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INITIAL BOUNDARY VALUE PROBLEM FOR ONE 
CLASS OF SYSTEM OF MULTIDIMENSIONAL 

INHOMOGENEOUS GBBM EQUATIONS

Guo Boling (1 |Ш Ю ®

Abstract
This paper studies the following initial-boundary value problem for the system of 

multidimensional inhomogeneous G-BBM equations

ur-4u,+2j-^grad0>(u)=/(u), C1* * *!)
и\ыо=щ(х), x^Q, (1.2)
u \0A=O, t> 0, (1.3)

where и (a?, *)“ («i(®> 0» •••,«*(*, * )) ,/(« ) = —, My), •••,/y(tft, •••, My)), ?>(«)
=<p(ui, •••, M y). The existence and uniqueness of the global solution for the problem(l.l) 
(1.2) (1.3) are proved. The asymptotic behavior and “blow up” phenomenon of the 
solution for the problem (1.1) (1.2) (1.3) are investigated under certain conditions

§ 1. Introduction

BBM equation has been proposed and studied by Benjamin, Bona and Mahony 
in specific physical situations under longwave limit in nonlinear dispersive media. 
In [1, 2] J. A. Goldstein et al. have proposed and studied Generalized BBM equation 
in higher dimensions (GBBM). In this paper, by using the Galerkin approximation 
method, we prove the existence and uniqueness of the initial boundary value 
problem for the system of GBBM equations, and study the regularity and “blow 
up” of the solution for GBBM equations.

Here, we adopt the usual notation and convention. Let H m(Q) denote the
l

Sobolev space with the norm |w||H*(0) =  ( 2  |^ “м |||,)2 or simply ЦмЦ»; Щ (Q)
|al< m

denote the closure in H m(Q) of 0 “ (O) ; |w||^=ess sup| w (ж) |, and so on (see[3]).
*6 a

We first consider the following initial-boundary value problem of 
multidimensional inhomogeneous GBBM equation
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щ—Дщ+ V • <p (m) ==/ (w), (1.1)
и|*=о-Ио(»), (1.2)

м|за=0, (1.3)
where

A_  a3 , . e2 „ _ /  a d \
A ~ м + " '+ Ж ’ M s ?  ш

f ( « ) - ( » ( « ) ,  * .(« )), V’f W <=1 OOCi
Q a R n is a bounded domain, 8Q is its boundary.

"We construct an approximate sdlution of the problem (1.1)-—(1.3) by the 
Galerkin method, and choose a basis П -H"3, where w,- are the eigen-functions
of the problem:

— Awj*=%jWj, Wj\9O=0, i = l ,  2, •••. (1.4)
Obviously, if the domain Q is suitably smooth, then there will exist such a special 
basis. In fact, if Q £ 0 2, then the basis {m,-} £  Л 2 (Q) d  and it is
dense in

Now suppose that the approximate solution can be written as
m

um(<v, t ) . (1.5)

According to Galerkin’s method, these coefficients ajm(t) need to satisfy the following 
initial value problem of the system of the ordinary differential equations

(щи-  Aumt+ V• p (um) ws) =0, s = l ,  2, •••, m, (1.6)
Um | t=o ~  Uom (®) (1.7)

where
H2

Wto(aj)-------
Under the conditions of Lemma and the a priori estimates in § 2, we know that 

there exists a global solution in the interval [0, T] for the initial value problem 
(1.6) (1.7) of the system of nonlinear ordinary differential equations and it can 
approximate the solution of the problem (1 .1)—(1.3). Furtermore, we obtain 
the global smooth solution of the problem (1 .1 )—(1.3) in § 2.

By a method similar to that we used in § 2, we consider in § 3 the following 
initial-boundary value problem for one class of system of multidimensional 
inhomogeneous GBBM equations:

Щ - Aut + 2  - 5Г~ Srad <KM) - / ( и ) ,i-1 OXi (1.8)

M jt=o= Wo(*), (1.9)

8 cn 3 II о (1.10)
where u(a>, t) = (щ(а>, f), —, us (a>, t)) , / ( « )  =  (/i(% , •••, uN), /x(Wa, UN)),
(p(if) =  <p(wi, •••, к#). We also obtain the existence and uniqueness of the global
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solution for the problem (1.8)—(1.10).
At last, in § 4 we give the sufficient conditions of “blow up” of the solution 

for the problem of one class of system of generalized inhomogeneous BBM 
equations.

§ 2. The Initial Boundary Value Problem (1.1)— (1.3)

Now we make the a priori estimates for the solution of the problem (1 .6 )—
(1*7). ■■

Lemma 1. I f  the following conditions cure satisfied
( i )  ^>(M)GOfl, (/(w ), u)<b(u , u), 6 =  const.,
( i i )  tt0(®)

then for the solution um{sc, t) of the problem (1.6) (1.7) there is the estimate

KftlixA.+ lV l^ IL x ^ ^ o , (2.1)
where the constant E0 is independent of m

Proof Multiplying (1.6) by ,<Xam(t) and summing them up for s from 1 to 
m, we haye

(Umt(i) - +V* 9>(um) - f  (um) , um(t)) =  0. (2.2)
Since ■ : a;

(umt, Um) =  1 Um j — (dlCmt ( t) , Um(t')') =  -jj- -щ- [| Vum (t) 1

( V - f i O ,  “" ( * » « . ( * ) ) “ ( §  ^  « ,(« .) , l ) - 0 ,

where

® i ( O - J 0 <pl(z)zdz, ( f (u m), Mm(t))<6||Mm0 ) || |8, 

from (2.2) it follows that

—■-^fl'7um(t)\\la<b\\um( t) ll1. (2.3)

Integrating (2.3) with respect to f, yields

IK (t) fiia +1 Vm» (0  I!. < 2 6 ^ um(v) ||!adv+  | m»(0) |||a+1Vm»(0) I!,

||и»(*)||!,*г+0. (2.4)

By using Gronwall's inequality, we obtain (2 .1).
Lemma 2 (Sobolev’s estim ates), (i) I f  u £H l(Q ), we have

Mlьа(Я)<<?(£}, n, q)\u\mw> (2.5)

where K j < - ^ r - ,  cs и>2; .1<д<оо, as ire=2.n — 2 '
(ii) i f  К  is a nonnegative integer, we have
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&)\и\иыф), for u ^ H 2+b{Q), and n<Z. (2.6),
(iii) Let Dmu £ Lq(Q)y u £ L u(KQ), QczR1*, K g ,  r < ° o } о<j<#> j /m < « < l ,  l<g>  

<oo. Then there is a constant О such that

■ ■-•■■■■■■ ■ (2 .П
where

A —f + » ( —- ? ) + ( ! - « ) - •  -p  к \ p  к ) q ■
Lemma 3 Suppose that the conditions of Lemma 1. are satisfied, and assume that 
max |q>\ (u) | < J . |m|2/<"_2)+ 5 ,  \f (u )  | < ^ |м |8/п+в, n < 3, A, 5 = const., (2.8)

and щ(х) 6  Л 2П -Ho. Then for the solution of the problem (1.6) (1.7) there is the 
estimate

where the constant E% is independent of m.
Proof By —Awj^'kjWj and (1 .6), it follows that

(umt-A u mn+ 4 ‘p(um) - f ( u m), -A um} =  0.
Since

(иш -М м ) -  у  4 - 1 Vm«1L

(2.9)

(2.10)

( Allfnt, AUm) L J l
2 dt

1_
2< 4 -  и Aum I i + 4 - 12  & («О& IU=i .

du„
dx.

Л jal
8um II2 ( i + MdXi ||iSp. V p  p

, ^ n , + o  g  Ы GO IS. (TabP. i ,

IIdwmII 1а+ 0 1( ||umIIh +Вг) (By Sobolev inequalities)

J AUm I i a +  Oz,
I (—/(wm)}: I ̂  |Г(Ут) I!II v«mI£̂ @4||мт|на+(7б<0о|| AUm|| la + 07>

(By usinginequality || Au |||s > 0 1| и || b m , u^Hl f ]  Л 2, see [5]) 
by (2.10) it follows that

• | - ^ - l v « . i ! ,+ i - A _ M M. | | | ,< o sMu. | t + a , .  (2.11)

By using GronwalTs inequality, the estimate (2.9) is obtained.
Corollary. ; , ;

sup \\um\\^<E2, . , (2.12)
0<S t < T  ,

where the constant E% is independent of m. . •
Proof ; By Sobolev’s inequality (2.6) . . . . . . .

I|wm ||£„‘̂ С,1||мт ||яа
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and using the inequality
1 Wm | я* I Ащ, I в,

and (2.9), the estimate (2.12) is derived immediately.
{ V, Lemma 4, I f  the conditions of Lemma 3 are satisfied, then we have the estimate

I «mf fl I,xb. +  I VMmf I | ,xa4-® 3, (2.13)
where the constant Es is independent o f m.

Proof Multiplying (1.6) by a[m (t), and summing them up for s from 1 to m, 
yre have

(umt(t) -A u mt(t)+Vq>(um) - f ( u m), umt(i))=*0. (2.14)
From (2.14) it follows that

||«»t(0 [|i +  ||VMmt ( 0 1||,< I (V*9>(wm), «**(*)) I + 1 ( f(u m), umt) | о (2.16) 
By the conditions of this Lemma and Lemma 3, it follows that

I (/(«*»), wmf) | <  \\f(uM) l£.(C i+  |wm,||i,)<O a( l+  \umt\ l t) t 
| (V*9>(m«), umt(t) |

II 4 ' ^ ® ' *

< 0 3 (1 + 1 umt 11,).
Hence (2.16) implies

•̂ "1 Umt(t) ||i,xi. +-^-|| V«mt(i) IlijxL.*^.

Here constants О is independent of m. The Lemma has been proved.
Lemma 5 . I f  the conditions of Lemma В are satisfied, then we have

Mwm{[||,xb,ê -®4» (2.16)
where the constant E i is independent of m.

Proof From (1.6) it follows that
(umt- Aumt+ V• 9>(um) - f { u m), —Aumt) =0. (2.17)

Thus from (2.16) we have
IMM«#|i.<CIIM»>t|i, +  ||V*?>(Mn,)[|£,+||/(wn,)||£S] •Ыим*|л <0|Л ит*|л,. (2.18)

Hence(2.18) implies (2.16).
Theorem 1. Suppose the following conditions are satisfied:
( i ) q>(u) G 0* and

| <pr (u) | <  A | и |a/n-a+B,
( i i )  /(г^ б О 1, and

(% f(u ))< b (u ,u ) , \f'(u) | < J . |m|8/”+B,
(iii) Uq(oo) GH2(jQ) x=> (x1} x„), n < 3,

where A, В and b are constants, which are independent of u. Then there exists a global 
generalized solution u(x, t) (~L°°(Q, T; Н а П S o), %(х, t) £L°°(0, T; JSaf)Bo) for the 
problem (1 .1 )—(1.3).
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Proof By Lemma 1, Lemma 3, Lemma 4, Lemma 5 and compact argument^ 
we can choose a subsequeneee {uv(x, f)} from the sequence {um(x, t) } , such that 

Up(cc, t)->u(x, t) in £ TO(0, T; H 2) weakly star, *>-»oo, 
uv(sc, i)—» и (so, i) in strong topology of П 1(^У. [О , 21] ) , v-*°of 

uvt(oc, t)-> u t ( a t )  in L°°(0, T; H 2) weakly star, 
f (u v(cc, t))-*f(u(a>, t))  in strong topology of La(Q x  [0, T]) ,  v—>oos

and
V*^>(^)-> Vtp(u) in strong topology of Z/°°(0, T\ Lf), j/-»oo.

In fact

I! Я n II .
-  («».)(«»•,-«*,) + 2 ( $  ( « * ) - $ ( « ) “*<IU=.l <=1 II L i . • . s

where
. К —мЬ . < 0 2 К - м|К41 К - м||1г»<ОзК - м| |1 ^ о ( » - s ) ,

(«г*т2).;,- .
Hence taking w=*»-»?o. from (1.6) we have

(w*—Ащ +  V• q>(и) — f  (ад), wf) = 0.
By using the density of {w,(a>)} in LZ(Q), it follows that

(ut-Aut+V'(p(u) — f(u ) , v) =0, V«GL2. (2.19)
Taking m==v->oo in (1.7), it is known that и (x, t) satisfies the initial condition
(1.2). "We complete, this proof of this theorem.

Now we are going to consider the reqularities of the global generalized solution 
for the problem (1.1)— (1 .3 ). '

Lemma 6. Suppose that the conditions of Lemma 3 are satisdied, and assume
that

( i ) q>(u) £ 0 2p+1(Q), f(u )  (zG2p(££), where p > l  is interger,
( i i )  щ (я)£112р* ( а ) п Е 1 ( а ) .

Then for the solution um(x, t) of the problem (1.6) (1.7) we have

:i MPMm|!axi, +  [[V2j,+1Mm||!aXi„< ^ 5, . (2.20)
where the constant E5 is independent of m.

Proof From (1.6) it follows that

(M^-JMmt+V*9>(Mm) - / ( w OT), A2pum)=Q . , (2.21)
Since

(Apumt, Apum) = y  ~ \\А Ч тЦй,

(V-9>(ww), A2pum) = ( # •  V-9, Apum),
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-  '■ •' - - ‘( # + 4 *  A O

By the Corollary to Lemma 3, ||wm§A,<.®3, and the hypothesis <p(u) £G 2p+1(Q)p 
f(u ) £O ap(Q).y it follows that ,

| A’uJ l<a(!V^+4,I!,+ !4%|!.), .
-  ,| ( - / ( < > ,  Аач т) I =  j ( - # / (« * > ,  J4 .).j < 0 (i+ M 4 * !II .) .

Thus from (2.21) it follows that

By using Gronwall’s .inequality, we obtain (2.20).
Lem m a?. Suppose that the condition^ of Lemma 8" are Satisfied, and assume 

that <p(u) £.Ск+1(0 ), f(u )  £0*(Ф)> # > 1. Then for the solution um(a>, t) of the problem
(1.6) (1.7) we haw

' (2 .22)

where the constant E$ is independent of m.
Proof As #=*= 1, differentiating (1.6) with respect to t, multiplying the 

resulting relation by ct'sm(t) and humming up for s from 1 to m, we obtain

(Umtt AumttA (V*9®(Ufn) ){ f  (u/fn)uitnt) Uffttt) ~ 0. (2.23)
Hence

1  + ''mtt 1 la ̂  I ( (f?  ° Ф (Ujm) ) t) Umtt) | “b | (jf (Um)Umt, Umtt)  

Pi (Мщ)Umt°U-mssiy Umtt)4=1. , '■ . /  * .
/ »
(23 4̂'(Wm)Wmett> Umtt) | ~b | ( f  (um)umt>
4 = 1  ,

+

<Max||9>4 (wm) ||i.* |Ujnt( J • 23IN««<|£.‘ \\UmttIU, .
* 4=1

+  Max (| p' (um) || b. • 2  (| Unett [| Ьг I Wmtt !| L„
i  4=1

. + \\f'(um) Л | || As I I
<  О J umtt j £, (by using (2.13)(2.16))

Y ^ 2.

(2.22) is true as jfe=»l. Now suppose (2.22) holds as Ju. Differentiating (1.6) To times 
with respect to i, multiplying the resulting relation by L t+1asm(t)} and summing 
up for s from 1 to m, we obtain

(D?umt-DUumt+L?(V>p(um))  ~ D kJ ( u m), Afc+1«m) = 0. (2.24)
Since

( 5 ^ t,D ?+4 , )  =  № C+4 ,!!L
(DfAumt> D?*tO  - 14D*+1um) I!„
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|дао*), ВГЧ.) I <-^lBr4.1b+c'|vB?M» | | | , рГиЛ+а,, 

I (WOO i B“%«) I < A|| в?+Ч,IIl. +o\ВЯ. 11. <-y Iвгч.IIl  +oa,
(2.22) is true.
( Theorem 2. Suppose that the conditions of Theorem 1 are satisfied, and assume 

that ..  • j ;

г ( i ) » > w e o “« (Q ) ,/(« )e o * .(o ) .
(л )  « „ ( * ) е я * « ( о ) п я г ( о ) ,  ::

then there exists the global smooth solution u(x, t) for the problem (1 ,1)—(1.3),
«(», i) G i~(0, T; Я Й+1П HJ), MuGL~(0, T; j - 1 ,  /&-Ы.

, Theorem 3 (U niqueness Theorem ). Suppose that q>(u) GO2, f(u ) GO1, and 
щ(х) GH l(Q). Then the smooth soluUqn of the problem (1 .1)— (1.2) is unique.

Proof Suppose that there are two solutions u(a>, t)and v(x, t ) . Sotting £—u—v, 
we can derive the equation

-  ( / (w ) - f ( v ) )  = 0. (2.25)

Since

where

where

' П П '

Ч '< р (и )~  V » <p(v) = 2 ( <Piu(u)  -  Pin ( v )  ) Uat +  2 3  Pin( V)  (w*,-  fl«()i=»l =̂al

(« * -« * )»i=l i=l

min (m, v )  <£<Мах(м, -r),

/ ( « )  - / ( « )  = /'0 ? )  ( w - v ) ,

тдп(м, 0) )< 17<Мах(м, -г),
multiplying (2.25) by £ and taking the inner product, we obtain

О - (ли 0 +<y.?>(«) - v-pO), £)-(/(«) -/(«), 0 -o.
Since

(C* 0

j (V*?>(m) — V»?>( )̂, £) |<O r(||£ |!1 +  |V£[|£i),

I ( / ( « ) - / ( • ) ,  С) I ^ i l C I L
it yields

By using Gronwall’s inequality and £1^0=0,-. V£| *=,<>=0, the proof of the theoram is 
completed.
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§ 3. The System of Multidimensional GBBM Equations

Now we consider the following system of multidimensional GBBM equations

l l , - J i l ^ g - ^ g r a d 9> (M )-/(tt) . (3.1)

with initial-boundary conditions
М|*=о=«о(а0, « U = 0 ,  (3.2)

where U = (щ, •••, uN) is a vector valued function, q>(if) — <p (щ, •••, u ff  is a scalar 
function Of variable vector U, f  (if) =  (/i(tt), •••, /^(*0.) is a vector valued function 
of variable vector U. “grad” denotes the. gradient operator for vector5 if.

For the problem (3.1) (3 .2 ), we also apply the Galerkin method to establish 
the existence and: uniqueness of the global smooth solution. Let basis {щ } be the 
eigen-functions of the problem (1.4)' and suppose that the approximate solution for 
the problem (3.1) (3.2) as follows:

1 ■ Yft ;
(as), (3.3)

where Um(x, t) = (umi (%, t), —, umN(x, t)), ajm(t) — (a}mi(t) , ajmN (t) ) are
functional vectors. According to Galerkin’s method, these coefficients need to satisfy 
the following initial velue problem of system of the ordinary differential equations

h Я ' ’ '
(ЦтИ) Ws) (dumft, Ws~) +  2  — grad <p(ttm) , W«) ( j U)g) = 0, (3.4)<=i dXi

Z*»l, 2, 8=1, 2, m,
umi\t^o=Uomi(x), 1=1, 2, •••, N, (3.5)

Я2
where Uomi(x)------- >МогО»), m->oo, Z=l, 2, •••, IV, and

WmJ (a?, O'= §̂J OfmJ (0 %  (a?).

In a way similar to what we have done in § 2, we may establish the a priori 
estimates for the problem (3 .4 )(3 .5 ).

Lemma 7. Suppose that the following conditions are satisfiedг

( i ) <p(u) £ C 2, | flIf-/(ll)da:<6jfl If-If dx,

where

«•/(w ) •••, мдг), 5 =  const.

( i i )  Uo(x)£Hl(Q).
Then for the solution of problem (3.4) (3.5), we hme

1 0  ЦлахЬ."!- I ( 3. 5)
where the constant E0 is independent of m, md
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I LaxL„ =  2jj i VMmJ J i aXL„°

Proof Multiplying (3.4) by asmi{t), and summing them for s from 1 to m and 
for l from 1 to N, we have

(tymlt) dml) (̂ Мтй» Umi) "b Pumt(Wm) f l (W«)f 0. (3,7)

Since
w I d

Uml) s=s'o’ ~Vr'||Wmlil>
N

i= • Mml) —

2 dt 
1 d
2 dt m  II L t >

i§ S  (” _i§ «§ Jo g  «.I.,*!

- I I
N  К

^j( fl(Um1, *"•, Wjni) , Utftl) ^&^^(мт{, WOTj) = 6 I ttm I Lit

from (3.7) it follows that

'т||£>*

By using Oronwall's inequality, there is
• ; . ; ||«m(0 lli +  |V «m( t ) l | â e^C«^C0) ||!, +  ||VfV(0) Ц.) =(7,

Hence the estimate (3.3) holds.
Lemma 8. Suppose that the conditions of Lemma 7 are satisfied, and assume that 
( i )  < p ( u ) z o % f ( u ) e o \

( i i ) 8aq>(ll)
8щдщ <  A \u\ n~2 +B ,

Ъ, l —1, N, п^З,
\ f ' ( u ) \ < A \ u \ s/n+B,  

where A and В are positive constants.
(iii) Щ (a) €  Я а fl Я  J, as -  (%, -■ •, a;„).

ГЛеп /or йе solution of the problem (3.1) (3.2), Йоге are fTte estimates 
iIJigXl,» +  [[ VMmt |[ХаХХ-„~b f| Eaxi„~b

where the constant Ег is independent of m.
Proof It is similar to the proofs of Lemma 3, Lemma 4, and Lemma 5. Hence 

we have the following theorem.
Theorem 4. Suppose that the following conditions me satisfied:
( i )  q>(u) ё С 3, and

даф(и)
dui&uyi

where A and В  me positive constants. 
( ii ) f  (w) 6 CP, and

=^.41U | n~2 + jB, Jo, l —1, 2, ‘”tN, n^3,
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2(*«b /«(%,- —, M^))<b||tt(|L 6 =  const. l=i ог<3,
| / ' ( и ) |< 4 |и |8/п+.В,

where 4  and В are positive constants.
Then there exists the global generalized solution u(x, t) for the problem (3 .1)—

(3.3)
«(*, 0  € i ~ ( 0, T; H \Q )  Л m ( Q ) ) ,
Ut(x, t)£L~(Q, T- E \ Q ) Д Я 5(А )).

Theorem 6. I f  the conditions of Theorem 4 are satisfied, and
( i ) р(|*)е^чя),/(#)€о»(о),
(n )  tto (^ )e ^ fc+i( i2 )n s5 (^ ) ,
i/iere exists the global smooth solution u(x, t) for the problem (3.1) (3 .2),

* и ( х ^ ) е В - ( 0 , Т ; Л ^ П Е д
B}U(x, t) Gb~(О, T; Я*+а-' n Я5), j  =  l ,  2, Ъ+1.

Theorem 6 (U niqueness Theorem ). Suppose that <p(u) 6 0 s, / ( « )  GO1 cmd 
«о(®) € Я  5(0). ТЛеп the smooth solution of the problem (3.1) (3.2) is unique.

§ 4. Asymptotic Behaviour and "Blow up” Problem

Now we are going to study the asymptotic behaviour as t-^oo and “blow up” 
problem of the solution for generalized GBBM equations.

We consider the following class of system of GBBM equations

ifc-4 lfc+ g-~-grad 0> ( « ) - / ( « ,  t, U) (4.1)

■with the initial-boundary conditions

«|*-o-Wo(»), ‘ (4.2)
« |e o -0 . (4.3)

Theorem 7. Suppose that the generalized solution u(x, i) of the problem (4.1)
(4.2) (4.3) exists for any 0 < T < co  and assume that the following conditions are 
satisfied:

( i )  N  x N  Jacobi derivative matrix f u(x, t, u) is nonpositive-semibounded,
i . e., there is a constant b<  0, such that

u ) e < b \ W  (4.4)
for any £ £  Rn, where denotes the scalar product operator of two N-dimensional 
vectors and |£ |2 =  £*£.

(ii) f ( x ,  t, 0) Gia(Qeo), where (0, oo).
Then the generalized solution u(x, t) of the initial-boundary value problem. (4 .1)—
(4.3) has the asymptotic behaviour
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oo
(4.5)

(4.6)

Proof Taking the inner product (4.1) with u(x, i), we have

~ Ii3 U'^û a>> ^ vu ) ud x+ j^ f (x ,  f, 0) ‘Udx

<b\\u(»,  0 I S ,+ 8 |« ( ' ,  0 ) \zdx,

where we take d> 0 such that 6 + 8< 0. By using Gronwall's inequality, it follows 
that

!«(•, OIIS.+Iv«(-, ()!!.<«2<,+*,‘{l«oWI.+lv«o||!.+il/(a!, (, o)|«ej}.
The theorem is valid.

We consider the following quite wide class of system of GBBM equations
Ut—AUt^fCu, Vu) (4.7)

with the initial-homndary conditions

tt |#=o=M0(a), (4.8)
u \qq=0.  (4.9)

Theorem. 8. Suppose that the following conditions are satisfied:
( i ) N -dimensional vector valued function f  (if, Vu) admits the property

| o « . / ( o ,  Vu)d0S > O ^ ( \ u / - ,  «)III. +  |V «(., 0 1 У , (4.10)

where O0> 0 and the integral

I > (г) < 00° (‘4 ‘11^
( ii)  the norm || и0|| £.«?)+ fj V«0 |n*co> is not zero.

Then for the generalized solution и (x, t) of the initial-boundary value problem (4.7)
(4.8) (4.9), the norm ||м(», t) ||£a+  |V li(', t) |jts tends to infinity for a certain finite 
value of t.

Proof Taking the scalar product of the system (4.7) and the 17-dimensional 
vector и and integrating the resulting relation over Q, we get

I  А-|я(-, Oli.+i|r-aj-|v«(-, O lb-j„/(«> v«).«<to
>O o^(|B (., *)1L +  |V «(-, <)(!.). (4.12)

Hence (4.12) becomes

A
dt ■w(t) >2О0ф (w (t) ),

where w(t)  -  |« (* , i)\\l,+  \\Vu (•, t ) \ l ,. This shows that when the initial value 
w(0) =  ||Mo||is +  ||VMo||!a¥=0, w(t)  tends to infinity for a certain finite value of t.
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