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UNIFORM BOUNDEDNESS AND UNIFORM ULTIMATE 
BOUNDEDNESS 6 f  FUNCTIONAL DIFFERENTIAL 

EQUATIONS WITH UNBOUNDED DELAY* * *

H e Min  -Ю * *

Abstract

In  this paper, the author uses the Liapunov direct method, comparison method and 
“forgetful" functional to prove four general theorems about the uniform boundedness of 
the solutions of functional differential equations with infinite delay. Also, these results are 
effectively applied to Volterra integral-differential equations.

§1. Introduction

Boundedness of solutions of differential equations is a subject that has been paid 
close attention by many scholars. This is not only because it is important in stability 
theory, but also because many other nice properties of solutions can be obtained with 
the aid of it. For example, for ordinary differential 'equations, uniform boundedness 
and uniform ultimate boundedness imply the existence of periodic solutions (e.g. 
T. Yoshizawa’ s theorem on existence of periodic solutions). Therefore, how to realize 
the conditions for boundedness is a problem to be solved.

Also, many authors have tried to determine the uniform boundedness and 
uniform ultimate boundedness of solutions of functional differential equations. For 
functional differential equations with bounded delay, this problem was solved basically 
by T. Yoshizawa. However, there are very few results for functional differential 
equations with unbounded delay. Although some good results have been obtained 
recently in [1, 2, 3], the problem is still far from solved.

T. A. Burton has been interested in this subject and proposed an important open 
problem about it. It is as follows.

Consider the functional differential equations
x '( t )= F ( t , x(s) : a < s < £ ) ,  a >  —oo, (1)

where F  is a continuous functional taking value in Rn whenever t £  [os, oo) and x is 
a continuous function of О ([a, oo)—>Rn). If «==—00, then it should be understood
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that ®:(—oo, oo)—>i?M,
Suppose that there is a Liapunov functional V(t, &(•)) and wedges W i(r)(t>=I* 

2, 3, 4) and К > 0  such that
( i )  Wi(\a>(t) | ) < F ( t ,  ® ( 0 ) ^ ^ а ( | » ( 0 ! ) + й гз(||я!(||:‘*'я) for all t > a  and &(s) 

eO (la , f]- *R n);
( i i )  F'd)(t, a ; ( * ) ) < - ] F 4( jaj(i) |) +  jBT for all t> t0 and a solution x(t) of (1). 
The problem is if solutions of (1) are uniform bounded and uniform ultimate

bounded.
This paper gives some partial results.
At first, we improve the definition for the so-called “forgetful functional” in 

[1], and generalize the result on uniform boundedness in [3]. Then, a condition is 
refined and used to obtain a numbers of results on uniform ultimate boundedness.

We study the subject in two ways. One set of theorems is obtained by using a 
method combining Liapunov functional with comparison method. The other set of 
theorems is obtained by using “forgetful” Liapunov functional.

Consider the ordinary differential equation
y '(f)=G (t, y(t)), (2)

where О: [a, oo) x  R-^R  is continuous.
Theorems 1 and 2 in this paper establish some relations between solutions of 

(1) and (2) with the aid of F  functional. The relations can be summarized as 
follows. I f there exists a Liapunov functional V.(t, & (•)) with V'w(t, « ( • ) ) < # &  
F ) ,  then solutions of (1) have the same properties (e.g. boundedness, stability and 
so on) as the solutions of (2) under some restrictions on V(t, « ( • ) ) .  So, the study 
on FDE can be transferred to the study on ODE which we know very well.

§ 2. N otations and Definitions

Some concrete equations of (1) are the Volterra integrodifferential equations

<e'0O=Aoi(i)+f 0(t, s)x (s)d s+ f(t), (3)
J a

where a = 0 o r  « = —oo, A is an тех» constant matrix and xQ Rn.
Theorems of existence and uniqueness for solutions of (1) can be found in [4]. 
We use the following notations.

(a) If cc£ R n, then Ы —
<=i

(b) I f  x: [я, 6]->12", then ||ж||Ce,M =  gup \x(t)\.
a<,t<b

(c) V(t, ® (°)) £ L . Lip x means functional V(t, » ( • ) )  is locally Lipschitz in a?. 
Definition 1. Function W( r ) : [0, oo)—>[0, oo) is called a wedge i f  WQr) m
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continuous and strictly increasing with W(0) =  0 and W(r )- *  ° °  as r -> со.
Definition 2. F (i, » ( • ) )  fcs сайей a Liapunov functional i f  V(t, » ( • ) )  ад 

continuous in t and V Lip a;.
Definition 3. Lei Ж (У) a wedge and l> 0 . V(t, ж(*)) ?’s be forgetful

i f  0 < F  (Я, ж(*)) <Ж(|жЦ Ca,° ) ,  and for any D >  0, cr>0 a n d t^ a  there exists an S > 0  
such that [ | | ж ( [ |x ( f )  [ >cr /or to<,f<,t; fr>t0+ $ ] implies V(t,

я*г( М Вь,я)-
F ( i ,  » ( • ) )  is uniform forgetful, if $  is independent of t0.

Example 1. Let Ф(1, s) — j^'f0(u, s') [du for all £>«,

and V(i, » ( • ) )  =  (1/2Л?) |a?| -t-j Ф(i, s) Ja?(s) |

Then F(£, & (•)) is uniform forgetful, if

|  Ф(1, s)ds<;M  for some M > 0  (4)

and for each p > 0  there exists s> 0  such that, |/0> a , t> t0+ S ]  implies

|  Ф(1, s)ds<p. (5)

In fact, by (4), we have
def.

■ 0 < F ( f , x (■•))<( l/2k+M)\\x\\Ca’a ==skЖ ( ||a; 1 c“’я) .
By (5), for each cr/D >0 there exists-an $ > 0  such that [t0> a ;  |ж|[Са,г“;|̂ Л ; 

{x(t*) | >or for t o ^ f^ t ;  t> t0+ S }  implies

Now

So

j  Ф($, s)ds<s<x/D.

i

j  Ф(Ь, s) |a;(s) |d s= J  Ф(1, s) |a?(s) | d s + Ф(Ь, s) |a?(s) |ffe 

<  | ж ( ? )  | + M I x  !■й°>;° <  (1.+M )  I x I ■ " .

n t ,  —  iw (\\x\\^%

Thus F (t, « ( • ) )  is uniform forgetful.

3. Conclusions

A section.
Consider equation (2) and denote by u(t, s, d) and r(t, s, a) the maximal 

solutions of (2) through (s, a) to the right and to the left respectively.
Lemma (Junji KatoC5]) . Suppose that D+v(J) < (?(/, v(t)) i f  v(s) < r (s ,  t, v(t)) 

for all s £  it — v, t}, where t > 0 . Then we have
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v (t)< !u(t, s, a) for all t ^ a  
•whenever v (s)< !r(s, a, a)for s£  [« —v, a].

Theorem  1. Lei Г  fe й Liapunov functional and suppose there are wedges 
W (f ) , W±(r) such that

( i )  W (|a ;(;{) |)< F (f, ^ ( *) )< W i(  |ж||1:“’я ) for all t^ a  and x(s) £0([oc, f]->Bn);
( i i )  V[iy(t, x(>))<;Gf(t, V) for all t ^ t 0 and any solution x(t) of (1), while the 

solutions of (2) a/re uniform bounded (uniform ultimate bounded').
Then the solutions of (1) a/re uniform bounded (uniform ultimate bounded).
The proof is almost the same as the one of Theorem 2, thus omitted.
Theorem 2. Suppose the condition (ii) of Theorem 1 is satisfied, and there are 

wedges W (r), Wi(r) (W (r), W fr) (i =  l ,  2)) and a positive constant V such that
( i ) 0 < F ( t ,  a :(« ) )< lF i( ||» |i:?t’n) for all i ^ a  and x(s) £ 0 ( [a , f]—>Bn);

(ii)* F'0)(i, ® (- ) )< - П ) ( |в ( 0 1 ) ( Г 'ю О , « < • ) ) < - |Л"0>(К * ) |) |  - r , ( K O I ) )
for all fr^to and |x(t) | >17.

Then the solutions of (1) are uniform bounded (uniform ultimate bounded).
Proof We only prove the case for uniform ultimate boundedness.
Let x(t, t0, <p) be a solution of (1) satisfying ||<p|Ca>w< iT  for given 7 ?> 0  and 

#o>«, and y(t, to, Уо) be the maximal solution of (2) to the right with yo=V (t0, q>).
By (i), we have ^0= F ( t 0r ^ ) < W i(M c“’* ° 0 < ^ i № -
By (ii), there exists a B i> 0  such that for TFi(H) > 0  there exists T —T (H )  > 0  

such that yo<W i(H ), t > t 0+ T  imply \y(t, t0, yo) | < B i . From Lemma, we have 
F (t, x ( ') )< y ( t ,  t0, Уо)<В% for all t> t0+ T .

As F (d (t, » ( • ) ) <  — Ж2(|®С0 |) if \x(t)\>T J, we see that if t0+ T < ;t<co , then 
there is a positive P  such that l&(tf) | can remain larger than TJ on an interval of 
length at most P . Hence, there exists the first t ^ t o + T  with j x(tf) | —TJ. We may 
assume i i > i0+IF.

Now for x(t, to, (p) either
(A) \x(t) | < U  for to + T < t< tx , or . .
(B ) \x(t) | > U  for to+T<,t<t±.
If (B) holds, then by (ii)* we have

Г ( О - П * ) < - ж ( К 0 1 ) + ж ( К О 1),

\x(t) I< W ~ \W (V )+ B 1) —  B > U  for to + T < t< tb
and also

| x(t) | < P  for all f>ti_.
In fact, if | a>(t*) \ > U ,  then there must exist t2 with lx<;t2< t * } 

\x(t) | > V  on \_h, F ], and \x(t*) | < P  by using (ii)*.
Thus

|ж(#) | < P  for aB f> to + T .

\<с(р2) \ = и  and
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This is uniform ultimate boundedness and the proof is complete.
Corollary 1. Let V be a Liapunov functional and fi, rj: {a, oo)—»Д + are 

continuous, and suppose there are wedges W(r), W i(r) such that
( i ) W {\x(t) | ) < F ( i ,  ®(0)<1^:?(1®||1:“’я) for a llt> aan d x (s)  € 0 ( [а ,  f ]- *R n); 
( i i )  V'm(t, ® ( * ) ) < ~ v(f)V*(t, ж(*)) +fi(t) for all t> t0 and a  solution x(t) o f  

(1), where /3(i)</3 for some /3>0, rj(t) for some r)>Q and 0 0 < 1 .
Then all solutions of (1) are uniform bounded and uniform ultimate bounded. 
Corollary 2. Suppose the condition (ii) of Corollary 1 is satisfied and there are 

wedges W(jf), W t(f), W2(r) and a  positive U such that
( i ) 0<F(tf, ®(, ) ) <̂ ^ i( l® ||i:“,,a) for all fr>a and x(s) GC^Ca,
( i i )  V’a f t ,  4 0 ) < - ^ ( | ® ( 0 1 ) - | ^ с о ( | ® ( * ) 1 ) |  »/|® (*> \> U . Then the solu

tions of (1) are uniform bounded and uniform ultimate bounded.
Remark. Borne results of [2] [Chapter 7, Section 2] are special cases of 

Corollaries 1 and 2.
Example 2 Consider the integrodifferential equation (3).
I f  A is stable, then there is a unique positive definite matrix В  with АТВ + В А

There are also positive constants K , Jo and h with

Л |ж |<[ж Э Д 1/2< (1 /2^ )|ж |, \B x \< K lx TBx]1/s. (7)

Furthermore, if there is a K ~>K  and ^ > 0  with

0 < k < J o - K Jja(w, t) |du,

then we can define

(8)

V(t, » ( • ) )  =  [xTBcd]V2+ K  J j \0(u , s) | |ж($) \duds.

We require that (4) hold, and

\f (t)1 ^rn  for some m> 0 and
and there be a continuous function X(t) with X < ^ ( t ) < l  for some J\,>0 with

Then

10(t, s) | >X(t)|^ \0 (u , s)|dM.

(9)

(10)

A |® l<F (i, ® (0 )< (V 2 *+ 2 fR - )I® |ta«w — F ^ff® !^ *3).
Taking the derivative of V  along a solution of (3) we obtain

v u t ,  ® (O X -*H -(^ -JS O  Г \o(t, *)||®(*)|A+JS:|/(0 IJ a

< — (Jo/2) |®| — Ajl |a?|'| for [ a , ( « ) |> i& L — 17,
h

•where h1 =  vain{k/2, (K  — JST)}, and also
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» ( • ) ) < -  2k iK ( t )  Xfl) Г Г к \ 0 ( и ,  s) | |«(e) \duds
К  J a J t

+ Х 1 Д 0 1
- - 4( ( ) F ( i , 4 . ) ) + r | / ( i ) | ,

where 1) (i) - X  (t) min {ай , ( K - K ) / K }  >A min {Ш , ( K - K ) / K } — r,>0.
We define W (f)-h r , W i( .r )- ( l /2 t+ K M )r ,  JF ,(r)- (I /2 > , W ,Q r)-h r,

The conditions of Corollaries 1 and 2 are satisfied and we have the following 
proposition.

Proposition!. I f  A is stable and (4), (8), (9) and (10) are satisfied, then all 
solutions of (3) are uniform bounded and uniform ultimate bounded.

В section.
Theorem 3. Let V be a  Liapunov functional and suppose there are wedges 

W (r), Wi(r) and a positive constant U such that
( i ) 0< F (t, ж (*))<Ж 1 (|М|C“’H) f or aW and * ( s) £]—»E");
( i i )  V[t)(t, « ( • ) ) ,<  -TF(d ( |aj(i) |)/or all t > t0 and \x(t) \ >U ]
(iii) lim (W(r) — W t(r)) — +  oo.

Г~»оо

Then all solutions of (1 ) are uniform bounded.
Proof Let x(t, t0) q>) be a solution satisfying \р \ c<x,w<_ff for given ST>0 and 

to^cc.
Let 7 =m ax{H , U}.
By (iii), there exists an Ж > у  such that г> Ж  implies 

( * )  W (r)-W 1(r')>W (y).
Now for x(t, t0, <p) either
(A) |a?(i) | < M  for all t> t0, or
(B) there exists a first tL^t0 with | x (tf) | — M.
If (B) holds, then either
(А') |ж (0 1 > 7  for all t> t1} or
(B') there exists the first t2> h  with | x (tf) | = 7 .
If (A') holds, then V’̂ it ,  « ( • ) ) <  — W[i)(\x(t) |) so that

F ( 0 ~ F ( O < - ^ ( K 0 | ) + J F ( K * i ) l )  for t> h .
Hence

КО I <W -X(W(M) +W X(M ))— D.
If (B') holds, let \%(ti) I =  max \x(t) | >Ж ,

then
Iж(0 I <  Ix(tf) I for all f > t 2.

In fact, if it is false, then there is the first interval [i3, Щ with |ж(£3) J =*7 ,
I x(tf) I =  \ x ( h ) i, K 0 1  > 7  for 16  h i.
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By (ii), we have .

F ( 0 - F ( i 3) < - F ( K O I ) + W r( l» (O I ) ,
so that we have 0 < F ((^ )< -T F ( |c c ( i i )  | ) + F '1(|a/(i1) |)+Р Г (7 ), a contradiction 
to (*) .

Now, we consider the interval [#*, t2~]. By (ii), we have
W (\x(tf) | )< Ж .(1 ® (0 1) + F (O < T F (A 0  +W t{M)

and so

| + W i(M ))J^ L  В.
Thus, in all cases, | x(t) | <Z> for all f>£0.
This is uniform boundedness and the proof is complete.
Rem ark. Let V(t, ® (*))—F (i, x ^ ) ')+ W  {\x{t) |)and WQr) —WiQr) + IF (r ) .  

Then Theorem 3 can be stated as follows.
Suppose there is a Liapunov functional V(t, &(•)) and wedges W( r ) , W (r), 

W(r) with T F (|® |)<F (i, » ( 0 K ^ ( | ® | ta’fl). and lim (W(r) —W {r)) =  +oo. If
T-*oo

there exists a Z7>0 with F(i)(i, ж (*))< 0  for \x(t)\p>U, then the solutions of (1) 
are uniform bounded.

This shows that the counterpart of Theorem 0 in [1] for (1) can be obtained 
under a restriction on b(r) (cf. Burton [1] ).

Example 3 Consider again equation (3) in Example 2 with (4), (7), (8) and 
(9) as before.

Let V  (t, # ( •) )  be as in Example 2. Then

0 < F ( * ,  < 0 И ( 1 /2 £ + Ж Ж ) Н |с“-я —  IFiC IH I^),
and

F'(3>(t, » ( • ) ) < - Ц я \ -  \°(t> S) I KS) \ ^ + K \ f ( t )  I

<  —/г||ж |'| for | x(t) | TJ,
Ъ

where /r =  min{A/2, (К  — K ) } .
We define

W (г) =  pur.
In summary then, we need lim (IF (r) —TFi(r)) =  +oo or

7*—>oo

li> l/2 !c+ K M . (11)
By Theorem 3 this will yield the following proposition.
Proposition %. Let constants be defined by (4), (7), (8) and (9). I f  A is stable 

and (11) is satisfied, then all solutions of (3) are uniform bounded.
Theorem 4. Let V be a Liapunov functional and suppose there are wedges 

W fr), W i(r), W2(r) and! a positive U, and a continuous function /8: [a, oo)->[0, oo) 
such that
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( i ) V is uniform forgetful;
( i i)  V'(i)(t, £»( e) ) ^  — TF"a( |» ( )̂ |) — |TF(u(|a?(t) |) [ for all t > t0 and \x( t ) \>U;  
(Ш) F(iy(t, x (°))< /3 (t)  for all t> t0 and a solution x(t) of (1), where

lim /3(i)=0;
(iy) lim (W (r) -  h (V) Wi (r) ) =  +  со, where

Г-*oo

h(l) = h

1,

2> 1,
J < 1 .

Then all solutions of (1) are uniform ultimate bounded.
Proof Let U > 0  be given. We must find D> 0 such that {tf>a;

£>«] implies | x(t, to, (p) | < D .
As F 'd(t, a ; ( « ) )^ —lF2(|a;(i) |), there must be P > 0 such that the inequality 

|x(t) | >Z7 must fail on any interval of length P.
By (i), there is an 2>0 such that for the above B > 0 and 2U there is an 8  — 

S(D , 217) > 0  such that |ж|с“,ад< Р ; |®(i*) | > 2 F  for to^tf^t; t ^ t 0+ $]
implies V(t, ф(*))<Ш ^ 1 (||®|с#<,’я).

For p^(W (2U )—W (JJ))/23(JD, 2U) > 0 , there is an m >  0 such that 
t^ to+m ]  implies £ (f)<|0 as lim /3(if) =0 .

Consider the interval sequence
I i — [^o+ (i —  1)L, t'n-t* jli\  A ft[_ 1 ,  t'i"I for Ъ5=31, 2, 

where to =  to+m and L = P + 8 .
Now for x(t, to, <p), on J i ,  either
(A) [®(i) \<2U ; or
(B) there is a 7 t£ J i  with \x(tf) | >2CL 
If (A) holds, then either
(A ') |®(£) J <2TJ for all t^t'o, or
(A") there is the first t*>t'0 with \x(f) | —2TJ. In this case

V(J, ® ( * ) ) < ^ 1 (||а?||в,,я) for t>min. { f ,  #{,+$}. 
By (iv), there is an B > 2 U  such that r > B  implies 

( * * )  W (r)-TW i(r)>W {ZU ).
Now for x(t, to, <p) either
(A") |x(t) | < B  for all t>ti, or
(A2) there is the first tl>t[ with [ж(^) | = B .

If (AS) holds, then|а;(г) | +lW i{B )) = B  for t> t[  (See the proof
of Theorem 3).

Thus, in all cases | ж (i) | for t> t[.
If (B) holds, then for x(t, t0, cp) either
(B ')  there at least is [£(1), i(2)] c l *  with ||a||B<1>,i<”1<2Dr and t(2)- t a)> 8 ,  or
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(В") f(2) -  ta)< S  for each f<2>] with |m|
I f (B';) holds, recalling the discussion for case (A), we have |®(f) | for all 

certainly for
If (B") holds, we may suppose that there at least exists an interval [t(i), f(3)] 

and with |x (i(1)) | =217, |< i<2>) | =  |®(f(3>| =  17, JJ< \x (t)\uâ < 2 V  and
|a.|Ci<»>.i<»'D<'2U', where t{i) is the first point greater than f(3) with |a (i(4)) | =217 and i(3> 
is the biggest number with \x(t)\=U.

As V ^ t ,  « ( . ) ) < - \WU\a>(t) |) | for C*(1>, *(2)],
F W - F C ^ X - F C a D O + F C t l ) ^ - » ^ ,  

so that F  decreases at least by 8.
AsF'a)(f, ж (0 )< Р  and t ^ - t ™ < S ,  V (t )-V (t™ )< $ p < 8 /2  for t™ < t< t(3), so 

that F  increases at most by 8/2.
This shows that F  decreases at least by 8/2 on J±, and so, case (B") happens at 

most N  times continuously for some integer N  as F (t)<:W i(D).
Thus, if t>t<>+m+ (N + 1 )L , then we will have|®(i) | < B  forever after. Take 

T = m +  (N + 1 )L .
This completes the proof.
Example 4. Consider the system (3) with (4), (6), (7) and (8) as before.
We suppose

l im /( i)= 0  (12)
>oo

and
^i>£, where 7=m ax{l/2&, ( 1 + 0 ) } .  (18)

Then it is easy to see that the conditions of Theorem 4 are satisfied and we have the 
following proposition.

Propositions. I f  A is stable and (4), (6), (8), (12) and (13) are satisfied, 
then all solutions of (3) are uniform ultimate bounded.
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