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HOLDER CONTINUITY OF THE GRADIENT 
OF THE SOLUTIONS OF CERTAIN 

DEGENERTE PARABOLIC 
EQUATIONS

Онш YAZHE (p&3£#r)* * *

Abstract

!Fhis paper is concerned with the parabolic equation

|jp -d iv(|V K l1’- 9VtO«0, f l c  RN, #>Q
g

which is degenerate if  p < 2  er singular if — < p < 2 .  Leta
u(x, t )  beany weak solution of the equation in L“[0, T; L2(£2)] П Lp[0, T;
The Holder continuity o f Vm is established.]

§1. Introduction

In this paper we consider the parabolic equation
8u
0t -div(|Vw|? 2Vm) =0 (1 .1 )

f 4 2 N  1with j?>max|-^-, ^   ̂ к where V=grade and * varies in an open set The
q

equation is degenerate if p > 2 or singular if —< p < 2 .

By a solution и of (1.1) in the cylindrical domain QT = Q x  (0, T] we mean a  
function, u(x, f), defined in QT and satisfying:

u £ L ” [0, T) L \Q )1  № [ 0 ,  T; F 1>!,(&)] (1.2)
and (1.1) holds in the weak sense

j j  1ЩП — | Vm | »-sVm- V£| dx d t=0, V ф £01(0т). (1.3)
ai

The main result of this paper asserts that for any solution и of (1.1) with
J3 2Nmax-

Vm is local Holder continuity in QT. For any Q'Td c :Q T, the Holder coefficient and 
exponent of Vm depend only on Q'T and on a hound on the norm of м with respect
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to the spaces in (1.2).
For the equation (1.1), N. D. Alikakos and L. 0. Evans1-13 obtained the 

continuity of Vv with p > 2 . They applied Evan’s method for elliptic equations in 
[2] to (1.1), but they could not manage non-uniformlity between space and time 
parts very well and so they had not found Holder continuity of Vm. E. Dibenedetto 
and A. Friedman1-33 studied the corresponding parabolic systems, which contain the 
eguation (1.1) as a special case, but they established only the continuity of Vm with

/  A \  —°-modulus co(r) =  (log log —J for some constants A and cr. They asserted that their

results hold for y>>max j l ,  but they made some mistake in the calculation.

The coefficient of the first term on the right hand side of the inequality (iii) on 
p. 87 in [3] should be (p —2)/4  instead of (p —2)/2 and, in fact, their results hold

only for y)>max-j|-,

The paper is organized as follows:
In § 2 we establish IF estimate on Vm. E. Dibenedetto and A. Friedman1-33

v

■emphasized that both the Moser and De Giorgi iteration on procedures must be used 
for it. In this paper we use only Moser iteration and so the proof is much shorter.

In § 3 we give some fundamental lemmas and finally we come to our conclusion 
in  § 4.

2. Boundedness of XJu

Let Q be a bounded open domain in R-®’ and set X (0, T ], T > 0. Lot и bo a 
solution of

du
8t — divdVwJ2’ 2Vm) = 0 in

f 3 2 N  1where yj>max|-^-, j, and set

p- ess sup||m(•, t) 12,a+ 1.Vm||p,ox>
0<t*sT

(2 .1)

(2.2)

where I •Цд.о is the norm in L3(G). By definition we have |М|р<°о. For any s> 0 , 
set

x (s, TJ,
where

Qe=  {a/G‘G[dist{a;, 012} >  g}.
Theorem 2.1. For any s> 0  and F > 0 there exists a constant O*, depending only 

Ш N, p, s, T and Г , such that, for amj solution и of (2.1) with IM9<-T,
IIVMl^oise^G*,

Proof Fix any point P0(cb°, 4°) €  Qt. and set
(2.3)
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B(®°, jR)-{®GRy ||e-a*°|< .B},
Q(po, R) =  R) x  (i° -  Д2, #°]

for i? such that Q(p0, R )ciQ v. For clarity we shall first establish (2.3) under the 
assumption that и, щ, Vu, B%u are in suitable L9 spaces so that the calculations 
below are justified.

Differentiating (2.1) with respect to щ we get

~  “ d iv (|V « |*~2VuB3 +  - ^ I V « | =0.  (2.4)

Set <0 — | Vw|a and apply to (2.4) the test function

q> -  w<r̂ “£2 (a>m in  Jo,
where £ is the usual O1 cut-off function with respect to Q(po, R), Q(Po, ( l  — cr)R) 
(0 < c r < l) . After some computation (cf. p. 87 in [3]) we get

-.л ess sup f l 2va+1 dx dt+ .P [fg 2® 5 | V-u | 2 с2я; cZi
2 (a + l)  4 JJ 1 14 ' 0(«)

+  J [ C2 \ D2u\ 2 dx d t+  a (̂ 2~ 2). JJ l 2Vii±̂ ( V w * Vv)2dxdt
QCB) Q(B)
Я

Р+2Я-2
tv  2 |VC||V«|d®(B-

Q№
2 (« + l) fj IC.I*-*1

QOl)
dxdt, (2.5)

where B (R ) =B(x°, R), Q(R) =  Q(.Po, ,-R). Here and after we always express 
constants depending on N  and p  by 0 .

Noting that
p+2a —4 Я  / Я  я \

•|вч ,|>_„— i — 2 ( 2 t 4 . 2 t 4 J»=i \<=i «=1 /
N /  N \  2  1 J)+2a - 4

'2 (2 « W < w .)  s- |V„P, (2.6)
fc = l 4 = 1  /  4

p+2«-2  
<J) 2

P + 2«—4 N /  N 
> 0  2

we obtain from (2.5)

~?>v  ̂ л  ess sup f £,2va*1d x d t+ £ ^ - /------ffC2  ̂ V®\2dxdt2 (a + l)  «•-«»«<?• Jb(b) 4 JJ 1 ‘4 ' QOt)

+  < ^ l ^ ^ ^ y d x d t
e(K)

<0 JJfojaT=L|VC| | Vo | Дней +v~Wy JJ |It^dxdL
Qat)  ̂ ' eui)

If jp + 2 « - l> 0  and a (p ~ 2 )> 0 , we have, applying Oauchy inequality,

,  ̂-- v- ess sup f £ V*+1 <&b+ ̂  —— f [ £2 v 2 | Vv [2 dx dt
2 ( a + l )  t°-R‘<t<t<>J вао  о е(в)

p+2i

"We consider two cases:

D rr #  •"" i v^3<te®+x s w  IIсев) еда

(2.7)

(2.8)
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(1) p > 2.
Let a > 0. Then it follows from (2.8) that, for any a>0,

ess sup f t,2va+1dx +  f f£ a|V(® 4 ) |  2dxdt
t*-a*<t<e>J so n  JJ 1 1

Q ( R )

< o [ 2dxdt+  JJ |£t|'y“+1da;(&j,
QOD Q(R)

where О is independent of a.
Using Holder inequality and Sobolev embedding theorem, we have

ff /? « « » ( » - ! - >  Г  ( f
JJ J t°-a-<r)*R‘ \jB(R-<rIi) /

<2CR-erB)

X
N - 2a (p+2 a)N \  N

•̂2C2f-2) f a . \  fa  
B (.R -trE )  /

2
a \ ~ w  f f  /  P + 2«  , p-l'2«

0)“+1da/) ( v 2 H- V(i> 4 ) \йалй
В(Д-о-В) /  JJ \  1 1 )

е(в-о-Д) /

[ j j  v 2 I vC I *<*»*+ JJ |C*I®a+1k̂a?̂ j  «

Set 3t= l+-jyr- and, for 1=0, 1, 2, •••,

 ̂(2 +
№ ) € < Э Д № ) ,  0< C i(e)< l, C iO )- l  in Q(i2j+i)>

a + 1  — иг.

Then it follows from (2.10) that
1

p~2. \  x q*
^  _ _(  j j  *»«**) * JJ«*>2*+"VfauW4- JJ

Q (.Rm ) QiRt) Q(JRi)

Without loss of generality, we can assume that, for any 0,

Я -
Q(.Ri)

■*=&+*»

.and so from (2.12) we have, notingp> 2 ,

( JJ * ,* ) ' < ^ .  JJ a.
«(йщ) <2(ВД

The standard Moser iteration procedure yields

( « ■ ’Q(.Rtn)
.Let l->oo> we have

°Lff«*B+2 JJ " 
Q№)

cfosdtf, ? = 0 , 1 , 2,

ess sup v < ~ ~ r̂  f 1 \4u\*dxdt.л/й\ Mb JJЧ 2У &Ю

(2.9)

(2.10)

(2 .11)

(2 .12)

(2.IS)
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(2) 2>j»max{!, -jM-}.
_o

Let —. Obviously we have p + 2 a - l> 0 .  When «<0, (2.8) holds since A
&($ — 2 )> 0 . When a>0, the third term of (2.7) can be bounded below as 

a( ^ _ 2) f f -  >+*»-«-- «^о_»л rt.._ jb±?»=*.
“ J j b v  4vW-vx,y . ™ ^  g ..

Q(.m
- JJ £2о P+22 ° (V«* v-y)2 dx d t> -  J j  £2 “ I Vv 12 dxd t.
0(«) <2(B)

It follows from (2.7) that, for a> 0,

■ s- ess sup [ £ V 8*1 da; ^ + ~ -0 f f g2 ̂  g lV2>|2fltad£
2 (a + l)  **-a*<t<J*Ja(*> 4 JJ ъ 1 14 ' <кю

< 0  Ц  &  2  | v g 1 1  V'P 1 d a ?  dt +  27^ - j y  J J \lt\va+2dxdt.

Similarly, (2.9) and then (2.10) hold for a > ^ ~  and 2> p > -|-. Now setA A

Л = 1 — « о + ^ -~ -■, a + l  — ao+'ht1, 

о
where и=1+-^г. Instead of (2.12) we have

( *M U l d*<lt) | |  v 2 +®0+Лг< dx dt + И vâ Ml dxdt^.
qciLd ecm quo

Clearly, p > 2 N  
N + 2 implies A,>0. Without loss of generlity, we can assume

| |  qf*+Mldxdf^> 1 for any 2>0,
<2№г)

and then we have, noting p <  2,

( Я  * d x d t ^  * <
<Э(Кгп)

Moser iteration procedure results in

»r 04*
i?2 | |  va°+̂ dxdt<,

Q(Rt)

|  | |  „«.+*»1* ck ей)
гкг+1 < 0

Thus
Q (R ln) QCR)

dxdto

JL

esssupw*^— < ^ (  If |Ум|рсксйЛ * 
e(f) Я~*~У(& 7

(2.14)

We have now completed the proof under the assumption that и, щ, uap Vm̂  are 
in suitable Lq spaces so that the formal calculation can be justified. For the general 
case, we can average with respect to t and finite-difference wtih respect to ж (refer 
to the explanation on p. 95 in [8] ). The theorem has been proved.

As a by-product we have the following theorem:
Theorem 2.2. For any s> 0 , T > 0
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and

jj |Ум|»-2]£ 2м|2<М <а** i f p > 2,
Qpte

JJ |Vm12(г~2)\D2u \2dxdt<0** i f  - j< p < 2 ,

(2.16)

(2.16)

for any solution и of (2.1) with where O** is a positive constant depending*
only on p N, T, s and Г.

Proof If p > 2, (2.5) with « = 0  gives (2.15).

If 2>p>-^~, combining (2.5) with (2.6) and setting «=  — 7^ we can obtain 
L A

— esssnp f dxdt +  (2®—B) f ( i 2v9~2\D2u\2dxdt
P  BOl) J J  1 ‘

Q(B)

< 0  J J ^ P“2|VC|\V v \d x d t+ ~  JJ 161 V^dxdt.
0 (B ) ®  Q(R)

It is easy to get (2.16) from this.

§3. Local Properties of 4 u

Suppose that u(x, t) is a solution of (2.1) in some cyhndrical domain

е , ( д ) - { ( м ) 1 И < л , - — (3. 1)

where 0<I£<1 and ja>0 are some constants.
Set

•Af/%(-R) s±=es s s u p ( ± 0  for j - 1 ,  2, N ,
Qv(R)

M u (JS) = max ess sup | ua, I.
1 < i< N  0 „(Д )

Lem ma 3.1. Let рь satisfy
2M U  . (8.2)

Then there exists s0, depending only on p  and N, such that

-ff m u ( £ ) ) “- [ ^ 1 “- Ч J 2dxd t< ,eoIM U W l** (3.3)
С

implies
ess inf uex >
* ( f )  2“  C3>4)

where a —min {1, p  — 1} and

q^ b ) e»<.R)

Proof Assume for the moment и is a smooth solution of (2 .1). Upon 
differentiating with respect to %, we derive the equation

^ - ( « w|VM| ^ 4 iej)e - 0 ,  (3.5)
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where
+ if |V«1^0- (3.6)

Obviously we have
— 1, 1} | £ |2< a y^ < m a x { p  - 1 ,  1} | £ ]2, V£ 6 R*. (3.7)$et

K . |“_;V ,  (3.8)
i

which means мв1=|«>| “ signs;. The function -и satisfies in the weak sense the 
equation

( 8 - 8 )

Let £(®) be the usual cut-off function in QlB(i?) and set Mx =
Ma

Applying the test function £2(s; — #)~ = £2max{& — v, 0} to (3.9) for — 

and setting

b ( s ) = j o | A - s | ~ s d S (3.10)

we have

| |  ga<fyfe((^ k) ) | |  £2«{i |Vti[p 2 |s;| “ vaj%(dxdt
бр(Д) фд(.В) Л

= 2 f j  C%|VM|J,_2ls; |~ ('y -A )" C e î dfl3di.
Om(K)

Now define
0 if s>fe

(̂s)=- s Ж?
4 *

M f
4 if s<& -

(3.11)

(3.12)

Noting that Ж?/2<&<Ж“ and (3.2) we can get

After simple computation we find
| |  ^ 8yVvfu{v))_ dsodt+ m in { g - .k l i  | |

< 0  ff |VM|p- 2 |s;[i^L[('y-A )-]2| v a 2da;^,

and then

esssup f £а%тс(фь(у))йх +  ff Ca |Vw|5 2 |v| “ \4<f>k(v)\2doodt7?2 j J J■J p =T <f<0 0д(Л)

[ | |  IVw|.2’-2 |v| * 4>t(v)\4l\2dxdt+  II IS*|**(&(«))йв<й].
ем(й> <2м(в)

(3.13)
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MaObviously we have, noting that and (3.2),A

~  <хи(.Ф М )

| VwJp~2 j v | N~*~/л*-*-1,
and, if &>?;>£- мч

4 '*

| Vw|J’“2

Thus it follows from (3.11) that

esssup f £*ЧЙ(«)й»+а̂ _* f( |V(J^,(e) ] | 2dxdi 
"T r̂<*<0 jBlB) dim

< 0  j ]  Ф 1 ( , ^ 1 ^ \ п \ з+ \Ш Л х М .

Let т =ifjup~2 and
Q„at)

Then we obtain .
Q(B) =  {(x, r) 11x \< R , — R2< v < 0}.

ess sup f С2Ф* (г>) da?+ f f | V (СФ* («0)| 2dxdv 
~R><r<0 JjJ(R) JJ

dxdre.

>B(R)

< a  } J« (« )[ |V £ |
6(B)

,J - y r l t ./А-

According to Ladyzenskaja et al ([4], p. 75) again, we find
N[ JJ ИФМУ X daJ<fo] +̂2 <0 JJ<$(*>)[|V |̂2+ -~ - | £t I

C(R) «(R)
Back to the original time variable t, we have

NГ Гг 2(У+2) n' v+2 ' 2(p—2) ff г 1 -i
[ JJ (£Ф»0>)) * da:dij < 0 / ju N+2 Jj ^ l(^ )[|V ^ |2 +  — T j^| jdxdt.

(3.14)
e»m 

Set

2= 0, 1, 2,

^  R ( .2 + 2l+1')> 
and let h  (x, t) be the cut-off function in (QM (Ег) satisfying

Ci(®, 2)=1 in Q (̂i?i+i), 

0<Ci(«, 0 < 1 ,

I (W. I№ 2< - ^  — „ Ж *в 2 *
Applying (3.14) in  QpiRi) we get

2(ДГ+2)[ JJ ИФь, (у)) N dxdt\  ̂ **2 -— JJ $ ,(v)dxdt. (3.15)
Qndlt) QnW)
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Now define

•7*- j j  4>lfv)dxdt.

In view of Holder inequality it follows that 

= Jj fil„(v)dxdt

N
Г ГГ 2(N+2)  lU T + F  2

<  (*>)] "  dxdt CmeasQAt(Hi+i) n{<^fcmW>°}] A'+2 • (3 -16)

Notice that

Ji>^j J J  [ ( «  — h) " ] 2 dx dt>̂ j(Jci-  kt+1)2 m e a s  Q „(Bi) П  {v<h+i}
Q»<Ri)

M\a
> ~o¥ ~ meas ^ ( Д +i) П {Фъ-М  > o } .  

The inequality (3.15), (3.16)and (3.17) results in

(3.17)

J  г+ i^
2(p—2)

01Ql fj, »+2
4a

MtN+2 R2
J 1+ N + 2

Set
Y ^ J ^ / M ^ R ^ 2.

The previous inequality can be written in the following

Г г+1< 0 1 6 гг г1+ * +2 о
According to [4, Lemma II. 6.6, p. 95] therefore

Yt~>0 if l—>oo ,
provided

Y0< $ 0,
which means (3.3) for some s0- The fact (3.18) implies

ess in f^ > ^ ~ ~ ,
« . ( »  2

and (3.4) follows at once.
This proves the lemma under the additional assumption that и is a smooth 

solution of (2 .1). In the general case we recall Theorem 2.2 and prove by routine

arguments that v is a weak solution of (3.9): note |Vm|s_2|'u| 2a |Vw|2£ Zr(Q„(.R)). 
The rest of the proof is the same.

Lemma 3.2. Suppose that p  satisfies
2 М и (Я ) > р > М ,(8 ) .

‘Then for any So>0 there exist constants 0<.X, /3<1, depending only on p, N  and s0, 
such that we have

meas {(ж, t) ^Q^(R) jui!;i< ( l - / 3 ) M l fl(R )}>km eas Q„(R),
•'i f  the inequality.

(3.18)

(3.19)
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t i  [ ( M i , (Д )) “ -  | I - 4 J 2d xd t<so (M t(R)) « (3.20)
Om(R)

fails, where « = m in { j ) - l ,  1}.
Proof Suppose that (3.19) fails (for /3, A as selected below) and set as before 

Then

ff (Ж?-W"4,)*<*»<&

Q„(B) П{«*!>(!-Й)ЛГ,)

<  [Ж®+ Ж“ (i?)] 2A meas Q*(Й) +  ($Mi) 2“ meas Q„(P) (/S<-^-)

< [А (1 + 2 “) 2+ £ 2а]Ж?атеа8фи(Р).
Select X and /3 such that

( l+ 2 “) 2A+/32a< s 0,

The lemma has been proved.
Lem m a 3.3. Suppose that

( P )  ц { Ж ) ,

and there exist constants 0<A, /3<1 шсД that
meas {(ж, t) £ (^ (Р )  \uxX®, £ )< ,( !—0)  Ж ^  (P) } >A meas (R) . (3.21)

Then there exist constants 0 < S , y < l ,  depending only on N, p, A and /3, шс£ that
M i^ b R X y M U iR ) .  (3.22)

Proo/ For any e>0 , define

^ ( s) _ { ( s! + « 8Y - 8> i f s > ° .
0̂, if s< 0 ,

and set
£ = (1 - /3  w= (« *,-£ )+ ,
we(x, t) ^ ^ ( u ^  — h).

It is easy to get, for any (Q  ̂(P )) and ф >0,

[ws<£* — ay I Vm j p~2w8cc,4><c Jd x d t>  0. 
ot(.R)

Let s->0, we can get, for any <j>£Oo(Qpi(R)) and <£>0,

where

[w<£*—ayWe^eJ йж dtf > 0 ,
едл)

(tit

ttij I Vw I® 2, if u ^ lo ,  
Mp~2Sy, if uei<lc.

This means that w(x, t) satisfies in the weak sense

Щ-  (ayWef) е(< 0  in Q»(P ) .
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Let Then w(ce, v) satisfies in the weak sense

wv-  ( -  a%- wa)  < 0  in Q(B),\ fj/ / cct
where Q(R) =  { (a?, r) [ |so(< R , — R2< r < 0 } .  It is easy to observe

4  v j s r *  and 0 ,  ») 6 § ( S ) ,\y fJj
where 0  depends only on N, p  and /3.

Define
Оц-Оц/lJ? 2, v_  ess sup w—w 

ess sup w
The assumption (3.21) implies

meas{ (on, v) £  Q, (R) | v(%, r ) > l } > X  meas Q(R) . 
The function w(a?, t)  satisfies in the weak sense

Vv (fliftttj) Kt  ̂  0 •
By an estimate of Kruzkov (see the appendix in [1]) there exist constants

'0< S , y < l  such that
ess inf w > l—7 > 0,

that is
ess sup w < 7  ess sup

<km Qm
Back to the original time variable t, we have

M tA d R X y M i^ R )
;as claimed.

4. Interior Holder Continuity of
Now we determine s0 by Lemma 3.1, and then constants X, /3 by s<> and Lemma 

:3.2, and finally 5, у  by X, /3 and Lemma 3.3. In this case, S and X depend only on 
N  and p.

Select a constant s: l < s < 2  if p > 2  and 2 < s < 3  if l< p < 2 ,  such that
2(2—s) f 1 I

'br- 48 s(p-2) >xnax-<

It suffices to choose s close to 2. Let Q^czaD^ and suppose
|V « U 4 <27o,

.and define _  _ 2(2—s)Ж0=Ж08 .
Fix the point Р 0(ж°, i°) £0 'T and set

Q̂CPo, Д)~[(в, i) \ \a > -a °\< R ,

The constant 0 < P 0< 1  is selected such that
QzMc (Poj Rq) c:QrT.

(4.1)

(4.2)

(4.3)

Set
(4.4)
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й(Р*. В )  - { о ,  i) 11® -**!< B ,  p -  (*.«>

and
M f (R) =  ess sup ( ±  uX{) (&—1, 2, •••, N)>

Q(P»,R)

M {R) =  max ess sup | uai | , (4.6)
1 < i< N  З'СРо.Л)

osc ив{= ess sup щ, -  ess inf uXl =  M f (22) +  M i(R ) .
Ф ( Я о .  В )  § ( 7 ‘ o , B )  e ( P 0. B J

Theorem 4.1. Lei и be a solution of the equation (2.1). Then there exist 
constants 0 < p < l  and O >0, depending only on N  and p, such that

^osc uXt<:OMo(-~-) for 0 < i2 < i? 0, a = l ; 2, N, (4.7)
< 2 ( .Р о » Л )  \ j f b o /

i f  -^-<p<2 and

osc uXi< ОМ0(-ё-) fo r 0 < R < R 0} i = l } 2, •••, N. (4.8)
С а и о С - Р о .В )  \ R q / J

i f  p > 2 .
Proof Define

i?a =  sup|i26 [0, R o ] \ 3 K j < N ,  в £ { + ,  - } э |Ж К Тг)|>2М0( А у ' :1| .  (4.9)

Then we can suppose since otherwise the theorem has been proved. In
2

addition we have R ^d ^R o  by the definition of M0 and M0.
Thus, there must exist B 2:

8^R z^R x^R z^R o  
2 -8

such that we have

|ж ,* (а д  |< 2 Д Г „ (А у " ! for j = i ,  2, n ,

and there exist i0 and 9, say io = l , 9 = + ,  such that
2-3

Set

At first we prove that

M i (8#Е 2) > 2  М о ^ - ^ - У ^ ,

(4.10)

(4.11)

(4.12)

(4.13)

■ff L(M i(R2) ) a-  [uXlI“-4Jzdxdt<80((M iR f))2“,
Qu.(P<s, Да)

where (P0, B 2) is defined in (4 .3).
For R ^ R 2, define

Mitfl (22) =  ess sup uei,

Mu(R) =  max ess sup |ua.\.
l<i<N  <2̂ (P0, Й)

Notice that (P0, 72a) =  Q(Po> 22a) and Mitll(Rf) =  M i(R f) .

(4.14)

(4.15)
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By (4.1) and (4 .IB), (4.12) implies

> M i( S yR2) >  max j-r, yj/A.
Then we have, noting (4.11), (4.13) and (4.16),

If (4.14) fails, it follows by Lemma 3 .2  that
meas{(aj, t) £Q„(Rz) \uXx< ( 1  - /3)Ж£A(R2) } >ft.meas Q^Rz). 

By Lemma 3.3, (4.17) and (4.18) result in
M tA SR zX yM tA R z).

Noting that Q^(P0, 8R2) =  $ (P 0, 8TR2), we get

M i (Sf p 2) = M t^R z) < у М 1 , (Rz) 
which contradicts (4.16). (4.14) has been proved.

By Lemma 3.1, (4.14) and (4.17) implies

essinfMgl>  AЦр»,̂ .) 2“ 4 2>2Ж
We know that uXk satisfies in the weak sense

where are defined in (3 .6).
Set

so0,
QXK) =  {(£, v) I |£ |< P 2, — P 2< r < 0 } ,

v(g, r ) = u Xlt(x, t).
Then v satisfies in the weak sense

0v („  \Vu\s-2 )  _ n
1 . . p - 2  L0V

In view of (4.19), it follows that

-Ы: „ „IH p . n m ,< o u \ ‘ , v4 e r * , Q,О ■ ' ■ ■' Jjbv

Appling Holder interior estimates for non-degenerate equations, we have
Rz

~=r~ I U SU  'U 1U X —
Q'№ \ Rz
OSCV < ; 0 ( - ^ - Y  osc V  for 0 < -й < — 
<Э'(А) v Rz / Q> (ЛкУ) 4

where 0 >O  and 0 < /3 < l  depend only on N  and p. 
Back to the variables (x, i), we obtain

osc osc ад*, for 0 < P < ~ ,  & =  1, 2, •••, 17.
бмСРсЯ) \R z /  g(4 (p0,2|l) 4

I f P > P 2, then by the definition of P i

osc
ё (Л о .Л )

2—g
IM t(R ) I +  |M~h{R) |< 4Ж0( А ) p“2

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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If then

2 - 8
/  47? \  p-2

osc иан <  *.OSC_ <  4M0 j
QQ\,R) Q(P 0,4B)

jf?2If 0<12<-^p, then it follows from (4.20) and (4.22) that

2—s

oso и„ < о ( А ) ' . 4 Ж „ ( ^ - ) ’ "2.Q̂ Po.R) \ B 2 / \ Jt£0 /

8et p=minj/3, —^-j, we obtain

osc и^<ОМ0( ^ ) Р( ^ X  -OM0(-§-)'. 
(̂Ро.Д) \М2/ \  B 0 / \ B 0 /

(4.22)

(4.23)

If l< j )< 2 ,  then Qn(P0, R) =>$(P0, P ) for 0 < P < ^ - ,  and if # > 2  then 

$(Po, P)rDQ2jf.(Po, P ) for P > ^ -  and Q^(Po, R )^ Q 2MXP0, P ) for 0 < P < ^ - .  

Thus (4.21), (4.22) and (4.23) imply what we want.
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