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, ON THE CONSTRUCTION OF SIMPLE GROUPS 
OVER FORMALLY REAL FIELDS
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v, • Abstract

The problem o f  classifying the semi-simple algebraic groups defined over R is reduced 

: to the problem o f  finding all admissible (R )-in d ices (i.e . the.Satake diagram s). In  th is

paper, by a similar w ay as in  the construction o f Chevalley groups and the twised groups, 

fo r  all admissible (R ) -indices (except two 'indices given in  table I I ' ) ,  a un iform  • 

construction o f  sim ple groups o f  adjoint type defined .over form ally real fields is given. 

Moreover, the quasi-Bruhat [decomposition o f  such groups is given also in this paper. 

Thus a uniform  proof o f  the existence o f  sim ple algebraic groups o f adjoint type defined 

over R is g iven.

The proof of the existence of semi-simple algebraic groups defined over an 
algebraically closed field К for all possible types of simple root system was given by 
0. Che valley ш„

S L (i+ l, K) are simply connected simple algebraic groups defined over IK of 
type A{ and PSL ( l+1, K) are adjoint groups of type A h Groups of type Bi} Gt. Dt 
can be obtained in  similar ways. A group of type (?2 can be constructed explicitly, as 
the automorphism group of 8-dimensional Cayley algebra. Groups of types F i} E q, 
jE?7 ,  E 8 can be treated in  similar ways.

0, Chevalley1-23 gave a uniform construction of the groups of adjoint type over 
К for all irreducible simple root systems (This of course presupposes the existence 
theorem for simple Lie algebras over C) . Thus 0. Chevalley1-2-1 gave a uniform proof 
of the existence of simple algebraic groups defined over К (adjoint type) for all 
possible types A —G-.

In  0. Chevalley [1], expose 23, there is a construction of a simply connected 
group of any given type, provided some group of that type already exists.

For a given root system, we denote by L  the lattice with L o C L a L t  where L0 
and Li are the roots and the weight lattices respectively. R. Steinberg1-83 gave a 
uniform proof of the existence of semi-simple algebraic groups defined over K, of 
which global roots and characters are L 0 and L  respectively.
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Using Weil’s theorem, an existence proof for a reductive group w ith given root; 
datum is given by M. Demasure and A. GrothendieckM3.

The classification of semi-simple algebraic groups defined over perfect field k  
is considered by J. Tits'-53 and I. SatakeC63.

The problem of classifying the semi-simple algebraic groups defined over к is 
reduced to the problem of finding the admissible (к)-indices of semi-simple 
algebraic groups defined over к and all possible semi-simple anisotropic kernels 
for a given admissible (к) -index. J . Tits'-53 enumerated all possible admissible 
(к)-indices when к is R (real numbers field), p  (p-adio fields), and n (number 
fields).

For each admissible (R)-index of types A l} Bi, Gh Di J. Tits1-53 gave a classical 
group which is identical with the simple algebraic group defined over R with such 
index. For each admissible (R)-index of types 6?2, F i} E 6, E 7, E s (except certain 
indices, for example, the.index E. VI, i .e . ,  E 7,4 in[5]),: J. Tits’-53 constructed the 
simple algebraic group defined over R with such index, by means of Oayley algebra, 
Jordan algebra, associative division algebra, division Oayley algebra.

In  this paper, by a similar way as in  [2, 8, 9], for all possible admissible 
(R)-indices (except two indices given in  the toble IF), a uniform construction of 
simple groups of adjoint type over formally real fields is.given. Thus for all 
possible admissible (R)-indices, a uniform proof of the existence of simple algebraic 
groups of adjoint type defined over R is given.

We shall use the contents and notations in  [7, 10] in our paper.
Obviously, all admissible (R)-indices are the Satake diagrams (Я, 6>), where В  

(denoted by П  in our paper) is a simple root system of a simple Lie algebra L over 
C and 9 is a Oartan involution1-10’113. We denote by Ф the root system with the 
fundamental system П. Clearly, we have 9(Ф) =Ф. For each г£Ф , we define
— 1 — — 
r = — 9(r) and r'= -^-(r+ r)  (The notation r' in our paper is the notation r  in [10]).A
We can define an ordering on Ф such that 0 for each positive root r  ( r> 0 ) .

We define Л 0 = {a G Л  |« = — «} and Ф°={сс£Ф j a = — a}. Clearly, 17° is a subset 
of П consisting of all simple roots which correspond to the black nodes in the 
Satake diagram (Л, 9) and Ф0 is a root system with the fundamental system Л°„ 
Furthermore, we define Л* = Л \Л ° and Ф* = Ф\Ф°, and we define

$ i= { r € $ * |r = r } ,  Ф ^ Ф 'Щ , Фпь = {г£ Ф ц \г+ геФ },

Фца = Фп\Фць, Фгь =  {г +  Г | Г С Фць}, Фю^ФЛФц ’
Proposition 1. For each Satake diagram (Я, 9) there exist a ChmaTly basis 

Cb={hr, г£ П ; er, г  E Ф} o f h  and an involutive automorphism pg o f L such that 
Ре(вг) = K re7, г£Ф , er> e7£ Gb> kr= ±  1 which satisfies conditions (A). Ar = l  i f
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r  G $iiU  Фиа) - 1  i f  r  G $ib.
Proof I t  follows from the properties of Satake diagram that there exist a 

Ohevalloy basis Cb = {hr, г(~П; er, г£ Ф }  of L and an involutive automorphism p0 
of L such that pe(er) =  %re7, г£ Ф , ef, e7GGb, %r= ± l .  Let er= г]теГ) г£Ф , e,. £ 0 b, 
V]r=± ± 1 . By a similar argument as in  13.6.2 of [7] (or Lemma 2.1 of [9]), we can 
choose the appropriate г)г such that p 0(er) = k re7, г£Ф , Ьг = ± 1  which satisfies the 
condition (A ). I t  follows from p. 68 of [7] that Ob— [Дг, г£ П ; er, г ^Ф }  is a 
Ohovalley basis of L.

W© assume that К  is a field of characteristic рФ2. Let /  be a non-trivial 
involutive automorphism of K .  We write p = f( t)  for each tQ K  and we define a 
map o- for all г£ Ф  and t £ K  by cr (a>r{t)) ~a>r{kfb'), where xr (t) =  exp (pad ef) and 

(krt)  = exp (Jcrtadpf). I t  is easily verified that the map cr can be extended to an 
involutive automorphism cr of the Ohevalley group

/   ̂ ' ■ ( ? = L ( X ) = « * ) ,  r € 0 ,  t€K > .

Wo define 171= { wG17|o-m= u}, F i -{ < » € F |o4» = i;} and F 1). Clearly,
G1 is determined by the Satake diagram (ff, в) and К , f ,  so we denote by L(Л, 9\ 
K ,  / )  the group G1.

W e  shall define some notations and terminology which will be used.
' ' I. If  r G ih\ X l( t )  = ®,GO, = h i} ,  W l = w f>

N l(u )= n r(u), u£K*r= K r\{0 }} # (» )« * ,(« ) , ® G -K 7={0G #> = «}\{O},
Па. If r  GФп0: X l( t )  =xr(t)x7( t) , t G K r = K , W l = wrw7, 

m (u )  — nr{и)thffu), u£K*r^ K r\{0}, K (v) =hr(v)hf (v), v£K * ' = K* = K \{0 } .

lib . If-rG^iib: X l( t)  = ®r(t)x>r(p)®r+7{̂ — — N r,7ti^, t £ K r = K , W l = wr+7,

N1 (u) =  nr+7 (и), и G £*+?, hi (v) =  hr (v) hf (x), v G K f —Я \{0} .
Furthermore, we define W 1==(W l, г£Ф*У, N 1==<lNl(u), hi(v), г£Ф , u £ K * f 

v G K f  У and Н 1==1У1П H . W e  denote by Ф+ the positive root system containing U  
and denote by Ф~ the negative root system {—-r |<r G®+}.

The following proposition is easily verified.
Proposition 2. (a) Let г€Ф** = Ф*{)Ф+ and t £ K r. Then X l( t)  GU1. (b) Each

element и o f V 1 has an unique expression in the form
v m _

u = Y fX ri{tf), ъ€Ф1* = {г£Ф **\г< г}, tiGK*rt, *=1,2 , m, r t < r2< ‘--<rm.

We define / i (m) = rx and J(u ) ={r±, rS} •••, rm}.
I t  is clear that similar results hold for V 1 in  terms of negative roots.
Proposition s, (a) H ^ W c z G P  and N 1/ H 1^ W 1=<Wl, г£П*- Wiy, where 

Wo = O *, a G Я  °> П W 1, (b) Let г£Ф* and v £  K*r\  Then hi (v) G Я 1.
Proof For each rG$*\$nb> we have Nl(u) = X l ^ X K - u ^ X K u ) ,  u£K*r.
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Since г ± г $ Ф ,  we have Nj. (ад) £  Grx, and hi (v) £G X, v £  K*r'.
Clearly, the image of N \(u) under the natural homomorphism from N  onto W  

is just W l for г£Ф*, u£K*r, so we have N 1/ H 1^ W 1. It follows from the properties 
of Satake diagram that W x = <fVx, г£П *, Жо)>.

For all г£Ф */Ф ш  'the statement b is obvious by the statement 1. By a similar 
argument as in  13.7.2 of [7] (cf. the case in  which J  has type Aa), we have 
K (v) £ H 1 for all r £  Фиь, v£K*r' since J  = {r, r, r+ r)  has type A3. I t follows that 
H 1czN1czGx.

Let N1 denote the element N l(£r),£r  be a fixed element of AT*.
We define G0 =  <Я (t), а£Ф°, t£ K ;  Я>, Y i =Gxf)Go and В1 =  Y XUX. 
Proposition 4. Let у £  Y 1, и £  V х, v £ V x and n £  N 1. Then ущ~х £ TJ1, 

ущ~х €  V х and nyri~x £  Y 1.
Proof Suppose г£Ф *+ and а£Ф°. If  ъг+$а£Ф, ъ, j  being a pair of positive

1 —integers, then we have ir+jot £Ф*+ since « '= — (а+а) =0. Thus it follows from
2 k

ChevaHey’s ^commutator! formula that yuy~x£ TJX. Similarly, we have yvy~x£ V x. 
Suppose w £ W x and а£Ф°. Then we have (w(«))' = 0. Thus it follows from 
Proposition 3(a) that nyn~x £  Y1.

By Proposition 4, we have the following proposition immediately.
Proposition 5. Y 1!!1 = V х Y x and B1 is a subgroup o f GK 
For each г£Ф*, we define

I W  =  { s€ ^ | s' = ^ ,  *=1, 2, o r- i- j

and J 1(r) = { s £ I ( r )  |s< s} . I f  I i ( r ) = { r 1} ra, —, rn}, we define X r(T) = Ц$=sl
t i £ K ro T  = (t1} t2)‘"> О  and D (T) = tJ x + d-----И J n. The following lemma is
easily verified.

L em m a 1. Suppose r  £  П*. Then I  ( f)  = {s £Ф*+ | W l (s) £  Ф~}.
For each r£ H *  there exists a Satake diagram (17r, в) whose R-rank is 

equivalent to one such that I ( r )  = Ф*г+ =  Ф*гПФ? where Ф*Г={8£Ф Г|s ^  —5},ФГ being 
the root system with fundamental system Пг> and Ф? is the positive root system of 
Фг containing ffr.

A ll Satake diagrams whose R-rank is equivalent to one are given in table I. 
Lemma %. Suppose г£П *, I i( r )  = {o'i, r3l o\} and В (Т )Ф 0, T £ K fl x K ra 

x ••• хАГГи. Then X-.r( T ) ^ X r(T*)NlXr{T*r)y, y £ Y \  T*, T«’£ K r, x К Гшx • • • x К Гя.
Proof We shall consider the oases 1-6 given in table 1 separately.

Case 1. We have I ( r )  = I i ( r ) = { r }  {r—r) and X _r(T ) = X L f(tf)  = 
i £ K r. Since!)(T) AO we have f*=£=£(), so we have

X _r(T) =  a?r (Г 1) A, ( -  Г 1) пгхг(Г х) = X r(T*)NxX r{T*f)y,
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by 6 ,4 .4  of [7], where y ^ h r( - t )  e Y 1, n ^ N l ^ N 1, ^ - ( Г 1), T*' = (t) GK r, . 

^ r - 1 ) .
Case 2. We have I ( r )  = {-r, r}, Ja(r) = {r}(r=5fer )  and X ^ r(T) = Х1,.(£а) 

=  a;_y(i1)a;_f (i1), T = (tf) ,  i iG X r. Since Б (Т )Ф 0, we have so by 6 .4 .4  of
[7] we have

X _r(T) = а, (Г 1) ̂ ( r ^ h r i - r ^ h r  (Г 1) пгщхг (Г 1) a* ( t i1) , =  Xr ( Г ) X*Xr (T*') y, 
where

y=hr( - t ) h r ( - t ) £ Y \  ПгПг= т е № ,  27* = ( r 1), r '= ( t ) G X r, ( | r = l ) .
C ase  3 . W e  h a v e  I ( r )  =  { r = * r i = ^ 2 -<?>8, 4*2 =  932— 934, ^1 =  931- <pi, ^ a ==9>i — 9?з},. 

-?i(-r) =  {-ri, r 2} .  W e  w r it e  «1 =  931- 932, « а =  (рь - щ .  B y  4 . 1 . 2 .  o f  [7 ]  w e  h a v e

AVi, Oil== =  X 0l,_f, =  Ci, N f lt- rt =  Х _ Г|!,аа — Nai,^  — C2>

X~-alf —fa X ~гц IV5̂ , — cti Cg, JY^u —rt —T2t —os2 ' X —os*» O4 .

Since P0 is an involutive automorphism of L,. we have — c2c4 = — CiC8 = l .  We have 
Х -г(Г ) = X i ri (tfi) X i r> (£a) = ̂ -r a Oi) ®-ra (t 1) ®-ra (t() ®-rt (is) i 

T  — (tx, t2), i  — 1 , 2 .

Since В (Т)Ф 0, we have Г  A" (0, 0). If either G or t2 is equal to zero, the asser­
tion is verified from case 2. Assuming G¥=0 and t2Ф0, by 6.2.2 and 6 .4 .4  of [73 
we have

X _ r { T )  = ( t  Г1) Ач (  -  t Г1)  Wfa f̂a ( H 1)  ж_Г1 ( t f )  ж_Г1 ( t 2) x_7, ( t 2)

=  ®fj (i  Г 1)  Л?, (  - 1Г 1)  « г  .« - л  (<i) « - r ,  0a) £<*, (  ~  03t Г ^ а ) ®-л (h)  ®o, ( o J r 1*  *  ) ( H 1)
=  a*, (< Г1 ) A?, (  - 1Г 1) щ. j0-r a (d ) a?-fS (<a) я „ ?,  ( t 2) 

where d = t1—c1G^lH^2 and yt =xai( — ®a,(c J r 1̂ ) • Since D (T) Ф0, we have
d = t i 1D(T') Ф0. Thus we have

X ~ r (T) =  a V i(tI1)A f ,(  t i 1) (d * )hfx( —d * )nfnrcc-ri(t2)x~f2( t 2)

X a;_?1 (  -  d~Hai s) x fl (d _1)  jfoojft ( t  Г1 ( 2/1) ,

where Уа=а>-ах( — о ^Ч ^со -а ^о ^Н ^). We write T*=(t\, it) and Г*'= where
t i ^ t iD iT ) -1, t t—isJD^T)*1, and il' = ti, i2 = t2. Finally we have

X_f (T) = жГ10 i) (t 1) жГа (й) %> (t 2) %»г®гг (ti') ®n (t'1) X n  ( % )  oon  ( i t ' )  у

=Х 11(Й )Х ^(Й )А Ж О Г )Х ^О Г )2/ = Х г(Г )А ^ Х г(Г02/,
where y -= h f {  — i ( ) hri(  — d)2/ 12/2 and щ пг =  N 1r ^ N 1 (£ r — 1 ) . Since y£Gfo and X _r (T7) , 
X r (Г*), Х г ( Г ') , XJ G X1, we have y £ Y \

By a similar argument, this lemma can be verified for other cases.
Henceforth we assume that К  = X 0( \ / — 1), where X 0 is a formally real field 

(or ordered field) a n d / i s  the conjugation-of K . Thus if Тф (0, 0) G X x f -
X i ,  then D (T) Ф0.

Lemma 3. Suppose r £11*. Then the subset B1 U B1NlB1 is a subgroup of G1. 
Proof Clearly, we have ( B ^ - B 1 and In  order to

prove that the subset is closed under multiplication, it is sufficient to show-
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N \B 1N 1czB'i \jB 1NrB1. By Lemma 1, if IiOr) ={i*i, ra, •••, rn}, each element b of B1 
has an expression in the form Ъ = X  ̂ Т^щ ух, where yt G Y 1, T 'GX n X К Гг x • • • X 
K fn and UfQJQ1 satisfies NlUfNlGU1. Suppose first T'=h(0, 0, 0). Then
N }X r (T') N l—X _ T (T ), D (T) =£0. Jt follows from Lemma 2 that

where vlr^NlUfNlGBJ1, y\ =  NfyxN1 G Y 1, and T*,T*' and у are given as in  Lemma 2. 
By Proposition 4 we have N lB 1N 1rczB1NlB1. .

Suppose T' — (0, 0, •••, 0). Then we have N lB 1̂ С B1. The proof is complete. 
Using Lemmas, 1, 2, 3. we have the following’lemma by a similar argument as 

uesd in 8, 1.5 of [7] ;
L em m a 4. Suppose rG.H* and nG N 1. Then B1nB1NlB1czBt nNlB1 U B-'-nB1. 
T heorem  1. Let К  = (>/ — 1), Kb being a formally real field. Then the subset

B1N 1B1 is a subgroup of G1 and Gi:= BVN 1B1.
Proof Clearly; we have (B1N 1B1) -1 = B1N 1B1, In  order to prove that the 

subset is closed under multiplication, it  is sufficient to show B 1n1B1n2B 1c.B 1N 1Bi- 
for each pair nly n^GN1. By Proposition 3 we have nst—-NrlN ^ ”-N^t n0, where n(~U* 
4 =  1, 2, •••, q and n0 is an element of N 1 whose image under the natural 
homomorphism from N  onto W  belongs to TFo. Thus we have % G Y1, so we have 

ВЧ-ВЧ-В1 = В Ч х В ^ Х т ,-"N lJP , n G B \  4=1, 2, q.
By Lemma 4 we have. ,.

(ВЧхВ1 U а д . 5 1) B^N^B1- • • • • Е  BNB.
Thus the subset B1N 1B1 is a subgroup of G1. Since B1, N 1czB1N 1B1 we have G1 = 
B 1N 1B1. The proof is complete.

By Theorem 1 we have
<?*= и  В Ч ^ =  и  U X 'n M l”, 4 = ^ n u 1) (nw£ N 1) .wGW1 wGW1

This decomposition of G1 into the double ooset of B1 is called the quasi-Bruhat 
decomposition of G1. Clearly, the quasi-Bruhat decomposition of G1 is the generalized 
Bruhat decomposition of twisted groups and Chevalley groups. •

L em m a 5. Let r±, raGФ* suoh that ГхФг2 and rii=ra. Then there exists h(%) GBI1 
rnoh that % (rf) =  1, %(га)ф% (rf) or % (ra) =1, %{rf) Фх{га).

Proof We define s '= -^-(s+ I) for each sG$* and denote by F  the set {n, r 2}.A
We shall consider separately the different possibilities:

I. Suppose I ( r f )  ФI (r f)  :
a. Suppose (r't, r ’f) =0. Then we put h{%) = 4 ( 2 ) .
b. Suppose (r'i, r's)¥= 0. (1) If F [)ФцЬ= 0, then we put h{%) = h \ ( - l ) ,  where 

r(£F  satisfies (r', r ') > (s', s'), s€B ,\{r}. (2), If  there is a root r  of such that 
г$.Фць and F \{r}  £Фць, then we put h(%) = h \ ( - l ) .  (3), If В сФ 11Ь, then we put
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K x ) ~ h U - 1 ).

II. Suppose I  (r%) = 1  (rf):
a. Suppose Рф Ф 11ь. Then we pu t h(x) =» ^ a(5-1(3 + 4 \ / —I))»
b. Suppose Then we put

6 00  = h\ (d) h\ (d~s) hi (2), d = 1 + %/ - 1, r -  rr+ r%.
o. Suppose r-iGФць and raGФ1Ь. Then we put h(x) =h'rt{ — l) .

I t  is easilly verified that h(%) put above are the elements of H 1 as required.
Corollaray 1. -Let nwGN1 such that w(fW\. Then there exists h(%) GH1 

sneh that nwh (x) nZ1=■=h {%') Ф h (#)
and %(a) =1 for all а£Ф°.

Lemma 6 . Suppose y ^ Y 1 and уФ 1. Then there exists uGU1 such that 
уиу^и^Ф! or there exists v^ V 1 such that уху^х^ФТ.

Proof We assume that y^ Z 1 where Z1 is the centre of G1. Clearly, у has a 
unique expression in  the form у=щЬ(хо)п№и, where u ^ U  f\G0, u^UzftGo 
h(xo) G H  and w£W0~<wa) а£Ф0}. Obviously, for each «G®° there is h{%) G K 1 
such that %(a) Ф1. Thus we have щ —u—I. I t  is clear that if wi*!, then there is 
г£Ф* such that w(r) Фг, so we have y=h(xo)- If  h(xo) Ф1, then there exists г£.Ф* 
such that xoiz) ^ 1 . We have a contradiction if уф1» The proof is complete.

Henceforth we assume that R 1 is an arbitrary normal subgroup of G1 such 
that R1 Ф {1}. For each г£Ф* we define X \  =  {XJ (t) 11G X ,} .

Lemma 7 . There is a root г*£Ф*+ such that R1 f| Х 1.ф {1}, where
iG X r.}.

Proof I t  follows from Theorem 1 That there is x^ R 1 suoh that хФ 1 and x has 
an expression x = bnw= uynm, 6GB1, w G W 1, UG.TJ1, y ^ Y 1. We shall consider 
separately the different possibilities.

I. Suppose w £ W o- Then х= иу1} «/i=ynwG F 1.
a. Suppose иФ1 . Then xx = hi(2) xh).(2) _:1ar1= w G -Й1 f| U1, х%=иф1, where 

r = J t(u). b. Suppose u —I. Then there is uGR1 \̂U1, иФ1  or vG.R1[W 1, хФ 1 by 
Lemma 6.

' II. Suppose w$.Wl- Then x1=h(x)xh(x)~1x~1=‘h(xi)uiG R 1 where h{%) is the 
element of H 1 given in  Corollary 1 and щ G tJ1. moreover, we have

h(x'i) в=Ь(х)Ь(хг)~1Ф1'
a. Suppose щ ф 1. Then we have м G -R1 П U1, и ф !  by a similar argument as in 

case 1, a. mentioned above, b. Suppose Ux — I- Then there exists г£Ф*+ such that 
X t ( r )  Ф1. Then M =6(xi)X1(t)6(%i)~1X 1(t)“1GB;1, t G X*. Clearly, we have 
uG & O U 1, иф1.

We may summarize the results mentioned above in a statement as follows: 
there is u£R1(]U1} иФ1 or there is v£R1r\V1, хф1.
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We assume that there exists m£  R1 f| U1 such that иф1. Then
J(u )  = {ri, r a, ••*, rn}, n> J.

If n —1 lemma is established immediately in  this case. Now we assume that ад>1. 
Let «1— h(x)uh(x)~1u~1 where h(%) is the element of H 1 given in Lemma 5. Then 
и1£ В 1П U1 and J  (ад*) =  {r\, r%, *••, r^}  such that either rr~<,r\ or r ^ r l ,  r ^ r t .  
Finally, after a finfte number of the step used above we have

ад*=Х*.(0 и*Ф1.
We assume that there exists -u £  .й1 f| F 1 such that гФ1. Then by a similar 

argument used above we have X l.r>(t) =v* G R1 f)V x, t£K*». Thus we have ад*— 
Nl*v*Nl*£ R 1 ПX I., и*ф1. This finishes the proof.

Theorem 2. Let К =£T0( V —1), -F0 being a formally real field. Then G1 is 
sample.

Proof By Lemma 7 there is r* £  Ф*+ such that X ^ ( t)  £J21, t £  K%. I f  г* фФць 
we put h{%) =hl*(2), if r*£ Фиь we put h(x) =  h \ (2), ra = r*+r*. Olearly, we have 
Л(%) £ R X. I t  follows from the properties of the Satake diagram that for each <г£Ф* 
there exists w£TF1 such that %(го(г))ф1. For an arbitrary c£JBTs we have 

h(x)  X l( t)h (x )~ 1X ^(t)~ 1= X l(c ), s= w (r), t= = (I-  # (s))_1e. I t  is clear that 
X l (c) £ R 1 and X  j d R 1. We have X l d R 1 since riifX \nm= X \ n w£ N 1. I t  follows 
that U1 d R 1 and F 1 d R 1, so G1 is simple

We denote by N1 the subgroup generated by all elements of N  which map to 
the elements of W J under the natural homomorphism of N  onto W. We define 
#i=={r £  Л * |г<й?}. Olearly, П\ can be expressed in  the form U\ = {ri5 a £ I}  where I  
is a finite set. We define W v  = {wi} i £ I } ,  щ —W ;, i £ l .

Theorem 3. Let К  = К 0( \ / —1), Л0 Ъешд a formally real field. Then G1 has 
a (B1, N 1)

Proof We shall verify that group G1 satisfies the axioms BN. 1----- BN. 5.
BN. 1: By Theorem 1 we have GP—^B1, N 1'} immediately.
BN. 2: I t is easily verified that B1 f)iV1 =  lVj and N1 is a normal subgroup of N 1.
BN. 3: Obviously, we have W /B 1 П N 1 == N 1 /  N f e W 1/W l^ W 1' .

Such a W v  is generated by a set of elements wh i £ I ,  w? = I .
BN. 4: If щ is an element of N 1 which maps to wit i £ I  under the natural 

homomorphism from N  onto W , then there is £  П{ such that = N \h, 
h G H 1. Thus we have В1щВ1пВ1С1В1щпВ1 U B^nB1 for any element n of N 1 by 
Lemma 4.

BN. 5: Since N ^ X ^ N 1̂  Х - Г{, & £I, we have щВгщ Ф В1
Theorem 4. Group G1 — L(II, в; C, / )  is a simple algebraic group defined over 

R and the admissible (R)-index o f G1 is gust (II , в).
Proof Olearly, Cr = L(C) is a simple algebraic group defined over C. The
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conjugation /  of fiele C can be extended a field automorphism /  of 6r. For each 
xGiG1 we have f(co) GG1. Thus it follows from proposition I.I.I of [6] that G1 is 
defined over R. Then by Theorem 6 of [3], G1 is an algebraic group defined over R. 
I t  follows from Theorem 2 that C?1 is a simple algebraic group defined oyer R. It is 
•easily verified that the admissible (R)-index of G1 is just (E, 9).

Let К  = К й (V  — 1 ) ,  Я 0 being a formally real field and 0 be the empty set. 
The following statements are  easily verified:

I. Suppose Я °=0 (The all nodes of the Satake diagram (П, 9) are white). 
Then G1=L(II, 9; K , f )  is a twisted group2L (K )  or Ohevalley group L (K 0) . I t is 
clear that for the index (II, 9) the semisimple anisotropic kernel, is equal to {/}. 
Thus we have Y 1 = H 1 and B1 =  i l 1!?1. It,follows that B1 is a Borel subgroup of G1.

II. Suppose П°Ф0 (There are the black nodes in  the Satake diagram ( # ,  9)) .
Then ба =Щ(Я, 9) К , f )  may be interpreted as a generalized twisted group and 
generalized Ohevalley group.. I t  is clear that for the index (Я, 9) the semisimple 
anisotropic kernels which are not equal to {J} are contained in Y 1, Thus we have 
Т гФ111, and B1^ ] ! 1!!1. I t  follows that B1 is not a Borel subgroup of G1.

. Let p  be a p-adic field. In  a similar ways as in  this paper, for, each admissible 
(p )-index we oan construct a simple algebraic group of adjoint type defined over p  
which has such an admissible (p)-index.

In  table I I  we give all Satake diagrams and all Satake diagrams which 
correspond to the groups of twisted type or Ohevalley type.

Table I
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Table II (Satake diagram s)

A 7 o—-o—“»~о— о 

A 11 e—о— ®—••—о—®

A 111 b— о — —о — •i
•

*о— o-

o — о-
•” r \

/о— о—•••—о

В I о—о 

о—-о---- о— в—‘—®— ®

GJ о— о-----о<=о

о—СП

Chevalley type

Pi 9—о-----о—«-

/
\

<

Twisted type 

Chevalley type

Chevalley type

9

/
\

Twisted type

Chevalley type

El
о— о

о

-I. •о— в

ЕП I
Q— о^ о ~  о--■0

ЕП1

BIF j
О----• ----« ----в ----О

EV
0 ---- о — -О----6 ----О*-—О

«#— О— в — 6 — О— <э*

EV П
о— о— • —•— *—о

Е7ЯГ 
О--0--о— о— о

EIX
о — О— о — в — ' ё — в — < 

FI
о — о=> о—о  

Gо  =з>о

ШИ
в— о— в—»*•—о/

\

С--0~®—•••—9 — 9,/ 1I
\]

Chevalley type 

Twisted type

Chevalley type

Chevalley type

Chevalley type 

Chevalley type
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Table II'

СЕП
&—-Q—_ э -...-Q - 0 <= ®

РП
® —0=5? $--0
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