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ON THE HOMOLOGY OF THE
VIRASORO ALGEBRA

QIU SEN (;ﬁrs R

Abstract

This paper gives the structure of the homology of the Witt algebra and the Virasoro
algebra with coeffieionts in a Verma module. Let s,= (3%2+£)/2, ¢,=(8k*—1%)/2, k¢ Z,,
and P={~s;, —tz|k€ Z.}. Then the author obtains the homology of the Witt algebra
with coefficients in an irredueible module L(A) with highest weight A¢ P, and the

. homology of the Virasoro algebra with coefficienits in some irreducible modules. '

§ 1. Introduction

In [2] the author obtained the homology of Kao-Moody Lie algebras with
coefficients in a Verma module. In this paper, we determine the structure of the
Witt algebra and the Virasoro algebra with coefficients in a Verma module. Let
sp=(8k>+ k) /2, t,=(8%*—%)/2, k€EZ, (the set of the non-negative integers), the
non-negative integers s, #(kEZ,) are called Euler's pentagonal ‘numbers. Let
P={—s, —ty|kEZ,}. Then we also obtain the homology of the Wit} algebra with
coefficients in an irreducible module L(A) with highest weight A& P.

Let g be the complex Lie algebra with basis {e;}:;cz, where

' lei, 611 =(j—48)eurs, 4, JEL.
@ is also known as the Witt algebra. Let k=Ce, (it is a Cartan subalgebra of g),
n-———«é—% Co;, m~ = i@v Ce_;, and identify k* with C. In [4], Goncharova computed the

cohomology H*(n, C), or equivalently, the homology H,(n~, C). She proved that
Hy(n, C),=0, unlegs vy = —s;, Or » = —#,
{Hk(n', C),=C(), if v=—s, or v=—1,
where C is regarded as 1-dimensional trivial n~-module, Hy(n~, O,) is the
v~weightspace of Hy(m~, C) relative fo the action of B and C(») is the
1-dimengional &-module,where & acts as » (cf. [8, Theorem 6.6]).
Similarly, we can also obfain the homology of # with the frivial coefficient:

Hk(”) C) =C(sk)@c(tk): k=0, (1'2)

(1.1)
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In § 2, we shall uge (1.2) and the methods in [2] to compute the homology of
the Wit algebra with coefficients in a Verma module (see Theorem 2.8). In [10],
Rocha~-Caridi and Wallach obtained character formulas for the irreducible highest
weight modules over the Wit} algebra. Using [10, Theorem A], we obtain the
homology of the Witt algebra with coefficients in an. irreducible module L(A) with
highest weight A¢t P (see Corollary 2.10).

' Now we congider the central extension § of g defined as the complex Lie
algebra with basis {#), H}:cz and bracket relations

[E), X] =0, for all X €§,
(B, B =(j—%)Bi+8,_;(8*—i)H/12, 4, §EL,

@ is known as the Virasoro algebra. In § 3, using the computation of the spectral
sequences, we obtain the homology of the Virasoro algebra with coefficients in a
Verma module (see § 3, Theorem 3.8) . Using the relation between Verma modules
and irreducible highest weight modules, we also obtain the homology of the
Virasoro algebra with coefficients in some irreducible modules (see § 8).

In this paper, we denote the universal enveloping algebra of a complex Lie
algebra @ by U (a@). Unless the contrary is stated explicitly, @-module will always
be assumed to be left @~module,

Deep gratitude is due to Professor Shen Guangyu. He offered yaluable
suggestions and read the manuseript. |

§ 2. The Homology of the W.tt Algebra

For the Witt algebra g, we let b=h@n, where h=Ce, and 1= ® Ce,. If
¢EN

A ER*, we lot C(A) be the one-dimensional b-module, where 7 acts trivially and k
acts via A. Let M(A) =U(g)Qum CQA). We call M(A) the Verma module with
highest weight A. Let L(A) denote the unique irreducible quotient of M (). First
we shall compute the homology of g in M(}).

Applying [8, Proposition 5,5.4] to the case of the Wit algebra we have the
following lemma.

Lemma 2.1, For AE R, we have

(M (A))*=Homyq,(U(g), C(—1)).

By [2 Proposition 3.4], we have the duality theorem between the homology
groups and the cohomology groups of Lie algebras (possibly infinite-dimensional).
Then o .

Hi(g, M) *'=H (g, (M(\)"), for j>0, 2.2)
where the righ$ g—-module corresponding o the left g—module M (A) is denoted by
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M)t and (M(A))* is the dual g—module of M (7\)
By Lemma 2.1 and (2.2), we have : Cel
Hi(g, M(\))*=H!(g, Homy, (U(g), C( :A)), for §=0. (2.8)
By (2.8) and [1, Proposition 4.2], we have. ' e
Hi(g, Homyqu(U(g), C(~A))=HI(b, (( —?»)), for j=0,
Then using (2.3), we have the following lemma.
Lemma 2.4, For AER*, we have
Hi(g, MA)H* = Hi(b, C(—A)), for j=0. :

Since ¢ is an ideal of b and b/n=h, for the left d-module C(A), there is the
Hochschild-Serre spectral sequence {H29}, whose H. tferm is associated with
H*(b, C(~1)), that is

E%1=H?*((h, H‘l(n C(- ?\,))=>H”(b C(-1)), 2.5)

for n=p+q¢ (sve [8, § 8, Corollary 4]).

If C()) is regarded as the trivial #~module, then H,(r, C(\))=H,(n, C). If
H,(n, C(d)) and H,(n, C) are regarded as A-modules, then He(n, C(\))=
Hq(n, C)RC)) (the standard action of & on H «(n, C(A)) and H,(n, C) are qu113e
similar fo that of T2, § 3 'Remark]).

~ By the above formula, (1.2) and [2, Proposifion 3.4], we have
H(n, C(—1)) 2Hy(n, CO))Y*2C(—5—A)DC(—t—1). = (2.6)
Let @ be an abelian Lie algebra. It is easy to check that for p=0,
y Hom ¢(A?(a), V), if u=0,

Y O ko | 2.7)
where V% is an ‘@-module such that arv=u(a)v, for a€a, vEV* and uE€a* and
A (@) is the exterior algebra of @.

Since & is abelian, by (2.6) and (2.7), -we have

Bye=H*(h, H(n, C(—1)) =H*(h, C(~5,—0)BC(—t—1))
0, - if Aok —sg OT —~ tq, | A
={(A?(R))*, if A=—gg0r ~¢gand ¢+0,
A (R))*®(A?(R))*", if A=0 and ¢ =0,
where (A?(R))*=Hom(A?(h), C). Then we obtain the three cases:

I 2\,% —sg Or —1{g, for all ¢ €Z,, then B =0, for p=>0 and ¢>0. Thus the

spectral sequence {#,} collapses. By (2.5), we have
H*(b, C(—A)) =H3°=0, for n>0.

2) If A= —sg, OF —1q4, for some go € NN, then R RN
0, for p=>0 and g +q,,

(/\f’(k)) *, for p>0 and ¢=qy.

Then the spectral sequerce {H,} collapses and .

b

Elth;—__—{
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H*(b, C(—A)) =E3®®=(A"o(h))* for n=>0,
8) If A=0, then the same argument just used shows that
Hr(b, C(—A))=(A"(R))*® (A" (R))*, for n>>0."
Using the above remark and Lemma 2.4 we obtain the following theorem.
Theorem 2.8. Let g be the Wit algebra, ko the Cartan subalgebra of g and
M (%) the Verma module with highest € R*. Then the homology of @ with coefficients
in M (A) is given as follows:
1) If A= —8q o —1q, for all qEZ,, then
‘ - Hi(g, M(A)*) =0, for all §=>0.
2) If A= —sq, 01 —tq,, for some qo € N, then

J C, for j=qo, go+1
Hy(g, M(x)*)r.{ for j=go go+1,
0, otherwise.

8) If A=0, then
| COC, for j=0, 1,

Hy(g, MO ={
(g W7 0, othea’wwse

Next we consider the homology groups H,(g, L(A)") of the Wlﬁs algebra g
with coefficients in an irreducible highest weight module L(A) (AEC).
In [6], Kac gave the irreducibility oriterion for Verma modules: M(A) is-

irreducible, i.e., M(A)=L(A) iff A —-—214—(071?—1) , for all mE€N. Then this

condition implies that
H,(g, L(L)*) =H, (g9, MA)".

A= ——-—(m ~1), m€ N, Rocha-Coridi and Wallach proved the following

theorem,
Theorem 2.9 ({10, Theorem A}l). Let kE€Z,. Then these dre resolutions:

d a d,
1) e Ftétl M ( SkH_‘) @M ( tk+‘) k—H _kiﬁ)

M (—$341) DM (= tp41) *‘kﬁ) M (vi) 2L (v)—0
for vy, €{-~s, — %},

. —,gk_..—-——[(6k+1)2—1] ——~(3702+10)
and T a
~tk————[(6lc 1)2— 1]—-——-(3102 k).

2) 0->M (vyuz) 2 M () SL(w) >0

for | vk——-—-[(6lc)9 1], Ia>1

8) 0—>M (vy,1) 25 s, B8 M (0) S L ()0
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for | V= ~§%—[(6k_+3)2~

4) 0->M (Seas) -’i“f—»Mw B L(74)—0

for 7,———-[(63+2)9—1], o= —r [(6j+_4)2~1],

5) 0—->M (7k+1) sy (3 3L (3x)—>0
for v;,d; as in 4). Here jy is the unique (up fo scalar) embedding, &; is the canomcal

projection, and dy, is given in [10, Theorem A]. |
By Theorem 2.8, Theorem 2.9 and the long exact sequence therem, we can

easily obtain the following corollay.
Corollary 2.10. IfAGEP={—s;, —tx|kEZ.}, then
Hi(g; LO")#) =0) fO’]‘ .7>O'

§ 8. The Homoloy of the Virasoro Algebras

For the Virasora algebra &, we let E=CEO@CE{,,?¢'= ‘(-DNCE; and §=R@Of. We
€

identify a pair (A, ¢) € C? with the linear functional on 7 taking value A on H, and

o on Hj and denote by M (A, ¢) and L(A, ¢) the Verma module with highest' weight-

(A, ¢) and its unique irreducible quotient, respectively.

Since [CHp, §1=0 and §/CHi=g (the Witt algebra), by [1. Chap 16,

§ 7, (6a)], we have
E;=H(g, H;(CE;,, M(, ¢)"))=>H.(g, M, ¢)?), (3.1)

for n=4+4. Nofe that if @ is a complex Lie algebra and N’ is a right @-module,
then ‘

H, (@, N*)=Tor!®(N¢, C).
Then we can obtain (3.1) from [11, Theorem 11.39]. Hence we can apply the
‘computation of the spectral sequences in [11, Chap. 11]. \

Now we compute H;(CH), M(A, ¢)t) directly by the definition of homology of

Lie algebra (see [2, § 8]) and note the action of g on it. By [2, (8.1)], H,(CH,
M (A, ¢)?) is the homology groups of the complex

=M (2, 0)'@c N (CHy YBMQ, c)‘®c L(CEY) 3 M (3, 0)'® A (CHy)—0,
3.2)

where /\’(CE) 0 for §=>2, and 9,(v@E}) =v-Hj for all v€M (A, ¢)b. Then we

have .
0, for - 0¥#0,

H, (CH), (), o)* * {
o ( @y 0)) =M, )/mB=] 111, 0, tor o=0;
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0, for ¢+0,
M (A, 0)¢, for ¢=0;
H,;(CE;, M(A, ¢)*) =0, for j>2 and all c€C.

If ¢#0, since H,(CEy, M(, ¢)') =0, by (3.1), we have

H.(CE), M(), ¢)*) =ker ,/im az=-{

H,(§, M@, ¢)) =0, for al 1 ACC and ¢#0, (3.8)
Now we need to consider only the case of ¢=0. Since [§, CH{]=0, the frivial

adjoint action of on CE), induces the trivial action on A(C Ej) and the tensor

product action on M (, O)’®/\’(CE ).  Since the action of & oommutes with the

maps 9;, the action of § on the complex (3.2) induces the action of F g on the
homology spaces H;(CE), M (A, 0))( §=0). If j=0, 1, then the action of § on
H;,(CE\,M (A, 0)*) =M (A, 0)* is the original one. Since CEH) acts trivially on
M (A, 0)!, we can induce the action of g=@/CE) on it. Then M (A, 0) can be
regarded as a g—module and is isomorphic to the Verma module M (A) of the With
algebra g.
If A=0, then by Theorem 2.8, 8) and (8.1), we have
By,=H(g, H;(CHo, M (2, 0)"))
C®C, it (i, )= (0, 0), (0, 1), (1, 0), (4, 1),
{0 otherwise.
By the definition of the spectral sequence (see [11, Theorem 11. 10 and p. 313
Definition] ), we have . '
Bpt=ker &} /im0ty j—rs1, for r>1,
where dj ; is a map from Hj; into Hj_,;.,_y whose bidegree is (—r, rr-—i). Since
E3; is a subquotient of B}, by (8.4), we have
B ;=Ef;=0, for (4, )+ (0, 0), (0, 1), (1, 0), (1, 1).
Similarly, Hj;=0, for #=>2. Honce
By;=0, for (3, 7) (0, 0), (0, 1), (1, 0), (1, 1).
Now we consider H3,, n>>0. Since H,.1=0, im d§,,_;=~0. Since E.z_.g,”+1=0 the

(3.4)

map d3,, is 0. Hence ker d3,,=Hj}.. Therefore we have H},,=HE3,. S1m11arly,.

Bitie 7y, r=2. Thus By ,= R, for n>0, By the same manner we have
BT ;> E3,;, for j= O 1. Then if 4 =0, then .

- By E. for g, j>0. . (8.B)
For convenience, we denote H,(F, M (%, 0)) by H,, for n>0. By the definition of
convergence of the spectral sequence- (see [11, p817, Definition]), there exists a

bounded filtration {@‘H } such that

for all 4, j (n=04+7).
Since Ef; is the speotral sequence in’ the first quadrant, the filtration {¥°H}
defined by [11, p.824, Definition] is bounded, and for each n, we have

Ey,=@'H,/0H,, . (3.6)
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0=0¢H,c?°H,&---cP,H,=H,. : 3.7
For n=0, by (8.6) and (8.7), we have :
| | B0 @OH o/ Ho Hor

For n=1, by (3 6) and (8.7), we have

EfoxH,;/®H,,

B =®°H,/®*H=3°H,,

Hence E;‘jogﬂ 1/ H%,1. Then we have

dim H;=dim HF,+dim EM .
For n=2, By y=H,y/P H,, BT =D Hy/PHy, By o= P°Ho. Hence we have

Hg.—_—EL;{.
It is obvious that for n>>8, we have H,=0. Now we have proved that for A=0,
' | 2, if n=0,
4, ifn=1
dim H,(§, M0, 0)*) =4 ’
@, 20, 0)%) 2, ifn=2,
0, if n>38.

TFor A= —sg, Or —1q,, for some ¢o& N and A€ P, the computation is similar to
that for A=0. Oémbining these results we obtain the following theorem.

Theorem 3.8. Let § be the Virasoro algebra, R the Cartan subalgebra of §, and
M (A, ¢) the Verma module with highest weight (A, 0) €h*. Then the homology of &
with coefficients in M (M, ¢) ds given as follows:

1) If A=0=0, then | '

2, ifn=0,

14, ifn=1

dim H,(F, M (0, 0)t) =3 N
im (g ( s )) 9, ifn=2,
0, if n>3;

2) If A= —sq, or —1q,, for some ¢o € N, and ¢=0, then
0, if 0<n<yg,
1, if n=g,,
dim H,(g, M(A, 0)") =4 2, ifn=go+1,
1, if n=go+2,
0, if n>>qo+3;
8) If (A, o) (E?i*) 48 not as in case 1) or 2), then
H, (g, M, 0)*)=0.
Remark. 1) By Qorollary 2.10, we have
H. (g, L(), 0)°) =0, for AP,
2) By [10, Theorem (0.15) and Corollary (0.17)], we have
i) M\, D=L, 1), if A5 —m?/4 for all mEZ,;
ii) there ig a resolution
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0—>M(—1/4(m+2)°%, 1)—->M(—m?/4, 1)—>L(—m?/4, 1)->0,

if A= —m?/4 for some mEZ,,

[1]

[21

[3]
(4]

[5]
(61
£71
[81
[9]
*[10]
[11]

Hence we have _
H,(@, L, 1)*)=0, forall AcC.
8) By [10, Theorem B(i)] we have |
H,(@, LA, 25)*) =0, for all A€C.

- 4) By [10, Theorem B(ii)] we have

H, (@, L, 26)") =0, if A~s—1 or #—1 for all £>1,
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