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ON THE HOMOLOGY OF THE 
VIRASORO ALGEBRA
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Abstract

This paper gives the structure of the homology of the Witt algebra and the Virasoro 
algebra with coeffieionts in a Verma module. Let ss=(3ft2+&)/2, #ft=(3&2—&)/2, &€ Z+, 
and P = { —s*, —th\k£ X+}. Then the author obtains the homology of the Witt algebra 
with coefficients in an irreducible module L{K) with highest weight к ф P, and the 
homology of the Virasoro algebra with coefficients in some irreducible modules.

§ 1. Introduction

In  [2] the author obtained the homology of Kao-Moody Lie algebras with 
coefficients in  a Verma module. In  this paper, we determine the structure of the 
W itt algebra and the Virasoro algebra with coefficients in a Verma module. Let 

(Зка+ к)/2 , (3k2—k)/2, k £ X + (the set of the non-negative integers), the
non-negative integers ŝ ,, 4 (^ £ Z +) are called Euler’s pentagonal numbers. Let 
P  =  { — sfc, — 4 |& £ Z +}. Then we also obtain the homology of the W itt algebra with 
coefficients in  an irreducible module L(%) with highest weight ХфР.

Let g  be the complex Lie algebra with basis where
Ог, ej] % j £ Z .

g  is also known as the W itt algebra. Let h  = Ceо (it is a Cartan subalgebra of g), 
n — 0  Свг, П~= ® О в- 1, and identify h* with C. In  [4], Goncharova computed the

i£N  1 £ 6 ZV

cohomology C), or equivalently, the homology Л*(м~, C). She proved that
r # * (« “, C% =0, unless ~  or 
l H b(n~, C )v=C(v), if v= —Sb or v= - h ,

where C is regarded as 1-dimensional trivial W-module, Ov) is the
r-weightspace of H b(nr , C) relative to the action of h  and C(v) is the 
1-dimensional й -module,where h  acts as v (cf. [8, Theorem 6 .6]).

Similarly, we can also obtain the homology of tl with the triv ial coefficient:
H»(n, C) =C(sfc)© C (4 ), k > 0. (1.2)
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In  § 2, we shall use (1.2) and the methods in  [2] to compute the homology of 
the W itt algebra with coefficients in  a Verma module (see Theorem 2 .8 ). In  [10], 
Rooha-Caridi and Wallach obtained character formulas for the irreducible highest 
weight modules over the W itt algebra. Using [10, Theorem A], we obtain the 
homology of the W itt algebra with coefficients in  an irreducible module L(X) with 
highest weight ХфР  (see Corollary 2.10).

Now we consider the central extension g  of g  defined as the complex Lie 
algebra with basis {Е'0) Д } 4 and bracket relations

I K ,  -A] = 0, for all X  6 g7,
IK , E,} =  и - ^ Е ш + ^ ^ - ^ Е ' о / 12, i, j £ l .  

fj is known as the VirasOro algebra. In  § 3, using the computation of the spectral 
sequences, we obtain the homology of the Virasoro algebra with coefficients in a 
Verma module (see § 3, Theorem 3.8) . Using the relation between Verma modules 
and irreducible highest weight modules, we also obtain the homology of the 
Virasoro algebra with coefficients in  some irreducible modules (see § 3).

In  this paper, we denote the universal enveloping algebra of a complex Lie 
algebra «  by U (a ) . Unless the contrary is stated explicitly, «-module will always 
be assumed to be left «-module.

Deep gratitude is due to Professor Shen Guangyu. He offered valuable 
suggestions and read the manuscript.

§ 2. The Homology of the W.tt Algebra

For the W itt algebra g, we let b = k@ n, where h  = Ceo and fi=  ©  Cet. If
«6ZV

Х£й*, we let C(X) be the one-dimensional 6-module, where n  acts trivially  and k  
acts via X. Let M(%) =*U(g)®0<b) C(X). We call M (X) the Verma module with 
highest weight X. Let L(X) denote the unique irreducible quotient of M(X). First 
we shall compute the homology of g  in  M  (X).

Applying [3, Proposition 6.6 .4] to the case of the W itt algebra, we have the 
following lemma.

L em m a 2.1. For X £  h*, we ham

(Jf(X ))esH o m Dtt)(l7(eF),C (-X )).
By [2, Proposition 3 .4], we have the duality theorem between the homology 

groups and the cohomology groups of Lie algebras (possibly infinite-dimensional). 
Then

Hi(g, M & yy= £H *(g,  (Ж(Х)*), for j> 0 ,  (2.2)

where the right gr-module corresponding to the left gr-module M  (X) is denoted by
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М (^У  and (M  (X) ) * is the dual ^-module of M (X) .
By Lemma 2.1 and (2.2), we have

H t( g , . M W s * H * ( g ,  Rom V(b)(U (g), € ( -% )) ,  for ] > 0. (2.3)
By (2.3) and [1, Proposition 4.2], we have

W ( g ,K o m U(b)( U ( g ) , C ( - K ) ) ^ H ^ b , C ( - K ) ) ,  fo r j> 0 .
Then using (2.3), we have the following lemma.

L em m a 2.4. For к 6  k*, we ham
H ,(g , М(ХУУ &Л*(Ь, € ( -% )) ,  fo r j> 0 .

Since n  is an ideal of b and b / n ~ h ,  for the left 6-module С(У), there is the 
Hoehsehild-Serre spectral sequence {E p 9}, whose E M term is associated with 
H \ b ,  C (-* ,)) , that is

E $*~H *((h , H q(n, C ( - l ) )= * H n(b, C ( - 0 ) ,  (2.5)
p

for n= p+ q  (see [5, § 3, Corollary 4]).
If С(Я) is regarded as the triv ial «-module, then Н»(п, C(X)) — H^(n, C). If 

Е ^(п , C(X)) and iTs(tl, C) are regarded as 6-modules, then H q(fl, C(X))~  
H q(n, C)®C(X) (the standard action of h  on H^(n, C(X)) and Et*(n, C) are quite 
similar to that of [2, § 3, R em ark]).

By the above formula, (1.2) and [2, Proposition 3.4], we have
H*(n, С (~ г ,) )ц Е д (п ,  C ( X ) y ^ € ( - S a - X ) ® C ( - k - k ) .  (2 .6 )

Let a  be an abelian Lie algebra. I t  is easy to check that for p>0,

Н К щ Г ° и Ш т М ) ' У ’ 1г« - 0' (2.7)
10, ifw^O,

where V й is an "а-module such that a-v=u(a)v, for a £ a ,  v £ V u and u£<a* and 
A (a) is the exterior algebra of a. '

Since h  is abelian, by (2.6) and (2.7), we have
E$'*=H»(k, E q(n, C ( - X ) ) ~ E p(k, C (~ sq- l ) @ C ( - h - y ) )

0, ■ if кф —Sg or — tg,
=« (A p(6))*, if — s3 or -£a and#=£0,

[А 2,(6 ))* 0 (А Ч 6 ))* , i f ^ = 0 a n d f  = 0, 
where (А р(6))*==Нотс (А р(6 ), C ) . Then we obtain the three oases:

1) If  ХФ -Sg or -tg, for all q 6 !+ , then E$'a=0, for p > 0  and q>0. Thus the 
spectral sequence {E r} collapses. By (2.5), we have

E ”(b, C ( - X ) )  - ^ I ’° = 0, for №>0.

2) If  X=*-Sg, or —tg,, for somQ q0£ N ,  then
r 0, for p>0  and qфqo)

EH’9=*\
l(  A 9(6 )) *, for p> 0  and q=q<i'

'Then the spectral sequence {E r} collapses a n d .
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я ,  (gr

H n(b, C (—X)) —E l  9o’a°= ( f \ n~q° (k )y ,  for »>0 .
3) If X — 0, then the same argument just used shows that

Я»(Ь, С (-А ,)> ~ (Л Ч А ))*© (А в(Л))*, for n>0.
Using the above remark and Lemma 2 .4  we obtain the following theorem. 
Theorem 2.8. Let g  be the Witt algebra, h  the Car tan subalgebra o f g  and 

M  (X) the Verma module with highest X €  h*. Then the homology o f  g  with coefficients 
in M  (X) is given as follows:

1) I f  ХФ —Sq or — tq, fo r  all q £  Z+, then
Hj(g, М(ХУ) =  0, fo r  all j> 0 .

2) I f  X = — Sg0 or — tq„, for some q^CN, then

C, fo r  j  = q0, qa+l,
otherwise.

3) I f  X — 0, then

E ,(g ,  M O )') - { ^ ® C’ } ~ ° ‘ l '
10, otherwise.

Next we consider the homology groups Я*(д, L(X)*) of the W itt algebra g  
with coefficients in an irreducible highest weight module L(X) (X£C).

In  [6], Kao gave the irredueibility criterion for Verma modules: M(X) is

irreducible, i.e., M (X )~ L (X )  iff Х Ф - ~ г - ( т а—1), for all m ^ N .  Then this

condition implies that
H » ( g ,L ( x y ) ~ H » ( g ,M ( x y ) .

I fX——~ ( т я—1), m £ N ,  Roeha-Ooridi and Wallaoh proved the following 

theorem.
T heorem  2.9 ([10, Theorem A ]). Let к GZ+. Then these are resolutions:

о • ^ , M (-s ii+1) © M ( - ( w ) 4-*+4 -->' *̂+2 ---->

м  ( -  sft+1) © Ж  ( -  h +f) M  (vf) X  L  (ph) -h»0
for  -t»} ,

and
■ ife =

-  - i ( s e + k )

i [ ( e 4 - l ) > - l ]  - - | - ( З й а- 4 ) .

2) 0—>AT (vu+f) M  ( vf) ( vf) —>0

fo r v ^ — ^ i ( Q k y - T \ , k > l .

3) 0-*M(pk+1) -^> M (vb)% L{vf)-> 0
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for  ~-^ -[(6A + 8)a- l ] e

4) О—»Ж(8й4.а) ■ - -X>M( yfc) >0

/or r ,=  - - ^ [ ( 6 i + 2 ) 2- l ] ,  S,= - i . [ ( 6 i + 4 ) 9- l ] .

5) 0-^Ж(Гй+1) - ^ ^ ( 4 ) ^ ( 8 й)->0
/or 7 /, 8/ as in 4 ) . Here fa is the unique (up to scalar) embedding, 8» is the canonical 
projection, and dk is given in  [10, Theorem Л ].

By Theorem 2.8, Theorem 2 .9  and the long exact sequence therein, we can 
easily obtain the following corollay.

C orollary 2.10. I f  X ^ P = { —sk, - h \ k £ Ж+}, then
Hj(g, L (x y )= 0 ,  for j> 0 .

3. The Homoloy of the Virasoro Algebras

For the Virasora algebra g, we let k —CEo®CEro,n — ©  CEt and b = h © n .  WeieN
identify a pair (X, c) £ C a with the linear functional on Й taking value X on JE70 and 
о on JS'q and denote by M  (X, c) and L(X, c) the Yerma module with highest weight 
(X, c) and its unique irreducible quotient, respectively.

Since [CM, 0Q-O and §/CE'0= g  (the W itt algebra), by [1. Ohap. 16, 
§ 7, (6a)], we have

H }(C K , M(X, сУ))=*Еп(д, M(X, o)*), (3.1)

for n = i+ j .  Note that if a  is a complex Lie algebra and iVf is a right a-module, 
then

Я .( а ,  N*) *=Tor^(a)(iVf, C).
Then we can obtain (3.1) from [11, Theorem 11.39]. Hence we can apply the 
computation, of the spectral sequences in [11, Ohap. 11].

Now we compute Hj(CH'0, M(X, c)() directly by the definition of homology of 
Lie algebra (see [2, § 3]) and note the action of g  on it. By [2, (3 .1)], H^(CE'} 
M(X, сУ) is the homology groups of the complex

— >ЛГ(Л., сУ®с А \С Е Ь )^ М (Х ,  c y ® c t \K C E ’0)%M(X, сУ®с \ \ С Е ' 0)->О,
(3.2)

where / \ s(CEb) = 0  for j > 2, and di(v®E'0) =V‘E f0 for all v£M (X , c)K Then we 
have

Я 0 (CE'o, M(X, с)г) = M(X, o )7 im $ t-
J O, for O=£0,
1Ж(Я, 0 ) \  for c=0;
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H l(C K , ЩХ, .)*) - t a f t / I m % 0 ж ( Х ,  о)*Лог Щ

H^CE'o, M  (X, c)0 =0, for j> 2  and all c£C .
If e=£0, Since H„(CE'0, M{k, o)*) = 0, by (3.1), we have

Нъ(§/, M (Л, c)0 =0, for al 1 X(ECand c^O. (3.3)
Now we need to consider only the case of c = 0. Since [g, CE'o] = 0, the trivial 

adjoint action of g  on CE'0 induces the trivial action on Д S(C Eo) and the tensor 
product action on M(%, 0)*© Л^(С^о). Since the action of <$ commutes with the 
maps dj, the action of gf on the complex (8.2) induces the action of g  on the 
homology spaces Н }(СЕо, M  (X, 0)0  If j = 0, 1, then the action of g  on
Л)(СЕ'0М(Х, 0)0 —Ж (X, 0)* is the original one. Since CE'0 acts trivially  on 
Ж (X, 0)*, we can induce the action of g= §/C E '0 on it. Then Ж(Х, 0) can be 
regarded as a 0-module and is isomorphic to the Verma module Ж (A) of the W itt 
algebra g.

If A=0, then by Theorem 2.8, 3) and (3.1), we have 
Ям = Я 4(0, H s(CE'o, Ж (A, 0 )0)

_  Г C ® c ,  if a  j )  =  (о, о), (о, 1 ), (1 , 0), (l, l ) ,
10, otherwise.

By the definition of the spectral sequence (see [11, Theorem 11.10 and p . 313, 
Definition]), we have

E f f i ^ k e r  d[j/imd[+r>i_r+1, for r > l ,
where dltj is a map from Eltj into whose bidegree is ( — r, r  — 1). Since
E l)  is a subquotient of E lj  by (3 .4), we have

Ef,j —E f'j—0, for (®, j )  *  (0, 0), (0, 1), (1, 0), (1, 1).
Similarly, E rii}=>0, for -r>2. Hence

■®Ti-0, for a  j)  + (0, 0), (0, 1), (1, 0), (1, 1).
Now we consider El,n, n>0. Since i = 0, im djL-i^O. Since E l a,n+i = 0, the
map do,„ is 0. Hence ker do,„==J?o.n. Therefore we have E \,n^ E l , n. Similarly, 
Eoln=Eo,n, r> 2 . Thus Eo,n^Eo,„, for np>0. By the same manner we have 
E i j  ~ E l tj, for j —0, 1. Then if X=0, then

E ^j& E l) .  for (3.5)
For convenience, we denote H n(§, Ж (A, 0)0 by JT„, for n>0. By the definition of 
convergence of the spectral sequence (see [11, p31T, Definition]), there exists a 
bounded filtration {Ф*Л} such that

ЕГ,)*Ф(Н п/Ф*-*Яя, (3.6)
for all i f j  (n = i+ j) .

Since E l)  is the spectral sequence in  the first quadrant, the filtration {#U } 
defined by [11, p . 324, Definition] is bounded, and for each n, we have
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О=Ф-1Я псФ °Я па . . .с Ф „ Я й=Я„„ (3.7)
For №=0, by (3.6) and (3.7), we have

^ о й Я Р Я о /Ф ^ Я о е Я в .
For <ю=1, by (3.6) and (3 .7), we have

E l r &Ф0Н 1/Ф^1Н 1=Ф°Н1.
Hence ^ o = F i /5 o , i -  Then we have

dim H i-d im  P£o+dim  Eo.i-
For n~2, В$о& Ея/& Ш я, ЕТ11=Ф1Н 2/Ф°Н%, ^ 2=Ф °Яа. Hence we have

Ш^~Ех,г.
I t is obvious that for те>3, we have H n = 0. Now we have proved that for A.—0,

dim H n(@,M(0, 0)*)-«

■2, if «=0,
4, if «=1,

2, if » =  2,
Lo, if «>3.

For A= — s®, or — tg„, for some q o ^ N  and A $P , the computation is similar to 
that for A =  0. Combining these results we obtain the following theorem.

T heorem  3.8. Let $  be the Virasoro algebra, k  the Cartan subalgebra of g, and 
M  (A, c) the Verma module with highest weight (A, c) €•&*. Then the homology o f  §  
with coefficients in M  (A, c) is given as follows:

1) J fX = c= 0 ,th en

dim Н п(д ,М (0 ,0У ) =

•2, if n =  0,
4, if « =  1,
2, if » =  2,

lo , if «.>=3;
2) I /  A =  — s®0 or — ta„ /or some V̂, end c==0,

0, if 0<n<g',

1,
dim U n(gf, Hf(A, 0)f) 4  2,

1,
k0,

if n=q0, 
if n=q0+ l f 
if »=^o+2, 
if n > g 0+3;

8) I /  (А, с) ( €  &*) is not as in case 1) or 2), f&era
Я.(*,1Г(А ,е)*)-0.

K em ark . 1) By Corollary 2.10, we have
H,(gf, L(x, 0 )0  =0, for A<£P.

2) By [10, Theorem (0.15) and Corollary (0.17)], we have
i) M (A, l ) £ l ( A ,  1), if АФ — m2/4  for all m £ Z+;
ii) there is a resolution
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0-»Ж ( —1/4 (m + 2) 2, l)-> M ( — ma/4 , l ) - * L ( - m a/4, l)-*0, 
if Л = — m2/4  for some 

Hence we have
# »  (&, L(X, 1)*) -  0, for all Я € С»

3) By [10, Theorem В (i)] we have
H №(g, L (Я, 25)0 =  0, for all X£C.

4) By [10, Theorem B (ii)] we have
26)*) =0, if 1 or tk—1 for all &>1„
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