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ISOPARAMETRIC FINITE ELEMENT METHODS 
FOR NONLINEAR DIRICHLET PROBLEM

L i  L ik a n g  ( Д . & . Д ) * * *

where x = (xt , x2), and Q is a hounded open subset of R 2, its boundary Г  is 
sufficiently smooth. In  [1] and [2] Douglas and Dupont obtained an approximate 
solution of (1.1) by F. E. M. with penalty. In  § 4 of [2] Douglas also obtained an

space is a finite dimensional subspace of W%(Q) f]0 1(Q). In this paper we obtain an 
approximate solution of (1.1) by the isoparametric finite element method. Moreover, 
the finite element space is a finite dimensional subspace of The method in
this paper is a straightforward generalization of a method in [3] to the nonlinear 
case. In  § 2 we shall give triangulation and some inequalities. In  §3  we 
shall prove existence of an approximate solution. In  § 4 we shall evaluate the 
error ||w* — and Ju* — uI\\0,q, where w* denotes the solution of (1.1) and u\ 
denotes the approximate solution with numerical integration being taken into 
account. For simplicity, we shall not evaluate the error ||w*—utb,\i,o and the error 
\u*—uI \q,q, where u\ denotes the approximate solution without taking into account 
numerical integration.

In this paper О denotes a generic constant with possibly different values in  
different contexts.

For l< p < o o  and n, a nonnegative integer, let Wn,t(K) be a Sobolev space.

Abstract

In this paper, the author solves the nonlinear Dirichlet problem with nonhomo- 
genous boundary condition by use of the isoparametric finite element method, and 
obtains the optimal error estimate.

1. Introduction

We consider the nonlinear Dirichlet problem

(1 .1)

approximate solution of (1.1) by F. E. M. without penalty, but the finite element
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bet || • {j js: and [| • ||п,р,я be the norm and the seminorm on Wn,p(K) respectively., 
W henp=2, we write H n(K )  =  Wn’\ K ) ,  ||»!„,* = || • [„,**, | • !„,* = | • \„,2lS.

§ 2. Triangulation and Some Inequalities

For simplicity, we only discuss the isoparametric 2-simplex of type 2. Such a- 
finite element is discussed in  [3]. Here we briefly describe them. Let J t he a reference 
finite element of an isoparametric family. We take i t  as the triangle 1 \б А в , which 
is described in Fig. 1 in [3]. Let К ш  (&=1, •••, m) be all boundary elements and' 
K m  (i= m -hl, • ••, m + m0) be all interior elements, where consists of OB and' 
A B  and arc О A  on Г п as shown in  Fig. 1 in [3J. For simplicity we denote

m+m0
(ё=1, •••, m) and Кц = К т (ъ= т + 1, •••, m + m 0), and we have Qk= U  K 1(. I n

<=i
general, Qh is not equal to Q. In  this paper we take K 2Bi (i= 1, •••, m) as boundary^ 
elements, where K 2Bi consists of segments OB and AB  and arc OEA  on Г , as shown 
in  Fig. 1 in [3]. We denote by K m  (& =m +l, •••, m + m 0) the interior elements 
which equal to K m . We also denote K 2i= K 2Bi (®=1, <•••, m) and K 2i= K 2Ii ( i= m + 1,

_ m+m0
•••, m + m 0). We have Q=  (_J K 2i. Let hKu = d i a m , h= max Ьки. We assume

i=l l*Hcm+m0
that triangulations satisfy the regular condition in [4]. We knowM that there exists 
an isoparametric mapping FKi: t t - ^ -К ц ( i= 1, m + m 0). Let Й 0 be a bounded
open convex subset containing K . We also know1-31 that the inverse mapping of F K( 
on exists for h<h0, where h0 is sufficiently small. Let K i= F Kl(K °). We have-

/-Ч/ m
j p l * .  Let Gy = К  y \ K 2j, Q2j = jK 2j \K  y, Q,j = Gy UG23 ( j =1, •••, m), Gx= UCru,

m 3=1
G2 = U ^ 2;v G = Gx\j Of2* Let Bj ( j = l ,  •••, m-x) and J,- (j= m x+ 1, % + m 2)

3=1

represent boundary nodes and interior nodes respectively. We denote by P2 (K°) the 
space of all polynomials of degree < 2  on Й 0. We define

V h = {w% (xly co2) | wh (®i, x2) G 0° (Q) , wh (®j, x2)

= Wm (4 , ®a) • F k] on К 2 where wM (coy со2) G Д  (^°) }.

Let g be a continuous function defined on Г . We define

F f=  Oi, %) | (%, x2) GF&, = д(Ву) ( j = l ,  —, % )} .
W hen g = 0, we denote V \ ^ W

T heorem  2.1. Let wk(x1} x2) GF®. ТЛегс

| Wft (%, co2) \ 2ds<,Oh5 \wb(x1} x2)\4xxdx2, ®==1, m,
* 7i

where y t = К щ [)Г.
T heorem  2.2. Suppose that p(%, ж2) GF&. Then
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x2) I2dxxdx2<,Oh2 \р(овь x2) \4xxdx2, 1=1, 2; j= l ,  •
JOj J Kij

T heorem  2.3. Suppose th a tp (яi, x2) €F&. Then
<̂2) 1 ,ej<Oh2\p(Xl> X2) Z==1, 2; j= l ,  •••, m.

Proof of Theorem 2.1—Theorem 2.3 could be found in [3].
Let u (zH 2(Q), and 1ГЙ be an interpolation operator, which is defined by 
( i ) HhuG Vm
( i i)  n hu(Bj) = u(Bj), j = 1, •••, vm,
(iii) n nu(Ij) = u(Ij), j= m x + l,  •••, m1+m 2.

Arguing as in  the case of § 4 in  [5], we could obtain
'||м—Я йм||„,о<;ОЛ3~п||м|з,а, n = 0, 1,

m.

1[ m+m 0 -\12
2  \и -П ъи\1 ,Ки <Ой3_п|м |3,а, n= 2, 3.
i=»l *J

( 2 J )

(3.1)

§ 3. Existence of Approximate Solution

P roblem  P :  Find и £  H 1 (Q) such that 
\u = g {x), х £ Г ,
\  (a (x, и) Vm, Vv) = ( / ,  v), \/v £  -Ho (O).

In  general, we do not know if the weak solutions of (1.1) are unique. However, 
under some conditions1-1-1 the solutions of Problem P  are sufficiently smooth. Douglas- 
Dupont-Serrin1-6-1 have proved that the solution of (1.1) is unique under certain 
conditions. Thus, under certain conditions the week solution of (1.1), i.e., the 
solution of (3.1), is in fact a classical solution of (1 ,1). Under these conditions we 
discuss the approximate solution. These conditions may be found in [9], we omit 
them. But, we notice that the assumption about a(x, m), f , g  and Q in  next 
paragraph will guarantee that the weak solution of (1.1) is a classical solution, 
which exists and is unique.

In  this paper we assume that a(x, и) is a sufficiently smooth mapping of f i x R  
into [«o, odj, where «о, are constants satisfying 0< ao< « i< °°, Q is a bounded 
open subset of R 2 and satisfies QczQ. Moreover, since h—»0, we will make the 
following assumpation

Qha£2 for all h.
"We also assume that the derivatives of a(x, u) through certain order are bounded 
on & X R, g is a trace of 0 £ 0 3 (Q), f  is sufficiently smooth defined over Q and 
m£ H 3(D). Because J 1 is sufficiently smooth, there exists an extension operator E: 
H 3(Q)->H3(R2) , i.e. for all м£ Н 3(,0), the function E u Q H 3(R2) satisfies E u \q 
=u  and, besides, the operator E  is continuous, i. e., there exists a constant 0(D)
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su ch that
|ЯмЦ в,о<0(£О И *о, Vw<E#3(G).

In  what follows, we will assume that solution w* of Problem P  is defined on R 2 and 
satisfies above inequality. But we omit E.

Problem Pft: Find uh£V i such that
(a(x, uh)Vuh> VO = ( / ,  O , Vvh£V%. (3.2)

щ  are the approximate solutions of Problem P .
Now we prove the existence of Problem P h.

; Let «и be a certain element in Vi.
Problem P'h: Find uM £  V I such that

(a(x, Що+и^Чщо, VO = ( /, О  — ((a(x, Vwfti, VO, V^GF"?. (3.3)
Theorem 3.1. The mapping 8: V b ^V l, defined by 

(a(x, uw+uhi)4 S u h0, V O  =  ( / ,  О  -  (a(x, uh0+uhl)4uhb V O , ' i v ^ V l ,  (3.4) 
exists and is unique.

Proof Let щ  be an arbitrary element in the space V b  Using Theorem 2.2 and 
Theorem 2.8 and Рошсагё inequality, we have

(a(x, Uho+Ujii)Vvfr, Vv%)'^‘aollVb\i,o~ao[.\‘Vjl\i,Ql>+ \%\i,Gi~ |^r|?.gJ 
> U [|W Ii-o» — 1^1 i.g] =“0[|W i>o — ||Oli*St+
> 0 [ \ Ы 1 а - 2 \ Ы 1 о 1 > 0 \ Ы и  (3.5)

the last inequality holds for h sufficiently small.
From (3.4) and (3.5) we easily know that solution 8им of (3.4) exists and is 

unique, i.e. the mapping 8  exists and is unique.
Theorem 3.2. The range of 8  is contemned in a ball.
Proof Let Mfco be an arbitrary element. The particular choice Гь=8що in  (3.4) 

gives
ОI V8um I о, a^  I /1 о, a 18ujto fl o. a+ «1II иы II i. a I $%> || i. o- 

The conclusion of the Theorem follows from above inequality.
Theorem 3.3. The mapping 8: F3—»FX defined by (3.4) is continuous.
Proof Let sequence {w„} in VI be convergence and щ  be an element in VI such 

that u„->Uoin VI. Since 8  is bounded, sequence {8un} is also bounded. Since VI 
is finite dimensional space, we can extract from [$«„} a subsequence {8u„} such that 
{8un}  converges in the VI. Let и be an element in VI such that 8ищ -* w in  VI. Now 
we prove и —8щ. We have

(«(ж, мп<+Мы)У^м„(, V O  =  (/, О  - (а(ж, wn<+MM.)V%i, V O ,  V46F2.
Let us fix vjt in Vo, above equalities converge to

(a (x, щ + ubl) Vm, V O  =  ( / ,  О  -  (« (ж, Щ+Ubf) Vum  V O , €  V t  (3.6)
From (3.4) and (3.6), we obtain и=8щ . Since и is unique, sequence {Su*} is 
«convergence, we thus have proved our Theorem.
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Theorem 8.4. Problem P% has a solution.
Proof Problem P b and Problem P'h are equivalent. Using Theorem 3.2 and 

Theorem 3.3 and Brouwer fixed point theorem, we see that operator equation u%= 
Su-h has a solution. We denote by Щц the solution of %=$?%. Obviously, uw is a 
solution of P'h. Therefore Що+иы is a solution of Р л.

§ 4. Error Estimate

For simplicity, we only consider error estimate with the numerical integration 
being taken into account. Using the same method, we could obtain error estimate 
without taking into account numerical integration.

Let /(% , x2) be a continuous function defined on Q. We have
t . m f m+mt C

f(cci, (c^dxxdx2 = 2  f ( x 1, x z)d x id x2+ 2  f ( x±> x2)dx±dx2. (4.1)
JQ jssl J Ktt i—iti'i-lJKif

Let К  be an arbitrary interior element and F K be an isoparametric mapping such
that К = F K( l t ) .  If /(®i, x2) = /(« ! , x2) ‘Fx1, then we have

/(®t, x2)dx1dx2^  x f)J PK(xly x2)dxxdx2, (4.2)
JK JK

where J Pk(x*, x2) denotes the Jacobian of mapping F K. If we apply the quadrature 
formula over dt

L ^ d x id x ^ ^ & r f i& i i ,  $21), (4.3)
J Л X—1

where 0(2=1, •••, L ), then we have the quadrature formula over К
' L

J (x i ,  ®a)dxxdx2~ 'y i a)[,Kf  (fins, b2lK) ,  (4.4)
к 1—1L

where
' Oil, x ~  d)iJрк (fill, hi),
' biK= F x ( h ), k  =  (Ьц, hd, 

. bix — (film, b2ix) .
(4.5)

We denote

E (? )  = L /O ^ , x2)dxidx2~^dbi?($lh t 2i) . (4.6)
J K  1=1

In  what follows, we assume that иn, bh (3=1, •••, L) satisfy the following conditions:
( i )  E (vJ Fk) ^ 0, \ jv ^ P 2(K ),
( i i)  $ (£ )= () , V ^ P 2( 1 ) ,  (4.7)
(iii) E  (vw) =0, Vv €  P i ( i t ) , ги(ЦР2 ( i t ) .
Let S  be an arbitrary boundary element and F% be an isoparametric mapping. 

We shall apply the Same quadrature formula (4.4) for boundary element i t ,  i. e.

L f(x 1} x2)dxidx2~ y \  <x>i,xf (finx, his),
J к i-i
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where a>a and bi% are defined by (4.5).
Define

A(y; u, v) =  (a(x, y)Vu, Vv), ' (4.8)
m+nio L

Ah(uh; щ , vf) =  '̂ o>iK-ud(biK<u, u7l(biK„))Vub(buCb)Vvil(biK,?), (4.9)

f ( v ) ~ ( f , v ) ,  (4.10)
m+m„ L

f*(vf) “  ^<*>iku f(biKt)Vh(biK„). (4 J  J)

Problem P n: Find % £  F f such that
A%(ub] %, vf) = / 7ь(%), Vh^GF®. (4.12)

Theorem 4.1. The mapping B: V l-^V i, defined by
А%(иы+им; Вщо, v%) =fh(vf) — Ah(uho+Uh±; иы, vf), V^GF®, (4.18) 

exists and is unique, where Uhi is a fixed element in VI.
Proof Using the property of a(x, u) and the Theorem 4.4.2 in  [4], we obtain

Ah(им + u>hi, uh, uh) > 0 \u b\l,Qh.
By Theorem 2.2  and Theorem 2.3, the following inequality holds.

Ah(%o+ Uhi, Uh)>0\\uh\\i,Q. (4.14)
The conclusion of Theorem follows from above inequality.

Theorem 4.2. The range o f В is constrained in a ball.
Using the method of § 4.4 in [4] and arguing as in the Theorem 3.2, we could 

prove our Theorem.
Theorem 4.3. The mapping В is continuous.
Theorem 4.4. Problem P h has a solution.
Using the same methods in the Theorem 3 .3  and Theorem. 3.4, we can prove 

that Theorem 4.3 and Theorem 4.4 are exact.
Let us next tu rn  to the error estimate.
Let u*h and и be solutions of Problem P b and Problem P  respectively. Let Vh be 

an arbitrary element in V i. We can write

Ah(u*h; ut — Uh, u*h- v f )  =*A(u*; u* -  vb, u*h- v f )  +A(u*-, vb, u*h-Vh)
— Ah(ul; Vh, u\ — vf) +  [fh(ul~vf )  ~f(u*h~Vh)]
-  [A (u*; u*, ul -  vb) - f  (u*h vf) ]

-  A  (u*; u* -  Vh, ul -  v%) +  IA (u*; vh, ul - v f )  -  A  (ul; vh, ul -  vf) ]
4- [A(ul; Vh, u l vf) - А ъ(и1; vh, u l-v f) ']
+ lfh  (ul -  v f ) - f  (ul - v f )  ] -  \.A(u*; u*, ul -  vf) - f  (ul - v f ) l . (4.15)

Now we estimate each term on the right hand side of (4.15). We denote each 
term on the right hand side of (4.15) by I, II, III, IV, V respectively. We have

111 — Vh\l,Q\ul — «ft11,0. (4.16)

| II | ^и ||а(а;, u*)—a(x, uf) ||o.3.fllwft||i,6,fl||%~- 0&|з,,о. (4.17)
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Using the method of proving (4.19) in  [3], we could obtain
i/ m+m0 \

|Ш |< 0 Л * (  g  к ц ,* , , )

Using the method of proving (4.21) and (4.24) in [8], we could obtain 
|IV | =  I - / ( « : - «*)  I < OhzI / 1|2,q,q||ut — Vh\\i,B) 

where q>2. We may write

(4.18)

(4.19)

|V | =  | a(x, u*) -— -(%  -  vh)ds . 

By Theorem 2.1, there exists constant О such that

(4.20)
Taking Vb=IIbu* and using inequalities (4.14) and (4.16)—(4.20), we obtain 

\ \u t - n hu%,Q<Oih2+ 1|a(x, и*) —б5(®, %) | 0,з.о].
Since

IN*- мл|о,з,о^и||м* —г5л]|^д|м* —
and

|]<г(а), и*')— а(х, %) Цо.з.о^иЦм*—Мд||о.з.О)
we obtain

1к*-^11.а< и [Д 2+ |г5* -^ ||о ,с] . (4.21)
Let L * be an operator defined by

L*v= — V» (a(x, u*)Vv)+au(x, u*)Vu*>Vv.
By assumption in  § 2, we know that operator Л  is well defined and that the solution 
X of the following problem

{ L 'x ~ u * -u l, x £Q,
U = 0 , х £ Г

belongs to H %(Q) П Щ (О ) . Moreover
1% I г, % || o,o. (4.22)

Therefore

К - З Д . А - («*-£ ;, l *x)
== (м* -  ul, -  V • (a (x, u*) 4%)) 4- (m* -  ul, au (x , «*) Vw* • V%)

■= ,(V (m* -u>l), a (a), m*) V%) -  (x, м*) (м* -  m£) ds

+  (m* -  гг*, (a), m*) Vm* • V%)

«=J.(m*; «*, %) ~^4(%; ■%, *) +  ([<*(а?, m*) -  «(a;, m*)]Vm£, V%)

+  (й„(а), it*) (m* -  ul) Vm*, V^) - « (« , « • ) ( « * - « ; ) ! * - &dn
— -4(m*; w*, %) ~A (ut) ul, x) +  ( (m* -  ul) au (x) V (m* -  w;;) 

+  (u* -  mJ) (a>) Vm*, Vjc) -  a (x, u*) (u* -  u\) ds

-  [ 4  (и*; u% х - Ц ьх)  — A  (ul; й\, % - Я й%)]
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+  ((«*- «*) «« («) V («* -  Mft) +  (m* -  ut) 2am (x) 4u% V# )

+ [A(w*; и*, Пь%) — A(ut; ut, Щх) ] -^а(® , м * Ж '-^ ) ||-

where

®« (*) = Jo «« (p, u* — t (u* -  ut )) dt,

«««(*) =  [ (l-tf)«u«(®, u * -t(u * -u t))d t,Jo
We may write

v . A(u*-, v*, Щх) — A(ut; ut, ЩХ)
= -  lA(ut; ut, Щх) —Ah(ut) ut, Щх)] + [ /(В Д  -Д ( Я а ) ]

-b Jr « (a;, u*) ITh% ds.

Define

2 h(u; v, w) =  a(x, u)4v*4wdx,
. J о»

We may write
A(ut-, ut, Пь% )-Аъ(и% ut, Щх)

4 ' = i'Ahiut, ut-Щи*, Щх) - A h(ut‘, u t-Щи*, Пъх)]
+ lAb(ut‘, Ппи*, П%х) —Ah(ut) Щи*, Пъх)1 
A u%, dljix) Ajî Uji, uh, IfuX) J •

Arguing as (6.18) in [7] and (6.19) in [7], we obtain
|A h(uf, Щи*, Щ%) —Ah(ut; Щи*, Щх)\<ОНЦи%,0\\и*-й1и,0, 

\ I h{ut-, u t - n nu*, n hX) - A h(ut; u t-Щи*, ЩХ)[
■ ̂  Oh || ut — Iljfii* (I i, q I u* — % I о, a 

[Л3+ h I u* — ut || i, о] 1 u* — ut Ij o. a- 
By (4.27) we may write

A(%; ut, Щ%)-2b{ut) ut, Щх) '

= f a(x, w t)4 u t» 4 n bXd x -  | a(x, u%)4ut°vnbxd®e

Arguing as (3.27) in [8], we obtain
1 A(ut\ ut, n b%) - I b(ut', ut, n hx)\<Oh3\u*-ut\\o,Q'

Therefore
| A(uf, ut, Щх) ~ Ah(u*h) ut, Щх) |

<;0[/&3 + /&||w* — Mftj|i,o] IU* u%Io,fl.
We may write

f ( E b%) —fh(JdbX) = f /Щ х dx ~/ъ(Щ%) +  T / Щх d a -  f f n h% dx].
JQh i-jQ\Qb J Qft\Q J

Using (4.24) in  [3] and (3.36) in  [8], we obtain

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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2, af /ПпХdx — f f l l b%dx <Ohzl/lUa-S 
JO\Qh JOh\Q

^ 0 ,̂ 3|/|2,5>Э|м*~Мд| о./0>

[ fH b% d x - f b( n b%) <0&3! / |3,oJw*-M£||<>,fl,
J Oi,

By Cauchy inequality and Theorem 2.1, there exists О such that

(4.30)

| a(x, u*) dn ПъХ ds
- m i

1 2

4 = 1

« S C W V U J S  | |z - f f a K ,j t . ,+ 24 = 1  7=3 J

1 
T 2

(4.31)< д а | |М*||2(а№2|и ||1т+ й |и ||!т]^< С Д 3||м*||21£,||М* - ^ ||о т .
Combining (4.26)—(4.31), we obtain

И(«#; «*, Пь%) —A(u%; «J, Яа ) | <0[Д3+Д||м*-^||1)£)] \\и*-йЦ0,а. (4.82)
Let us next tu rn  to the error estimate of another terms in (4.23).

: We may write -
A(u*\ м*, %-Пь%)~А{и1) ul, %-Пь%) ' Л-■■■ ;.-v

= A{ul)u*-ut, % -Eb%)A(^u(Kx)(^-u l)V u * ,4 {% -n b̂ x)').
Therefore

|J.(w*; u*, x - t i hx )-A (u t ; ul, х-П ъх)\<0\\и*-й1\\ьа\\х -Л Ах\\1,Ъ:
<ал||м*-м;(|1.в|мв-м;Цо,в. (4 .зз)

Using Cauchy inequality j we have

| ( (w*- ut)au(_x)V(m*- mJ) +  (w*-  v?i)2auu(x)Vm*; V#) ]

^СЦм* —Мд||о;з.о||м* — —Мл[о,з,а| |м* —M*||i,fl||x|2,o
. 3

(4.84)^0||ад*—ua\ 2a ||m* —

Obviously, the. foHowing equality holds:

f a{x, M*)(M* - ^ ) - |^ d s = f  a(x,u* )(u*~ nbu * ) ^ d s  Jr on Jr OS

+  f a(x, u*)(nhu * -u t)-^ -d s . (4.85).J Г ОУЪ
Using Cauchy inequality and Theorem 2.1 and inequality (1 .2 .3) in [4], we obtain

Jr  a(x, и*) (Пьи* -  lit) ̂ d s \ < 0 \ \  Пъи* - и Ц , — IIdn II о. r
9 5

<Oh*\\nbu*-% \\lia\\xh  о< с1к2+ ь Ц и * -^ \\Ьа] !м*-«;||о.и, (4.36);

f a(x, w*)(и* — Пьи*)-|p-ds < 0\\и*-Л ъиЪ , г \Ш \Jr on \\ on \\o,г
■ <^0|ад* — ЯйМ*||о,г||м — Mftfo.fl.

Let us tu rn  to the error estimate of \\u*- ПАи*\\0,r. Since u* = G over Г  and GQ 
0 s 4Q), we have
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y -n m * \\o ,r< \\u K- Q - I I b( ^ -G ) \ \o ,r + \ \a - n bS\\0tr
~ \\n b(u*-G )\\0, r + i G - w \ \ o , r

5 r m i 2
<ед5[§1№(«*-<?)||?.л,] +oj?

5 r  w  m

« W j  2 K - ■ -  Gl  U

m -i 2
+ 2 1 < ? - а д | ! . г . 1  + « > 8-<=l J

Bince Ф —О-й. Hy{Q) П Я а(А), there exists О such that
Ш
21и*-А|!.г.<ол|«<*-а||5. a.

Therefore, we have
\\и*-Пьи*\0,Р<ОЬ*

and

n ^ ) 4 ~ d son <Ch*\\u*-%\\o,a. (4. ST)| a(x, u*)(u*

Combining (4.35)—(4.37), we obtain

\ r a(«, u*)(u*- uV)~^ds\ <C[h3+h\\u«- uth, o] (4.88)

We could obtain the following inequality by combining (4.23), (4.82)—(4.35) and 
(4.38)

» « * -^ |о .е< а № 3+ д ||м* - ^ |и .0+  -  t a u t ] .
From above inequality, we obtain

(4.39)
Using (4.21) in (4.39), we see that for h sufficiently small

I w* -  10,0+A | «* -  «111, O< 0  №3 + 1 «* -  u\ 1 s. o]. (4 .40)
Arguing as § 4 in [9], we may prove u*h weakly converges to u* in H X̂ Q) and 
Strongly to w* in  L 2(Q). Thus, we obtain the following Theorem 4.1 from (4.40).

T heorem  4.1. Let u* and ut be solutions of Problem P  and Problem Pn 
respectively. Let the coefficients in  (1.1) satisfy the hypotheses in  §8. Then we have

I u* — ut I о, о+ h jj u* — ut 11, q <  Oh3,
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