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HOLDER CONTINUITY OF THE GRADIENT
OF THE SOLUTIONS OF CERTAIN
DEGENERTE PARABOLIC
EQUATIONS

CHIN YAZHE (FEZ35)*

Abstract

This paper is concerned with the parabolic equation

—g—z;--div([Vu[P“QVu) =0, x€QcRY, >0
3. oN
2’ N+2
%(z, t) be any weak solution of the equation in L=[0, T; L*(Q)INL?[0, T; Wi?(2)].
‘The Holder continuity of Vu is established.} :

- with p>max{ }which iz degenerate if p<2 er singular if 3<p<2. Let.

§1. Introduction

In this paper we consider the parabolic equation

| ~div(|Vu|?2Vu) =0 1.1)
3 2N N I
with p>max NI , where V=grad, and « varies in an open set QCR”. The
equation is degenerate if p>2 or singular if '—q-<p<2.

2
By a solution # of (1.1) in the cylindrical domain Qp=0x (0, T] we mean &
function, w(=, ), defined in Qr and satisfying:

wELF[0, T; I3 @) N[0, T; Whs(@)] (1.2)
and (1.1) bolds in the weak sense
ﬂ [ugs— | Vu|**Vur Vldodi=0, VHEOK(Qr). (1.8)

a: :
The main result of this paper asserts that for any solution » of (1.1) with
3 2N <
max{ o7 N3 }<p<00,
Vu is local Holder continuity in Q7. For any QrccCQy, the Holder coefficient and

exponent of Vu depend only on Q; and on a bound on the norm of  with respect
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to the spaces in (1.2).

For the equation (1.1), N. D. Alikakos and L. C. Evans"’ obtained the
continuity of Vv with p>2. They applied Evan’s method for elliptic equations in
[2] to (1‘-1),'btit they could not manage non-uniformlity between space and time
parts very well and so they had not found Hblder continuity of Vu. E. Dibenedetto
and A. Friedman™ studied the corresponding parabolic systems, which contain the
eguation (1.1) as a special case, but they established only the continuity of Vu with
modulus w(s)= (log log —f—)w for some constants 4 and ¢. They asserted that their
2

> N+2
The coefficient of the first term on the right hand side of the inequality (iii) on
P. 87 in [8] sh'ould‘ be (p—2)/4 instead of (p—2)/2 and, infact, their results hold

3 2N |
only for p>max{—2—, m«}

The paper is erganized as follows: :
In § 2 we establish L™ estimate on Vu. E. Dibenedetto and A. Friedman®®
-emphasized that both the Moser and De Giorgi iteration on procedures must be used

results hold for p>max { }, but they made some mistake in the calculation.

for it. In this paper we use only Moser iteration and so the proof is much shorter.
In § 3 we give sgme fundamental lemmas and finally we come t0 our conclusion
in § 4.

§ 2. Boundedness of Vu

Let'Q be a bounded open domain in R¥ and set Qr=Qx (0, T'], T>0. Lot u he a
solution of -

%—div([Vulﬂ-2Vu) -0 inQy, (2.1)
3 2N .
‘where p>max{—2-, m}, and set
llcllo =ess suplu(, 8) [5.0+ | Vuls.a, - (2.2

‘where |+ |4,¢ is the norm in L¢(@). By definition we have [lu,<oo. For any s>0,
sel
QT,s"': 'Qs X (3; T] )

Q,={wcQ|dist{z, 2Q}>s}. }
Theorem 2.1. For any >0 and I'>0 there evists a constant C*, Jepénding only
on N, p, 8, T and I, such that, for any solution v of (2.1) with [ul,<T",
" [Vt 0,0 <O, @3
Proof Fix any point Po(a° £°) € Q2 and set |

where
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B(a®, B)={w€RY||o—2°| <R},
Q(po, B)=B(a*, B) x (1"~ B, #']
for R such that Q(p,, B)CQy. For clarity we shall first establish (2.8) under the
assumption that u, w, Vu, Diu are in suitable L? spaces so that the calculations
below are justified. s | ‘
Differentiating (2.1) with respect 10 #; we get

__Q_. —di -2 v -2 = i
2 ) div ([ Vu|?-*vu,, + 3% (| Vu Vu) v (2.4)
Set v=|Vu|? and apply to (2.4) the test function
@ =g, v*(? <a>min {O, £_2—~_2_}>,
where { is the usual 0% cut-off function with respect to Q(po, B), Q(po,(1-0)R)
(0<o<1). After some computation (cf. p. 87 in [8]) we get

L Y p+20—2 fJ =
Ty S O sttt B2 [[ 05 90 o
-——7—— 20&
J‘{ CZ’D lDzulz dm dt_*_ a(p 2) Jrcz ot (vu.vq.))ﬂdw dt
ot B ¢))
<0 [[e™ 55 1v| [Voldw de g 2o ([ Lo ot (2.5)
[]¢))] e

where B(R)=B(2°, R), Q(R) =Q(po, ,R). Here and after we always express
constants depending on N and p by o. '
Noting that

P20 —2 _P+20~4

- p+20~4 N N 2 1 D200 —4 2
> 2 Z(Zum‘um, =T 2 |Vol?, (2.6)

. . k=1 \j==l
we obtain from (2.5)

{2t dwdt+£~l—‘&"—£ “ ?,'” Iva |2 dadt

: .“
< 68Ssup
2(a+1) to—re<t<n) B> ¢

(l

“(P 2) JJP 2 (Vuovm)zdwdt
Q(R)

<0 Hz@ 3 “2|vz||w|dmzt+2( 11) Hmtlwiw @.7)
[1¢:7)]

If p+2a—1>0 and a(p—2)>0, we have, applying Oauchy inequality,

— o1 p+2a 1JJ 2, p+2 Vol®du di
2(“+1> f‘?flsa’iltlgvjle(ze)c dot (R)C I vt

2 1 A+ g
p+2 -1 ” v d""d”myii)lélv 1w dt, (2.8)

We con51der $wo cases:
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1) p>2.
Let a>0. Then it follows from (2.8) that, for any =0,

ess sup L(R)Cz vt dg 4 ” | V(fv

0—-RE<t<tO
QR)

<o[|f mTlVC|2da:dt+é[lje)lct]fu““dmdt]‘, | (2.9

QR

where O is iﬁdependent of a.

Using Hélder inequality and Sobolev embedding theorem, we have

| ,v”"2 o (14-5) o dt< J’ ( J'
. $0~(1-0)'R*

—n

) ,voa+1 dm) ¥
Goi) B(R—-0'R)
¢ ¢ N—~2

% (j BE-oR) o dm) T
2
el [V(fvﬂ%“') l 2>dwdt

w p42
< esssup (j potl dw) ﬁ (ru
t0~(1~g)2RI<t<to \J B(R—0oR)

Q(R~0oR)
o 1 el ,

<0[H 0T |V 2 dedi+ H (AR (2.10)

QR) QR)

Set u=1+-l2vand, for 1=0, 1, 2, +-,

| 1, 1
Ri=B (g +5)

Li(2) €O5(Q(Ry)), 0<li(w) <1, {i(@) =1 in Q(Rua), (2.11)

o+ 1 =2z,
‘Then it follows from (2.10) that

([f o+ dwar) ™ *<o A [ s [[ o#aoa]. (2.12)

Q(Bua) QR : ¢))]
‘Without loss of generality, we can assame that, for any >0,

“ T g 1,
Q(Rp)

-and so from (2.12) we have, noting _p>2

-2 41 -2
(fJ o5 dwdt) <] T wa.

Q(Re+1) Q(RY)
“The standard Moser iteration procedure yields

1
-2 i1 Pow D
< H fvp Rl dmlt) <-I—g+—2 ”'vg dodt, 1=0,1, 2, <
)

QB3 ™
ALet l->c0, we have

ess sup VK —=sr

st 20 0 7 ”]v@[mm. o (2.18)

Q(R)
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38 2N }
2° N+2
Le_b a>p 5 . Obviously we have p+20—1>0, When 2<<0, (2.8) holds since

(2) 2>p>max{

~ a(p—2)>0. When >0, the third term of (2.7) can be bounded below as

20— : a—4
.5"_(.%:_2) “ (o (Ve Vo) do B> — 2%1@—. ” o | Vo2 dadt,
e ' o _
It follows from (2.7) that, for a>0,

. 20—
1 esssupj {2 dw dt + (1+20)(p—1) ” o 3 valzdwdt
2(a+1) wors<t<ie) Bw 4 N

<0 ﬂ to p420

[1¢)]

= \ 1 . ot+2
V|| Vo|de dt—i—m‘il)lltl'v dw di.

Similarly, (2.9) and then (2.10) hold for a> P’2‘2 and 2>p>—23—. Now seb

= N(24"P), A=1—ap+ p—2-2 , 6+ 1=qy+Axt,

where u=1+l—2v. Instead of (2.12) we have

( H T P )-3‘"< %‘f Hf T g ﬁ vt dads ).

QB2 Q(ED (R

Clearly, p>—o— 2

) implies A>0. Without loss of generlity, we can assume

J
ot dudiz>1  for any 10,
Q(Rp
and then we have, noling p<<2,

A
%

([ oo dmas) ™ < 0

(R4 ORs)
Moser iteration procedure results in

(“ fv"‘°+""“‘dwdt)7ér< o H v% do .

RN-H)
Q(Rzi1) Q(R)
Thus o 1
esssup << %2 (H |Vu]2’dwdt>*' (2.14)
o($) R 2 g&

‘We have now completed the proof under the assumption thab u, w, u,, Vu,, are

in suitable L7 spaces so that the formal calculation can be justified. For the general

case, We can average with respect to ¢ and ﬁnite—diﬁ'erehce wihih respect to @ (refer
to the explanation on p. 95 in [8]). The theorem has been proved.

As a by-product we have the following theorem:

Theorem 2.2. For any s>0, I'>0
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H | V|22 D2y | 2 de dE<<O™ - ‘ri,fp>2,
QTIB
and

ﬂlwm-mw [2dmdt<0*“ if S<p<2,

L2

2.15)

(2.16)

Jor any solution w of (2.1) with llull,<I", where O* is a positive constant depending

olyonp N,T,sand I.
Proof If p>2, (2.5) with a=0 gives (2.15).

If2>p >—g—, combining (2.5) with (2.6) and setting a=

4 esssup J'B(R)Cz of dwdt + (2p—8) ” {2072 D%u| 2 do dt

10—-RI<E<EO
4 R

<0 [[go2iwe] Ivaldmclt—lw—J 16| % dwd.
o om)
It is easy to get (2.16) from this.

§ 8. Tocal Properties of Vu

Suppose that u(a, t) is a solution of (2.1) in some cylindrieal i]omainv'
2 N .
Qu(B) ={(@ ) al <B, -y <t<0],

where 0< R<<1 and 1 >0 are some constants.
Set : : : ,
M;,(R) ~esssup(tu,,) for j=1,2, - N,

M ,(R)=max esssup|u,|.

1<f<l Q)
Lemma 3.1. Let n sat@sfy

u(R)>I">M (R).
Then there ewists gy, depending only on p and N, such that
M, (B))*— (U, | ute, ] do b <eo [M1 . (B)]%
tmplies ‘+
essinfu,, > 1'“1(3),
ca(®) 2%

where a=min {1, p—1} and

Qu(B) Qu(R)

Proof Assume for the moment w is a s-mooth solution of (2 1).

differentiating with respect t0 oy, we derive the equatlon :

aua 1
ot

- (“M | Ve |2~ f“m:w;)a?‘éo,

p—2 we can. obtain

@1

(3.2)

3.8

(3.4)

Upoxi

(3.5)
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‘where _ .
iy =84y L= 2Vl o %‘g% if [Vu| 20, (3.6)
‘Obviously we have
Sot min{p—1, 1} |£|*<ayé;<max{p—1, 1} |£]*, VEER™ 8.7
V= U, | * ety _ (8.8)

A
which means v, = |v|® signv. The function v safisfles in the weak sense the
equation |

1, 20y /1 oy s - -
ol =8~ (Sl Tul=2[o] 0, =0. (3.9)
Let {(#) be the usual cut-off function in Q,(R) and set M;= M{.(R).

Applying the test function {?(v—k)~={*max{k—w,

and sefting

] 1-— :
() = jo lh—s| " sds (3.10)
‘we have o ' A o |
AT .  1-a
jj {2 axk(('v k) 2da;dt+ JJ Cswcilvulp_zl’vl % Yy, Vo, Ao A
Qu(B) Q,‘(R) n{wsk} .
U Zw.;,IVul” 2| %% (0 ) Lat o (3.11)
0ul® '
Now define :
0 if s>k
F—s if ksmh-ak, | '
bu(s) =4 © 7 ETIZETTL | (3.12)

&% &

2‘11 if s<kb— ﬂil .

Noting that M$/2<k<<M% and (3.2) we can getb
Pu(v) <(v—5)"<Ow(2)-

After simple computa,tmn we find

Jj Cz 3%k(¢k(’”>) dwdt+ mln{p 1, 1} -” Cslvu'lp—zlvl%lvgbk(@)lﬂdwdt

Qu(B) Qull®
11—
<0 “ |Vu |22 o] = [(v—k)71%|V¢|2duds,
Qu(ll) )
and then
_ .

grsup Ui+ [ & 1vuiz= 1015 9gu(0) |2anat
2 B 0um

<0[ [f IVuI”'zlvl qS,c(w)lVZ]“‘dmdt—l- ] |Ztlxk(¢k(/v))dxdt]

Qu(R Qu(R)
(8.13)
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Obviously we have,

5 1) < u(0)) <O (),

e g2
[Vul#=2 [v| & SN2 ool

2]

and, if k>o>k— ﬂii )

lvulp—zl | w >_1_ P—a—i.

Q

Thqs it follows from (8.11) that ,
esssup | Lgi()dotpr? ([ [VEH@IPd0a

———”p_a <t<0 0.(R)

[ 200 w2 VL |2+ | N,

Qu(B)
Let v=¢u?-2 and _ .
Q(R) ={(=z, 7) ||2| <R, — R*<7<0}.

Then we obtain .

osssup | 0gE(0)da+ jj IV bu(0)) |* A e

—R3<T<0
(160}

1
<0 5{,,)"’“”)[‘ VL |4 Jawa
According to Ladyzenskaja et al ([4], p. 75) again, we find

[ {] o

(11¢9) _ (18
Back o the original time variable £, we have

] @ouon™ asas] T o ] 19t 18] Jasa
S:::R) , 4B (8.14)
7 7)
R=R (; +o )
and let {;(z, £) be the cut-off function in (Q,(R,) satisfying

Zl(w: t)El .in Qu(RH-i):
0<Z__’,,(a> H)<1,

valr< %, 1@<
 Applying (8.14) in Q,(R,) we get

N
N+Z

2 da dv]

<0 [[or@[1ve1+ 14| Jawar.

2(N+2

k;=.M‘1'<—];-
1=0, 1, 2, o

4lp2

2(p—-2)

[ _U (Lbw () 2R, )dmdt] <..Q4_l".%:i._ J:[ #2 (v dw dt. (3.15)

Qu(Bp) Qu(Bp)
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Now define

J &5 (v)dw dt.
Qu(Rl)
In view of Holder inequality it follows that

Tua= || ¢h.@dodt

Qu(Be+1)

<[ [[ thu. @177 dwdt] [moas Qy (Rusa) N {dn,,(2) >0} T+, (3.16)
0u(Ria+1)
Notice that

I3 ” [(v— &)1 dw dt>-é—(7o¢~—k;+1)2 meas Q, (Ry) N {v<hia}

Qu (Rp) .

>0 meas Qu(Bu) N {u (0) >0 - @I
The inequality (3.15), (8.16)and (3.17) resulfs in

2(p-2) 2
016'y ¥+2  tegag
O16p ¥ 5 .

J 1<

Set
Yl — J‘lMp—z/M%x.BN+2°

The previous inequality can be written in the following
2

Y,,4<016'7, " T,
According to [4, Lemma II. 5.6, p. 95] therefore

provided
Y0< g‘o;

which means (8.8) for some g, The fact (3.18) implies
ess inf/u>—4[—i-,
w® 2
and (3.4) follows at once.
This proves the lemma under the additional assumption that u is a smooth
solution of (2.1). In the general case we recall Theorem 2.2 and prove by routine

arguments that v is a weak solution of (3.9): note |Vu|?*~?|v| = |Vu|2€ L(Q.(R)).
The rest of the proof is the same.
Lemma 3.2. Suppose that u satisfies
M. (R)Zzu=>M, (BR).

Then for any e,>>0 there ewist constanis 0<A, B<1, depending only on p, N and &,
such that we have

meas{ (7, ) €Qu(R) |t << (1 —~B) M1, (R)} >hmeas Q,.(R), (8.19)
if the inequality.

Y>>0 if l-»o0, -~ (3.18)
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LM (B))*— [ty | %] * dw dit <o (M1, (B) ) (8.20)
0ul® : ' :
fails, where a=min{p—1, 1}.

Proof Suppose that (3.19) fails (for B, A as selected below) and set as before
M;=M{,(R). Then

j (M9 — |t |*~0e,)2 dr
e ‘
QM(R) N{ug<(A—B)My} Qn(R) N{tigy> A8 My)

<[ME-+ M3 ()] *hmens Qu(B) + (BU) *meas Qu(B) (B<)
< [AA+2%)%4 8% MP*meas @, (R).

Select A and B such that

w[x—t

(142924 B%<8y, B<

The lemma has been proved. . ‘
Lemma 3.3. Suppose that ' ‘;
M3 (R)Z>u=M,(R), |
and there ewist constants 0<\, B<1 such that _
meas{(s, ) € QM('R> [t (2, ) <(L— L) MT,(R)}>hmeas @, (R). 8.21)
Then there ewist constants 0<d, y<1, depending only on N, p, A and B, such that
My, QR)<yMiu(R). - (3.22)
Proof For any >0, define

1
he(s) = {(32+ g% —s, | if §>0,
0, . - if s<0,

and seb : .
‘ k= (1_B>MIM(R>; w= (U, — k) ¥,
Ws (Q), t) = ll’s (u:h —’ ]‘7) .

It is easy to get, for any ¢ €07 (Q.(R)) and ¢$=0,

H [weps— @i | Ve | ?2wap b, ] d d8>0,
0ul®
Let e->0, we can get, for any ¢ €05 (Q,(R)) and ¢>0,

[w¢t - aiijj¢a;‘:| dw dt>0,

Q,.(’)
where

. @i | Vu|?72, if U =F,
ae { w28y, if up, <k
This means that w(w, ) satisfies in the weak sense
— (@) <0 in Q.(R).
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Lot v=#u®~2. Then w(w, ) satisfies in the weak sense
Wy — < M‘ijﬂ w“f)m,<0 in G(R),
where G(R) = { (&, =) ||o|<RB, — R2<w<0}. It is easy to observe
5 lel<= Gy _££,<O|¢% VEERY and (s, 7) EG(R),

where O depends 6n1y on N , pand B.
Define . - ° S
_ esssupw—w.

A . ~ -9
Qig= i/ 1?72, oy

~ The ,assuinption (8.21) implies--. .

meas{ (@, ¥) EQ(R) |v(2, v)=>1}>A\ meas G(R).
The funetion v(#, v) satisfies in the weak sense
(“u’va, «=>0.
By an estimate of Kruzkov (see the appendix in [1]) there exisi constan's
0<9, y<1 such that

essinfv>=>1— >0,
dom)
#hat is
esssupw<y ess sup w.
1e30)

Bidck o the original time variable ¢, we have
M, (OR)<yMi,(B)

:as claimed.

§ 4. Interior H"dlderContinuity of Vu

| Now we determine g, by Lemma 3.1, and then constants A, 8 by & and Lemma

3.2, and finally 5, y by A, 8 and Lemma 3.8. In this case, d and A depend only on

N and p.
Select a constant s: 1<s<2 if p>2 and 2<s<8 if 1<p<2, such that
2(2—39)
e >_max{—%—, 7}. 4.1)
It suffices to choose s close to 2. Let Q< cQy and suppose
| | Vat] o, 2, < Mo, (4.2)
and define

~2(2-s)

Mo—mos s0=2)
Fix the point Py(a?, 1*) €Qp and setb

. .
Q.(Po, B) ={(w, £)||o—a®| <R, t°——-—£—_—;<t<t°}. (4.9)

The constant 0< Ro<<1 is selected such that '
QSM.: (-P 05 -RO) C'QC,P ° (4.4)

Set
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O(P,, B) —~={(m, D | |o—a®| <R, tO-ZEI%I‘E)—;—_—<t<t°} (4.5)
and |
M (R) =0SSS11P(:!:?,6¢‘) (6=1, 2, -, N),
M (R) max ess sup R (4.6)
1<i<N 0(Po, R
0SC Uz, ~ O8S SUD Uy, — 088 infu,, = M (R) + M7 (R).
Q(Po R’ Q(Po R) 029 )

Theorem 4.1. Let v be a solution of the equatfbon @. 1) Then there exist
constants 0<p<1 and 0>0, depending only on N and p, such that

_ 08¢ u‘,,<OM0(RO )P for 0<R<R,, =1, 2, +, N, @

Q(Po RB)

of ——-<p<2 and

R )p > — i 000
05 e, < OM(,(E for 0<R<R,, i=1,2, -, N. (4.8)

if p>2.
Proof Define o, .

Ry=sup{RE [0, Ro] [31<j <N, 0€{+, —}| M} (R)l>2Mo<—EI%-)p_1}~ 4.9)

Then we can suppose R,>0, since otherwise the theorem has been proved. In

addition we have Ri<8?Ro by the definition of My and Mo
Thus, there must exist R,

2
O°R;<Ri<R,<R, (4.10)
such that we have
| M£(R,) 1<2M0(1_1})” for j=1, 2, -, N, (.10
and bhere exist @o and @, say io=1, 8=+, such that
o P .
3 8 -R \
M#(d _Rz)>2M0( e ) . (4.12)
Set
B\
w=2Mo(52)"" (4.13)
A% first we prove that
LCMT(Ro)) ™~ |ty | * ] e b <8 (M1 Ry))*%, (4.14)
Qu(Pe, Ba)
where @, (P, R,) is defined in (4.8).
For R<R,, define
' M3, (R) =ess supu‘,x,
Gu ot (4.15)
M, (R) =Imax ess sup (g, '
<$<N Qu(Po, B

Notice that @, (Po, Rs) =Q(Po, Ry) and M7, #(Rz) =M1(Ry).
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By (4.1) and (4.18), (4.12) implies

2
M iu(Rz) >Mi(3°R,) >max{’r ) é‘}l"

Then we have, noting (4.11), (4.18) and (4.16),
2M% . (Ro) > p=>Mu(Rs).
If (4.14) fails, it follows by Lemma 3.2 thatb
| meas{(w, £) € Qu(Ry) |te< (1— B) M1, (Rs)} >hmeas Qu(Ra).
- By Lemma 8.8, (4.17) and (4.18) result in
1u(ORg) <yM{,(Ry).

" 2
Noting that Qﬂ,(Po,' 6R2> =Q(Po, S?Rz), wWo ge'b

2
M3 (8°Ry) = M7 ,0Ry) <yM% . (Ra) <71t
which contradicts (4.16). (4.14) has been proved.
By Lemma 3.1, (4.14) and (4.17) implies

ess inf u,, > M (1R 2) <> 1 , ;w).

ou(pnB2) 2% 2:2%
We know that u,, satisfies in the weak sense
_ngf& e (wii Ivu I pOauc;a;) - 73 =0}
where a;; are defined in (8.6).
Set

.§____m_w0’ 7=/~°p_2(t"‘to), _
QB ={( ) ||£I<R? —~R*<w<0},
4’(5: 7) =uwk<m, t)‘

Then » satisfies in the weak sense
o Vu|?-2
2 (oI5
In view of (4.19), it follows that
-2 R
Flolt<a YU am<olals, wer, ¢ e (5).

Appling Hoélder interior estimates for non-degenerate equations, we have

oscv<0<—£—)ﬁ osc o for O<R<—I—z£,
o®) R, o (&)

where 0>0 and 0<8<1 depend only on N and p.

Back to the variables (@, £), we obtain

osc u‘v,,<0<—‘—l—%~)‘9 osc U, for 0<R<—Ii’:,
Qu(Po, B) "\ R, 0 (Po ) 4

If R>R,, then by the definition of R,

28

| R \7

SR M: AMo =~ °
(ot S MDD <437,

k=1, 2, «, N.

(4.16)

(4.17)

(4.18}

@19 |

 (4.20)

(4.21)
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1t B2 <R<R, then

4
' 2-g
4R\FE
< Rninad o . (4.
@(2?,%) Yo Q(gsfn) Yoy < 48 <R0> - : (4.22)
If 0<R< 122 then it follows from (4.20) and (4.22) that
23
R 4R, \72
0,55, Ve <0 (R2 ) 4005 o )"
s J5 2-—s .
Sot p-—mm{ﬂ, o }, we obtain
R, R \°
Q,,,(()Ii(,}R) uﬁk OMO( .R2 ) ( Ro ) 0Mo< Ro ) ) (4 ’ 23)

It 1<p<2, then Q.(Po, B)DQ(Po, R) for 0<R<ZL, and it p>2 then
'Q(_PO: R>DQ2M0(P0) R) for B> Eia and QM(POJ R)DQEMo<PO: R) for O<R 112

Thus (4.21), (4.22) and (4.23)- imply what we wanb,
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