighbourhood TJ

of cr(T), then tuere is % with compact support in U such that t f(z )x —x — (J®d)ijj. 
Hence tg(z)f(z)x—g(z)x=(J®d)g(z)\\s. The result is

( )"I”  * lA л*“
“ П  a*

n

(f^r ''j\'flt(z)ag(z)xdy,l ,\ *=и/м(/у)т(:х)

П - П » , / ( з ,)П Й -т ,)« - /(Г )« .
<«1
n

<=s 1

The reason why ^(a;) Т{)ж is that h(z) = П (£»—2S) 1 is analytic. Then
<=i <=*l

n n n

e -  (hgjifcc) =hT(gT(oo)) =П  ailgx (да)]. Hence ж£р| X>r, and J K & -T t)e>=*gT(g}).easl t=i =̂1

2. Spectral Decompositions

L em m a 2.1. Suppose T  — (Tb •••, Tn) is a . commuting n-tuple of closed 
operators and X  = X i+ X 2, X j £  (T ), j =1, 2. Xor any £i£p(Ti) Пр(Т»|Х), £ =  
(£l, •••, £n) and V a t w e  ham

(1) each р£А*[т;, a:)] combe written as p=pi+p2, where
1(17, X,-)], j - 1 ,  2;

(2) eacfo ф£ H 5[vU da:, О00 (l7, X )]  cam written as ф = ф±+ф2, where
ф,€А*Циаа, d~(JJ, X ,)] , j  =  l ,  2.

Proof (1) I t is clear that p(Tt) Dp(27i(X i)c:p(T r<|X 2). Therefore £{£  
p (Г, |X 2) . If  9>£ [>, A(U, X ) ] , then

щ р ^ А * a,
i - T J ’ x ) H ’M l U T ’z )]
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by Theorem 1.1. Since a is a bounded «-tuple and X,- £  Inv(a) (Corollary 1.15),

we have M^==^i+p2, where q>)£  Al5 -  X ^ j ,  j = l ,  2. Henoe p —Vppt+

vp(pt. Lot (p} = vp<pj £  Ap I>, A (U, Х 3-) ] , we are done.
(2) In  the same way.
L em m a 2.2. Suppose T  =  (T1} •••>, T„) is a commuting n-tuple of closed 

operators and Y £ R (T ) . For any £4£р(У 4) f| p (T« | F ) , £ = (£l, •••, £„) and P c Q ,  we 
ham

(1) еасД J  £  Ap['v, A (U, X /F ) ]  can be written as J  —f /Y ,  where
1(17,X )];

(2) еасЛ p’ £ у!р['ГUdz, C°°(U, X  jY )  can be written as g —g/Y , where
g€A*lv\Jdz, C°°(JJ, X )] .

Proof I t  follows from [8] Proposition 3.1 that TJ is a closed operator and 
o -C ^ c o -W U o -C ^ IF ) .  Hence ££р(Т *) r\p(Tt\Y)czp(T?) and & - Т ,) ~ ^ а Ь  
Therefore, using the same methods as in  Lemma 2.1, we obtain (1), (2).

L em m a 2.3. I f  T  =  {T%, •••, Tn) is a commuting n~tuple of closed operators,
then

(1) I f  X  = X i+ X a, X j£ R (T ) , j= 1, 2, for any ( i ) c { l ,  ••>,«} and each 
cc£ D(i)) х=хл+х2, where я,£Х ^П  D«), j  =  l ,  2.

(2) I f  Y  £R (T ) and 3 (i) denote f) | {ji, •••, is;} Л (0  — 0 } , then a given
x £  S (i) can be written as x= x/Y , where % £  D(j).

Ргоо/ (1) Choose £ £ p № )  П р ^ Х а )  Лр № |Х 2). If $££<», then 
П (& —Pi)®—a5*+«2, &*£X,-, j= l, 2.

Let % =  ®2= П Then xs£ X j  f]Dw and се=г»1+ж2.
;s(i) feed)

(2) Choose | 4£ p (T ijF ) flp(Fi). If  x £ % h then П  (£s-T J )x  =  x*/Y  for some 
«*. Let ж= J [  щх*. Then x £  D(4) and x /Y  — x.

D efinition 2.4. Let T — (Tlf Tn) be a commuting n-tuple of closed operators. 
I f  there is a mapping $  from the family of closed subsets «^"(Cn) of <tn into Inv ( I7) 
satisfying:

(1) ^ ( « - { 0 } ,  ■?(£”) -  X;

(2) (  П  Fn) = П  ^(P«) /от «wtf sequence {PjcJ^X C"),0
\ n = l  /  n = l

(3) X ( G ^ )  /от an?/ fimte open cover {GAT~i of

(4) o -(P |« f (P ))c P  /o r  each F  £  ZXitf) ; then T  is solid to possess a spectral 
capacity.

P roposition  2.0. I f  T  = (Jr*,***, T„) possesses a spectral capacity then for each 
F £& -($), (1) а (Р К (^ ) )с :с г (Г ) ,  (2) cr(P1K (P ))e o - (P j), K ® < « , (3) S\F) £



R(T).
Proof For any s(f(r(T), there are open sets D and Д  such that 8 G Д  D (J Д  

=  £" and В [\<s{T') =  0 .  The spectral capacity S  provides the decomposition of X: 
Х  = <Г(Н)-1-<Г(Д). For any x^S (D ), there is ф€ Ап̂  b:\jdz,6 м (JJ, <f(5))] such 
that to— (J@d)ip, where ?7=6"\D do ,(27). By definition Rz-t x —0, hence

« =  ^ ) jV*(2)B ^xdsbA *•• Дйй0=0.

Therefore S(B) =  {0> and X  =  <Г(Д). Then. a (T \S (F )) ~<r(T\S(F) Л«Г(Д)) = 
<r (T | S(F  Л ДО) c S j .  Thus е ё  <x(T\S(F)) and cr (T \ S(F) ) dcr (T) . Furthermore 

o-(Ti)= ^ o -(2 7)=>^o-(37K(-F))==o-(27i |<r(F)>. .
Therefore р(Т() П р № |О Д )  = р(Т ^Ф 0  and (l), (2), (3) all hold.

Proposition 2.6. Suppose T=* (Tlt • ••, Tn) possesses spectral capacity S. Then 
supp. S= a  (T) .

Proof If F  G^Cfi") and S(F) = X , then a(T) =<x(T\S(F))c:F. Hence 
a(T)cz supp. S. On the other hand, by the proof of Proposition 2.5, we know that 
if й€<т(Т), then there exists В  such that й£ Н  and S(D) =  {0}. Hence sG supp. <?.

Theorem 2.7. Lei T  =  (T%, •••, T„) possess spectral capacity S. Suppose /,• й  
analytic on a neighbourhood of or(T), 1 <  j< m . Then f ( T )  =  (fi(T ), •••, f»(T)) is a 
decomposable n-tuple in the sense of [4] Definition 3.1. The spectral capacitp S* of 
f ( T ) is uniquely determind. by S*(F) = S(f~1(F) f| cr(T)).

Proof For any J^(C w) let S \F ) = S ( f^ { F )  flcr(T) ). We have
(1) <Г(ф)={0}, ^ ( C w‘) = W - 1(Gm)n o -(T ))= ^ (c r(T ))= X ;
(2) А П ^ ) - А Н П ^ ) ncr(T)) =  Л А /^ С Д )П с г (Т ))  =  n ^ * W ;

(3) If  {Д }^1 is an open cover of Cm, then a (T )d  U  f}a(T)), and

2  £ * m  = 2  W 1^ ; )  n<r(T)) = X ;И  i=i

(4) By OoroHary 1.15, S \F )  G Inv ( f(T ))  and /(Г |< Г  (F )) = /(T )  |«Г (Е ). 
Therefore

<r(f(T)\#%F)) - a { f ( T \ £ \F ) ) ) - f ( v ( T \ r ( F ) ) )
- / ( < r ( r K ( / - 4 i f )  t ) o ( T ) ) ) ) c f ( f - \F )  n » ( f ) ) c ? .

Thus / (T )  is decomposable and S* is the unique spectral capacity.
Corollary 2.8. I f  T= (T1} •••, Tn) possesses spectral capacity, Йеа T has SVEP 

and S(F) ={%\or (T, x) czF} for each F  G #"(€.").
Proof In  view of Corollary 2.7, a=  (%, •••, an) is decomposable. Hence a has 

SVEP. I t  follows from 1.11 that T  has SVEP. Furthermore,

ne)=«{®|o-(e, x) c z j ^  = {x\<r(T, x)dF }.

Definition 2.9. Let T —(T1} ••*, T„) be a commuting n-tuple of closed operators
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andY £  Inv (T) . I f  for any Z £  Inv (T), <r{T\Z)d<x(T\Y) implies ZczY, then Y  
is called a spectral maximal space of T. The family of all spectral maximal space of T  
is denoted by SM(T) .

Proposition 2.10. Let T=* (T1} ••*, T„) possess spectral capacity Then Y 6 
8M(T) iff Y  = <?(cr(T\Y)).

Proof If F Z & 'ib ) ,  then £ (F )= X T(F)={x\<r(T, x) d F }. Suppose Z £  
Inv (T) satisfy cr(T\Z)da(T\(o(F ) ). Then for any.x ^ Z ,

x € X Tlz(a (T \Z ))d X 'P(a(T\Z))=< ?(a(T\Z))d£,(cr(T\<?(F)ydg,(F). 
Conversely,if Y € SM(T) , then < ?(a(T \Y ))dY since<r(T\<§X<r(T|F ) ) )C c r (T \Y ). 
For any y £ Y , y £ X x(a(fF\Y)) =<?(a(T\Y)), thus Ycz£{<r(T\Y)) and F  =  
<!>(cr{T\ F ) )  is obtained.

Proposition 2.11. Let T — (T1} ••*, Tn) possess spectral capacity S. Then for 
any F £  , а (T™) d b \F .

q  ^  —ij.

Proof For any zG.F, we have to show zGp(TsiF)) . Suppose 0 = 2 %wt(i) and 
J р(я)0=0. By Lemma 2. 3, we may assume x^) = xw/S“(F ). Hence

Jp0 0 0 = 2  2  (**■Ti)'*w/&(F)tjЛ —0.
(i) i

—  о —  о

If  6е is an open set satisfying Z £ G d G d F , then Cn\G and F  is an open cover of 
C". Thus X = X 1+ X a, where X 1=S‘(Ctt\G) and X a—£(F'). Since X lf X a£ R (T ), 
we have x(i)= z(t)+yw, z{ €  Цо ( \X ± and y(i) £  D(i) П X a (Lemma 2.3). Set 0t = 2  z(i)t(ih 

=  2 and 0 = 0 i+ 0 2 . Then J p(z) i}j1/<o(F) —J p(z) i}j/<o(F) =0. Consequently,
or J ,(e )0 1/ ( X 1n X a)-O . Let

ls«)
(Tj-IXi)^10̂ ,  T  = (Ti, ••-,T„). Then T  is a commuting те-tuple of closed operators. If 
$  is a mapping from X / X a into Х г/ (X ± П X 2): x /X a— (%+®a) / Х а-^хх1 {XxП X a), 
then T f '—iS”1 T $ .  B y[l] Theorem 2.1, cr(TXi) =<j (T )cz<j(T\X1) U cr(T |X iD X a) 
dC n\G. Since z£G, we have s£<r(T). Henbe there exists 0 such that J p(g)0 = 
2 % / №  П X a)^p = 0 i /(X i n X 2. Let <p — q>[(Xi П X 2) . Then фхG Av[v(z) ,
Х аП Х а] a n d / 3,( 2 ) p /^ ( F )= 0 i /^ ( F ) = 0 /^ ( F ) = 0 .  Thus z£p(T*™) is obtained. 
Since 0 is an arbitrary point of F , we have .сг(Уа д ) d b \ F .

Proposition 2,12. Let T=r(Tp 37») possess spectral capacity S. Suppose

F  (€") атей is an open cover of F. Then S’ (F) d  2  <f>(Gf).
ы

Proof Choose £iGp(I\). Set «.= (£i~Ti) ~x and « =  («1, •••, «„). Then « is 

decomposable and <fa(F ) = cf П for each F £  . W ith the help of

[3] § 2 Theorem, we have

«?(*■)-<г„((г-Jr) n e )c g < f .( ( i- in e )) - |’«s’(«/).
. Proposition 2.13. Let T  =  (T1} •••, Tn) possess spectral capacity S. Then
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__ д  A

(1) T} possesses spectral capacity S): F (С x • • • X F  x • • • X C) for any j;
m _ _ _ th

(2) <g(F)= П { S  П «?2(A i) П -  П <?n(A i)] I FczU  (A i x - x  A i), }A i x
3=1 1=1

• • • X A i is a polydisc in C” /o r F £ 3 r  (£").
Ргоо/ (1) Obvious.
(2) In  view of Proposition 2. 12, S’(F) is contained in the right side of the

Cm
equality. If so belongs to the right side, then  cr(T, ®) =  m P l  A i*  ••• X A i  for any
m 1 ^
U  A iX  ••• XDnĵ >F \= F , Therefore x£<f(F)&n<l the equality is obtained.
1=1 J • i

Definition 2.14. Let T =  (A , •••, T„)be a commuting n-tuple of closed operators. 
Suppose for any open cover i o / £ n, йоге «re X ,-gInv(P), K j < ™ , swft t/iai

o-(P|X^) c :A  for each j  and X  = 2  X,-. Tlien T  is called to have the spectral decompo-
j ~ l

sition property (abbrev. SDP).
T heorem  2.15. Suppose T=  (A , •••, A )  &DP. Then T  has SVEP.
Proof We have to show H V{_A{{%}, X ) , / ]  =0  for each p = 0 , •••, « —1.

Suppose «G JliX — XUn> ф£Л*1г} A(U, X )]  and J pip = 0. For any fixed £4£ ' 
p (A )f |C , if there is i  such that then •••, zn) £p(T) and
Н*[А({%}, X ) , J ]  = 0  by Proposition 1.4. If for any i, гг4=££{, then there exist open 
sets A , A  in  £  such that | f £ DldDjciDiCzDiCZp (A) \ A . Set (?4= 6 x  ••• х Д х  ••• X

C, A1==̂ X  ••• x  A  x ••• xC , (? =  U  A  and A  =[_j A* We choose another open set
<=i <=i

Vi such that % i£VicVaUi and F  =  F i X - x F „ .  Then U \G \ Cn\( F U A )  and 
{Ai=i is an open cover of C”. Hence there are X i, X 2, F * ( K j < « )  £ Inv(T) 
such that o-(T |X a)' czU\G\ сг(Р |Х 2)с:С й\ (F U A ) and o-(P| F,-) c=A, l< j< « .  
By the prejection property, we have cr (A  \ Y  f) aDj. Since А  П о-(А) =ф, F 3- must 
be {0}. Obviously & 6  щ (U\G1) . Then & £ p ( A  ] Yf)  since

cr(A | Х л) = ^ (c r(P | X a)) Ся;,.(17\А).
In the same way, we have f i6 p ( P i |X 2). Thus X  = X 1+ X 2, X S£B (T ). I t is easy 
to prove $i£p(T}(X iflX a ). Then X 1f\X 2£ R (T [X i). By the proof of Proposition 
2.4, cr(TXt)cicr(T \X 1)Ucr(T\X1f]X a) . I t is not difficult to prove cr(A | А . Л Х 2)

czUi. The result is cr(Tx°) C a (F |-A )  U u (A  A t П X 2) c-Z7. Hence <r(ef«) c — Lf-.
si G j

By Theorem 2.1 and Bemark 2.1 of [4], we have

H>iA(u, x /x2), /] s f [i (—^ ,  X/Xa,) a ]=0.
Since J рф/X 2 =  0, there exists .1(E7, X /X 2)] such that A-i<P== Ф/Рз- Let
<p/X^p.  Then ф *= ф -Т р_11р£Л*[г, A(U, X ) ] .  Since a (T \X s) Г\У = ф, we have 
p £ Л*-1 [r, A(V, X 2)] such that Thus ф=^Ф-г(р+<р) and H P[A ({г},
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X ), / ]  =0 is obtained.
Theorem 2.16. Suppose T  =  (TX) •••, Tn) has SDP. Then for any F£&~(Cn), 

X y (J’) £B (T) and for any compact set F  in C", T i\X T(F ){ j—1, 2, •••,«.) are 
bounded.

Proof Choose &£р(У{), 1<ё<га. 'For any z£ F , there exist polydisos D, D1 
such that z£D 1czD1c:D c:tn\F  and р(Т^)\В^ф . In  a way similar to the proof of 
Theorem 2. 15, we have X j£ B (T ) , j —1,2, such that £]£ p(Ti\Xj), j = l ,
2, and crCriXOcfc-U*}, erC rjX O cZ )1. For any ж £ Х г (^ ) ,  ж=ж+ж2. Let 17 = 
ЯПССрВ1). Since a€X j.(.F ) and F f] 1 7 = 0 , there exists ф*£Ап~1 \r\Jd~z, 6~(U, 
X )]  such that tx= (Т®д)ф*. Because UTlcrCFlXa) = 0 ,  there is another form 
ip2GAn~1[r[Jdz, 6°°(U, X )]  such that tx2 = (J®В)ф*. Set ф[=ф—ф2. Then txx= 
(J@B) Ф1 Since cr(T ^)  Co- (F  | X t) U a (F  | X i Л X 2) c  D \ there is р £ А п~г [VUdS, 
£ “ (17, X /X i) ]  such that i/rJ/X i= (Jr© g ) f  If  q>^p/Xx, then фх = ф*~ (J®d)<p£ 

Udz, 6°°(U, X )]  and (Т@д)фх=1хх. Multiplying suitable CP-scalar 
functions 9X and Qa, we have x3=*txs~ (J®д)9jфs£Ani'v\Jdz> 6f(D, X f)], j  — 1, 2.

Thus ( g ^ )  \ DTt(?) { - ^ ) n̂ xd ztl\‘‘-f\dzn̂ { - ~ ^  \ DTf(z) (^-l)nmidex/\--A d zn+

Ха, where x=®i+*a. Since x€ .X T(F)and Df ]F = 0 ,  we have

( l^ t i )  \ dT * ^  A<fe„=0.
Therefore a^GX* and ж=Ж1+жа£ Х 1. Since ж is arbitary in X r (F ), we have 
X V(F) czXx. Let X* denote X*. Then X T(F) a  p) X e. I t  is obvious that f| X ZG

ЯЩ.Р
X T(F ); Therefore X T(F) =  Г)Х8 is a closed invariant space of T. Because for any 
z£ F , ^ G p C ^ fX ,), & must be contained in р(Т{\Х т(Р)). Thus X r (F) £B (T )  is 
obtained. 1

П
If F  is compact in C", then X T(F) c: P) DT by Proposition 1.14. The restriction

i= 1

T i\X t(F) is closed and defined on Banach space X T(F), it must be bounded by 
colsed graph theorem.

Theorem 2.17. Let T  — (TX} •••, Tn) have SDP. Suppose f j  is an analytic function 
on a neighbourhood of <r(T), Then f ( T ) =  ( /1 (T) , •••, f m (T) ) has SDP.

Proof Suppose is an open cover of Cm. Then { /_1((?/)}f=1 is an open
cover of cr(T). Using the same method as in  the proof of Theorem 2.16, we can find

X j £ В (T) , l< j< & , such that X = ^ X } and <7 (T  | Xf) a / -1 (G}) . Consequently

XjGInvC/CZ7)) a n d /(  T) \ X i= f ( T \ X j). Therefore
cr(f(T)  |X ,)  -crC /C riX y)) = / (u(37JX^)) С / ( / -1((?,•)) = K jK * .

By definition f {T)  has SDP.
In  closing, I  should like to express my appreciation to Professor Chang



No. 2 169Нм, 8. W. COMMUTING- и-TUPLES OP CLOSED OPERATORS

Dianzhou for bis useful suggestion and advice.

References
[ 1 ]  Eschmeien, J., Spektralzerlegungen und functionakakule fur vertauschende tupei stetiger und 

abgeschlossener operatoren in Banachraumen, Schriftenreine des Math. Institute der Universitat 
Muster, 2. Serie, Helf 20, 1045, Juli (1981).

[ 2 ]  Eschmeien, J ., Local properties of Taylor’s analytic functional calculus, Invent. Math., 68 (1982),. 
103—116.

[ 3 ]  Eschmeien, J ., Equivalent of decomposability and 2-decomposability for several commuting operators, 
Math. Ann., 262 (1983), 305—312.

[ 4 ] Frunza, S, The Taylor spectrum and spectral decomposition, J. Functional Analysis, 19(1975), 390—421.
[ 5 ]  Taylor, L., The analytic functional calculus for several commuting operators, Acta. Math., 128 (1970), 

1—38.
[ 6 ] Taylor, L ., A joint spectrum for several commuting operators, J. Functional Analysis, 6 (1970), ,172— 

191.
[ 7 ] Field, M., Several complex variable and complex manifolds I I , Lodon Math. Soc. Lecture Note Series 

65, 1981.
[ 8 ]  Wang Shenwang and Erdelyi, Theory of local spectrum of closed operators (unpublished).


