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REPRESENTATION OF LINEAR FUNCTIONALS 
ON LIPSCHITZ SPACES A OF FUNCTIONS 
HOLOMORPHIC IN THE UNIT BALL OF ©•

Sh i  J ihtjai ( £  >ff) * * *

Abstract

In this paper three spaces ЛФ(В), КФ(В) and ГФ(В) of functions holomorphio in the 
unit ball of C  are defined and the representations of linear functionals on AФ(В) and 
,ГФ(В) are obtained.

§1. Introduction

Let В  denote the unit ball of C", 8  denote its boundary, cr denote the positive 
rotation-invariant measure on 8  with a  (8) = 1 and A(B) denote the class of 
functions holomorphic in  В  and continuous on B,

Let Ф denote the class of functions <pi [0, l]-> [0 , oo) satisfying the following 
conditions:

( i ) q> is continuous, increasing and 95(0) =0, q)(t) =£0 if f =£0,
( i i )  t/<p(t) is increasing and t/cp(t)—>0 as t->0,

(iii) ^ p ( t ) / td t  = 0{p(b')') and j* <p(t)/fdt — 0(<p(8)/5) for S>0.

D efinition 1. Let <р£Ф. A  function f£ A ( B )  is said to be o f class A V(B) i f  its 
boundary function satisfies the Lipschitz condition

|/(e x p (i(9 + h )) О  ~ / (e x p (i9 )t)  | <K<p(\h|) 
fo r  £ (E8  and 9, h £ R , where the constant К  is independent of 9, h and £„

In  the case <p(t) = ta, 0 < « < 1 , we get the usual Lipschitz spaces.
Eecently G.D. Lyevshina^3-1 studied the representation of linear functionals on 

Lipschitz spaces А ф in the unit disc. In  the present paper we will study the same 
problem in the unit ball of C”.

§2. The Spaces ACB) and AtB )

If /  is holomorphic in  В  with expansion in  terms of homogeneous polynomials
Manuscript received November 6,1984.
* Department of Mathematics, University of Science and Technology of China, Hefei, China.



190 CHIN. ANN. OP MATH. Yol. S Ser. B.

given by /(g )  = J^Jfj/g), as usual, for «> 0 , we define the fractional derivative f la] 

and the fractional integral / M of order a of /  by the following formulas respectively

k~0

flalQO ~~
k\

Г  (Jo+ a +1)
f tal, f tal are holomorphic in 5 C4’P-389:1.

Theorem 1. Suppose f  is holomorphic in В and р£Ф . Then f ^ A ^ B )  i f  and 
only i f

l / “V D  I <-sr i f c l i
I —O'* (1)

for £ £ S  and r £  [0, 1), where the constant К  is independent o f t, and r.
Proof In  the case n = 1, the proof of theorem may be found in  [5, Lemma 2 

and Lemma 3]. We now assume n > l  and let f £ A /p(B). Since f £ A ( B ) , if let 
f f(X) = /(Я £), £ £$> |X| < 1 , then f[(~A(U ), where U is the un it disc and
A  (U) the disc algebra of U. Application of the necessity of the case n =  1 gives

1Л О Ж -ВГ

where the constant К  is independent of £. Thus (1) follows from the equality
/ “ («•о- r / ; < > ) + / f r o .  (2)

Conversely, if /  satisfies (1), since

I« ■ ' / < « > i - 1 Г р л (*)]' *  - 1Г / ш ( ю *I Jr' . I Jr'

< K Г  JP-О ц р .. d t< K [>(1~ <r') +q>(l- О Т ->0Jr' 1 — t
as О » ! , r"-> 1 by the properties (i) and (iii) of q>, we see that /  (V£) converges, 
uniformly on S  as r—>1, to a lim it that we call /(£ ); this extends /  to 8. The 
continuity of /  in В  and /(£ )  on S  shows that f  is continuous on B, in other words, 
f £ A ( B ) ,  Combining the equality (2) and inequality (1) , we have

By the sufficiency of the case »= 1 , f c is of class A„(t7). Thus
|/(ex p (i(9 + h )) 0  ~ f  (exp(id) £) | < K p ( |h | ) 

for £ £ $  and 6, h £IR. This completes the proof.
On the basis of Theorem 1, we have
D efin ition  2. Let p £  Ф and f  £  A rp (B ), define the norm o f f  as

1 - Ыll/lk = su p ! / “ (*)пев p ( l ~  |g | )
Definition 3. Let р£Ф  and f  (zAv (В) , we say that f  is to be o f class %ф (В) i f

(3)
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T ^ -  H T  1/0300 ^  м | *|_>1-
T heorem  2. (i) А Ф(В) is a Banach space with the norm (3).
( ii)  XV(B) is a closed subspace o f А Ф(В ) .
(hi) I f f £ A y ( B ) ,  then f / r \f\\ л9 for r €  (0, 1), where

/ r ( *0  = / ( « ) •

(iy) /6 Л Д В ) i f  and only i f  f £ A v(B) and\\fr- f \ \ Ai->0 as r-* l.
Proof (i) Let { / ft} be a Cauchy sequence in ЛДВ). By the definition of the 

norm of А Ф(В),

for z£pB , where pB is the ball of radius p centered at the origin. Therefore {Д13} 
converges uniformly on any compact subset of B, so it converges to a function g 
holomorphic in B. Let f= g zi3, then f lll = g. We now prove that f £ A (p(B). Since 
{ fA  is a Oauchy sequence in  А ф (В ), there is a constant M  with Ц/геЦл^-З^, k —1, 2, 
•••. For given p £  С°Д)3 there exists a positive integer /г0 such that

№ ( * ) - / “ (*) I <?»’(1 -P )'
for з£рВ  and k>ko, and

У ( l -  I'Jl) 1 /n l  w  1 <  Д - 1 |8J [J  I I м  OO -  Л 110 0 1 +  l l / . k < i + ^  (4)

for z£pB . Letting p—>1 in (4) gives / £ k ( B ) .  To prove { / fc} converges to /  in  
(В), we note that

1Л ,1« - / Т О Ы Л - / . 1и <8

for z £  В  and к, l Sufficiently large. Fixing Jo and letting Z-*oo yield

* l l / f c - / lk < s .
for к sufficiently large. This completes the proof.

(ii) Let { f k}<^K(B) and { /й} converges t o / i n  A P(B). For given e> 0 , there 
exists a positive integer ко such that ||/ft—/|U ,< s  for k>ko- Fix k>lc0, there is an 
Го €  (0, 1) such that

, k k l/l”wl<e /
for ro< 121 <  1 since / й £  К  (В) . Thus

l / “ « l < l A - / I U . + k k l ) -  № ‘W  l< 2e
for Го< |й| < 1. Hence/  £  Я,, (В ).

(iii) I t follows from the property (ii) of cp.
(iv) Let /£A „(B ). Since

к Д к 1/,,,,(гЬГ(,) i<2K k k l 7
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as p->l, there is a p0 G (0, 1) such that

sup 1 - z
<p(l- *1)

(5)

for given s>0,"pG (po, 1) and r  G (0, 1). On the other hand, there exists an 
Vo G (0, 1) such that

\ f m (rz) -  f 13 (z) | <s<p(l-po) 

for я G po В  and r  €  (го, 1) • Thus

- y c i - ^ i r 1/Ш(п) ~ /Ш(2) 1 < s  (6)
for g G PqB  and r  G (1*0, 1) • Combining (6) and (6) shows that (6) is true in  B. This 
gives !/,.—/ |  л„->0 as r-* l.

The converse follows from the facts that t/<p(t)->0 as t-»0 and k^(B)is a closed 
subspace of A V(B ) .

3. The Space ГДБ)

Definition 4. Let ср^.Ф. A  function g holomorphic in В is said to be o f class 
Г Л В ), i f

j j ^ ( l - r )  | ^ « )  |dcr(£)dr<oo.

The norm of д ^ Г ^ В )  is defined as

|лг“ ОС) I *>■«)*•. (7)

Theorem 3. (i) Г Ф(В) is a Banach space with the norm (7),
(id) \gf -g \\r f->0 as r->l fo r  every д ^ Г ^ В ) ,
(iii) I f  there is a constant M  with |^ r fo r every r  G (0, 1), then д ^ Г ^ В )

ftnd Ы |г ,< Ж .
To prove this theorem we need the following Lemma.
Lemma 1. I f  gr G Г<?(В) , then for r  G (О, X)

sup I $(e) I < 2n+2[r<p(l—<r) (1-r)"] \g \r9.
\sH<r

Proof For tG (0, 1), g{ilt)/2 is holomorphic in B, the Cauchy integral formula
gives

IsT O O I-c} , H 1!1 ”)
21

1 +# <C, v> dcr (rj)

(1 - 0
where £ £ 8 .  Thus
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М и г  ̂ l* ^ *
^ ^ ( i - T k i - г ~  p)L  l ^ w
= 2"+a [r (1 - r ) > ( 1 ~  r ) ]  _1 \g | r #

as claimed.
Proof of Theorem 3. (i) Let {g-f} be a Cauchy sequence in  Г^(В), it converges

uniformly on any compact subset of В  by Lemma 1, so it converges to a function g 
holomorphie in  B, and

( |* F ( rC ) |* r ( i ) -U m [  № (rC j|A r(C ) ' '
Ja k-*°°Ja

for any r £  (0, 1), By Fatou's theorem

j ^ ( l  -  Idtr(0 d r< U m £ 9)(1 -  r ) j j s i 1](r£) |dcr(£)dr

= Umflgrk||rg,<oo.
fc-»oo

Therefore д ^ Г ^ В ) .  Using the same method we have
IIjfo~ ЯIIr„<Hm j gk -  gt|| г.->0, as Ъ->оо.

l-̂ oo

This shows that Г<р(В) is a Banach space under the norm (7).
(ii) Let д ^ Г ф(В). Since

<P С1 -  p) j j  №  (pO ~  9m (pO I do (i)  < 29» (1—p) £  I gm (pi) \ do (i)
and

2j 0VС1 “  p)}819™(pO  \d<r ( 0 dp= 2 1g ||rv<
we have

iimIgr—g\r9= lhnГ 9?(1 — p) f \g?Kpl)- gixl(pQ\do(t )dp=0
r-»l r-* l JO  J a

by the Lebesgue dominant convergence theorem.

(iii) Choose r » / '!  as »oo, then j" | glf} (pi) \ do ( 0  is an increasing sequence for

every p £  (0, 1) by the monotonioity of the mean. Application of the Levi's lemma 
gives

f19?(1 — p) f I ^ C p O \ do(i)dp=^)3m^<p(f. — p) f |^ (p C )|< fc r(C )^ < if .
JO  Ja JO  J a

The proof is complete.

§ 4. The Bounded Linear Functionals on the 
Spaces К(В) and Г9(В)

Let f ,  g be holomorphie in B and
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/(* ) -  2  2  ««Л fl<*0 = 2 2  &a24.
fc=0  l«l=fc fc=0  la|=fc

A calculation based, on the formulas of [1, p.16] yields

f f W a i r p - 10 * r  ( 0 - 2 ( 2  « А л . ) ЛJa ft=o |a|=ft. ...
where 0 < r < p < l  and !

(8)

Oia-
(ra —1 +  |« | )  ! ’

We denote the lim it of (8) as r~> 1, if it exists, by

( / ,  0) 2  ( ^ а аЪаа>а) rb —limf f ip O g ir p - ^ d c r d )  ■
r-»l fc=0 la=|ft r -» lJ s

L em m a 2. / / / £ A v(B) m d  д € Г 9(В), then 
(i) The lim it o f (8) exists and

K / . s O K o i / l k M i v
where the constant О is independent o f f  and g.

0 0  lxxxi(/r, gp) =  ( / ,  gp)
r-*l

for any p £  (0, 1).
Proof (i) By the definition of the fractional derivative

f / ш М )!7 "Ч Ы )А г ( 0  -  J j  ( » + l ) :v y

(9)

(10)

(П )

Multiply both sides of (11) by p log—, then integrate with respect to p on the
P

■2fc+1log — dp=-
4(&+l)a ’

interval (0, 1) and use the equality

I /
we obtain

2 ( 2  »«& «««)=  4 . f p l o g f a2(p t)9aKrpi)dcr(Odp. (12)
fc=0  lal=fc JO p Js

Applying the inequality p log - i - < l  —p, ( 0 < p < l) ,  to (12) gives

2 ( 2  «»&««><*) ̂
fc=0 Icel =fc <  4I /  Ik I f f O - -I 'p )  |гш(»7>0 l«*erCO«*P

<-|-|/11л.||^||Г,. (13)

Letting r —>1 in  (13) gives (10) if the lim it of (8) exists,
We now prove that the lim it of (8) exists. By the equalit у  (12) and Theorem 

8 (ii)

| 2  ( 2  a<fiaU>a) Л -  2 ( 2  ааЬаО>а)Г2
I fc=0 l«l=fc fc=0 lal=fc

< 4  plog i f  | / ш (рС) | \ga\ r iPi)  — gii:(r2p£) |da(Qdp
JO p  J$

“̂4II /II &Л II 9r% -  9II n. + II 9n -  9II r J->0
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as гг->1, Га—>1. This completes the proof.
(ii) It follows from the Lebesgue bounded convergence theorem.
The following two theorems are the main result of the present paper.
Theorem 4. (i) For every Т £ Г 1 (В ), there exists a unique f £ A v(B) suck

that
T(g) -  (g, f)

for every g ^ r v(B ), and

С 1/1к< [|У «п < С 1 /1 к ' ■ (14)
where the constants G, G' are independent of f  and T.

(ii) Conversely, fo r  every f  6  Л ^ В ) ,
Tf(g) -  (g, f )

defines a bounded linear functional on Г Р(В) and

where the constant G is independent of f .
Proof (i) Suppose Т £ Г Ц В ),  and define

/ ( * 0 = 2  2  Т(а“/саа)з“.
к -О la|=ft

A simple estimate gives

|2“ ||r„ =  Jo^ ( l  -  r ) J s( |« | + l ) r ,al\ ia\dcr(i)dr< pQ )\/a> Z  

Using (16) and Schwarz inequality, we obtain

2, z x 5 y ^ |< |F [r. 2 -L|Mlr„|8*|

(16)

(16)

l«|=/c |al=ft COa

(n -1 )

This shows that the series (15) converges uniformly on any compact subset of В  
and so /  is holomorphic in  B. We now prove that / £  A V{B). Fix r)(zS and let

А О О - 2 С И - 1) 2  Gf/o>a)za. 'ftSO l«l=fc
By the continuity of T,

TQir) =  2  (fc+1) ( 2  ^  (2V W«) r f ) r * ^  f a^Qrrj), 0 < r < l
fc=о la|=fc

and
| / “ (")) I (17)

Since {й“/  V  сод } is a complete orthogonal system in В and orthonormal on 8, we
CO ______ _____

see that S  "Я ( ‘f f s /o f f )  (rf/s/ayf) is the Oauchy-Szego kernel of B, i.e.
6=0 i«i =,

2  2  ( e V ) / " * ) - (!-<*» 4 »  n = G(z,rj).
fc=0 la|=fc
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(29)
by Theorem S ( in ) . Using Lemma 2 again yields

(SO )
Combining (29) and (80) gives (23) .

The proofs of the uniqueness of g and the second part of Theorem 5 are the 
same as that of Theorem 4.
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