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THE IMPROVEMENT OF THE KNESER 
THEOREM AND ITS APPLICATIONS

Znu Doming ( тМ |яД)* * *

A b strac t '

In  this paper, first it  is proved th a t on the Mobius s trip  M  there is a  unique periodic • 
orbit of the continuous flow /  which is the generator of the fundam ental group ягi(M ), 
where /  is tangen t (o r transversal) to the boundary and  has no fixed point on M. Then 
the results o f  the Kneser theorem are augmented. On the base of. these two results, the 
classification theorems fo r  M  and the Klein bottle are given, which are some more 
profound th an  those given in [1 ]. A t last, applying the improved Kneser theorem to 

i some continuous flows on torus, the au thor gets the results th a t there exist periodic orbits 
the num ber o f which is even (a t least 2 ), and describes some qualitative behaviors o f  the 
orbits. Moreover, some simple applications to the general nonorientable 2-m anifold, ■ 
p articu la rly .to  the,projective plane, are also mentioned.

§ 1. Periodic Orbits of Continuous 
Flow on Mobius Strip

Denote I  =  [0, 1], Г —{(х, у)  |a?G [0, 1], «/£[0, 2]} and action «: (a?, y)H* 
( l -ж , y + l)„

. Usually, the quotient space М  — Г / а  is called a Mobius strip.
In  this section, if no specification, we always denote by /  the continuous flow 

on M  tangent to the boundary and without fixed points.
D efin ition  1. The following seven domains are named normal regions and 

denoted by I, II, III, Г, II', III', IV ' respectively.
I  is homeomorphic to a closed plane annular domain, the inner and outer 

boundaries are the only two periodic orbits and they have the same positive direction, 
the co-limit set and а- l im i t  set o f  other orbit in  the domain are the boundary periodic 
orbits;

II  is the same as I  except the difference that the boundary periodic orbits have the 
opposite positive directions;

III is homeomorphic to a closed plane annular domain filed  w ith periodic orbits;
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Pig. 1
Г is  homeomorphie to a Mobius strip  M , the flow f  is tangent to the boundary and 

possesses a unique periodic orbit which is  not situated on the boundary, this orbit 
represents the generator o f fundam ental group w i { M ) ,  i t  has the same positive 

' direction as the boundary periodic orbit {see F igure  Id)',
II' is the same as I', but the two periodic orbits have the opposite positive direction 

{see F igure  16);
III ' is  homeomorphie to a Mobius strip  filled w ith periodic orbits {see F igure  lc);
IV ' is  a “h a l f ’ domain o f  type II', corresponding: to a nonorientdble direction  

field {see F igure I d ) .
D efin ition  2. A period ic  orbit L  is  called a 1-periodic orbit i f  i t  represents the 

generator o f  mfiM)-, 2-periodiC i f  i t  is the square o f  the generator o f  %x (Ж).
If notice that any continuous flow is orientable, then, by the classification’of 

. [1] Oh. 3.6.10, wo can get the following theorem.
T heorem  1. Ж is divided by the orbits o f  f  into several normal regions, each d f  

them belongs to one o f  the six types I, II, III, 1', II', III'.
The next theorem plays an important role in the paper.
T heorem  2. I f  the continuous flow is tangent to the boundary o f  M  and has no 

fixed points, then there is exactly one periodic orbit representing the generator o f  
: m i{M),  and the others {at least one on the boundary) m ust be 2-periodic.

P roof Suppose there is no 1-periodic orbit, we show it will lead to a 
contradiction.

..Consider the co-limit set (со(у)) and «-limit set (a(y)) of arbitrary one orbit у  
which is not situated on the boundary. Since there is no fixed points and non
trivial recurrent orbit, both со(y) and «(y) are periodic orbits. If co(y)=£«(y), 
there is at least one periodic orbit, which is different from the boundary; if co(y) 
a(y), then co(y) is a periodic orbit different to, the boundary.

, : . ;Bacause there are only two kinds of non-null-homotopic Jordan , curve on 
Ж: either the generator of nvx{M) or the square of the generator, it follows that, 
from the above assumption, „there is a 2-periodic orbit which is different from the 

■boundary and divides Ж into a cylinder and a Mobius, strip Ж*, 
о Repeating the above discussion on Ж*, we get another 2-p.eriodic orbit, which 
splits up ЖА into a cylinder and a Mobius strip Ж2"*;, ■ Т;1,
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Repeatedly, we obtain a sequence of Mobius strips: Ж з Ж р Ж р - о И 1 , э - .  
Denote their intersection by А ш. The set А ш is non-empty, compact, closed and 
invariant, since each M { does.

Because there exists a minimal set of /  on А ш and, from [3] or [6] (p. 316), it 
must be a periodic orbit, we see there is a periodic orbit Ъшс А ш and_, by the 
assumption of no 1-periodic orbit, it is 2-periodic.

For any positive integer i, the closure of M i —L M consists of a cylinder and a 
Mobius strip М ш. I t followsa that Жщс 1 и.

Proceeding again as above, we can get another Mobius strip М ю+1а М ш.
Let ft be a transfinite number. Suppose we have got a Mobius strip M a for each

«</3. Denote A B — Pi M a. For the same reason as above, we have another Mobius
a<e

strip M  ea A B.
Thus, we get a transfinite sequence of Mobius strips contained one by one: 

Ж з Ж р " 0 ¥ пэ - ‘ 0 Ж вэ М и+Р " 0 Ж р - " .
It follows that, from the Cantor-Baire theorem ([4] p. 458), there is a 

transfinite number fi of second class, such that ikfM=AfJti+1=AfM+2—
But the preceding proof says that there should be a Mobius strip M *czM ll and 

М*ФМ».
This contradiction implies that there exists at least one 1-periodic orbit on M . 

On the other hand, by [1], there is at most one 1-periodic orbit on M, so the 
theorem follows immediately.

C orollary 1. Every continuous flow transversal to the boundary dM  has exactly 

one l~perio<Mc orbit, i f  without fixed points.
Proof I t is easy to see that M  is invariant in  either positive or negative 

direction. So there must exist a periodic orbit L . Since L  is non-null-homotopic, we 
may as well assume L  is 2-periobic, and it cuts down a Mobius strip M t  from Ж. 
Since the restriction of /  on M ± is well defined, we see that, by Theorem 2, there is 
exactly one 1-periodic orbit of /  on M t . The uniqueness of 1-periodic orbit on M  

follows from the proof of Theorem 2.
R em ark  1. Corollary 1 strengthens the results of the Proposition 6.9 of [1] 

(p. 126) . From the above proof, moreover, we can see that Corollary 1 still holds if 
there exists a point x Q d M ,  such that <x>(x)czM or a(x)czM .

Similarly, we can apply Theorem 2 to strengthen the conclusion of [1] Oh. 
3.6.10, IV): “there is at most one component which belongs to one of the four 
types I', II', III ' and IV ' (corresponding to nonorientable flow)” .

C orollary  2. A  direction field tangent to boundary and without fixed point 

divides M  into some normal regions, exactly one o f  them belongs to one o f the types I ',  
II', III' and IV'. The necessary and sufficient condition under which wormed regions o f
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types I, II and III exist is the existence o f  2-periodic orbit different, to the boundary*
P ro tf  Since only regions of types I', II', III ' can contain 1-periodic orbit, tb® 

corollaoy follows directly from Theorem 2 and its proof if /  is orientable. Now 
suppose that /  is nonorientable. I t  is easy to see that there is exactly one normal 
region of the type IV', and the others are of types I, II, III. Moreover, there exist 
regions of types I, II and III if and only if the boundary of region IV' is different 
from dM.

In  the section 2, we will apply Theorem 2 to improve the Kneser theorem and 
sharpen the classification of [1] Oh. 4 .2 .8 .

2. The Improvement of the Kneser Theorem 
and the Glassification on K%

For u, ® £  R, define transformations on R2:
h: (u, v)\r> (u+ l, v), к : (и, ®)l-»( —и, 04-1).

Denote by G the transformatien group on R2 generated by h and lo. The 
quotient space K 2 = R 2/G  (the orbit space of group G)  is called Klein bottle.

For arbitrary integers m, n, p,  q, there exists the following relationship:
( № ) ( № ) -A m+̂ <-1>Pn+«,

= (1)
G  is isomorphic to the fundamental group m i ( K 2)  (cf. [1] Oh. IV, p. 1ST) .
Let T 2 be the two-fold covering space of K 2 corresponding to the normal 

subgroup of яг* (IT2) generated by h, k2. Then T 2 is a torus obtained by identifying
1

' 2
Suppose /  is a continuous flow without fixed points defined on K 2. Denote by f  

the flow on T 2 induced by the two-fold covering map: T 2~>K2 from / .
By the Kneser Theorem and the Lemma 3 of [1] Oh. 4,2.3, we have th© 

following lemma.
L em m a 1. Every continuous flow without fixed points on K 2 has periodic orbits,.

J x C - 1 , 1].the opposite sides of the rectangle £ —

as a поп-плШ-homotopic Jordan curve, each o f them represents one o f  the following  
dements o f %±{K2'): h, A-1, Jcz, k~2, jfc±;1An(cf. Figure 2).

From [1] Oh. 4 .2 .8  we have the following lemma. .....
- ..« ------ - — ----

~ n
 ̂ i * J

/ / ■

к ,

h fc Ш
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. L em m a 2.. I f  f  is a continuous flow without fixed points on K 2, then Ж'$-'М 
divided, into several normal regions by the periodic orbits (one is  denoted by L )  o f f .  I f  
It represents the element A*1 o f т±(К2) ,  then these regions are o f  types I, II, III; i f  L  

is  o f  class A±2, then they m ay be o f types I, II, III, Г, IF and ПГ. When -there exist 
exactly two periodic orbits and both belong to the class b ^ h ”, the normal region has 
type I ' or 1Г.

In  this section, we always assume that we have defined a continuous flow 
Without fixed points on K 2. Now we apply Theorem 2 to prove the main result of 
the paper. ■

T heorem  3. I f  there is no periodic orbits o f  class A*1, then there exists a unique 

integer s, ШсЬ that, there are exactly two periodic orbits o f  class к ±гAs, moreover, the 
other periodic orbits (if-exist) m ust represent class k ±z.

Proof By Lemma 1 and the hypothesis of the theorem, we may assume that 
there exists a periodic orbit I  of class either k ±2 or k ±xhn.

If  L  belongs to class b±2, then K 2 is cut up by L  into two Mobius strips and 
M 2. From Theorem 2, it follows that thoro aro two periodic orbits L± and L 2i and 
Li is the generator of for i  = l ,  2. By Lemma 1, represents the class k ±zhn>.
Thus we may as well assume that L  is of class h±xh*.

Denote by T  the regular cowering space of K 2 corresponding to subgroup (?* 
generated by b+1, i.e., T  is the quotient space of R2 under the action of group G±. 
As described in Figure 3, 2- is the quotient space of the strip region { ( x , y )  |0<?/<  
1} under the action A, and K 2 is the quotient space of the unit square

jO , y) i» €  [ -  Y ’ y \ ’ V ̂  ^  ^  }

under the action b. L 0 and L 1 (li± = hLf)  are two preimages of L  under the covering 
шарят: T -^ -K 2. The shadowy region M  in Figure 3 is a'Mobius strip. I t  is easy to 
see from the figure that яг: M —L 0 U L r + K ^ —L  is a homeomorphism. Therefore, to 
research the periodic orbits on JT2 except L we need only to consider the periodic 
«orbits different from the boundary of M . Now Theorem 2 says that there exists 
exactly one 1-periodic orbit L 3 on M , and the other periodic orbits (denoted by L-f), 
if  exist, must be 2^pefiodic. Since the abscissa increases by ог along L 3, the image
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яг(Ь3) of L 3 on K 2 belongs to class ft*1/*.”, And since L % is homotopic to L 0 0 L± on M,, 
the image nv(Lx) is of class (ft*1/?.”) 2 —ft*2 (cf. formula (1)). Thus we have 
completed the proof of the theorem.

Now we have obtained a strengthened Kneser Theorem:
Theorem  4. I f  f  is a continuous flow without fixed' points on the K le in  bottle 

K 2, then there must exist periodic orbits and each o f  them represents one o f the elements 
o f  sriC-ET2): ft*1, ft*2, ft±;1ftn ( n £ Z ) .  Moreover, i f f  has no periodic orbits o f  class ft*1, 
then there exists a unique integer s such that f  has exactly two periodic Orbits o f  
class ft̂ ft®, and i f  there exists any other periodic orbits else, it must be o f  class ft*2,

R em ark  2. The following two examples Show respectively that a continuous 
flow /  without fixed points on K 2 may have a unique periodic orbit of class ft*1 
(must be two-sided and half stable) or arbitrary number of periodic' orbits of class 
ft*2 besides two ft f̂t® periodic orbits when /  has no ft*1 periodic orbits.'

Example 1 4  : 14 2 '
e = t { l - i ) ,  , (2)

#, /Е  [0, 1]. If we identify (0, t) and (i9, 0) with (1, t) and (1—0', 1) respectively,, 
then system (2) defines a continuous flow on Klein bottle which has a unique and 
■half stable periodic orbit. i

Example 2 Construct an oppositely directed homeomorphism /  on ' 8 1==R/Z:  
/(ж ) = 1 —ж, for any ж£ [0, 1], where we identify 0 with 1.

Obviously, / 2(ж) —/ ( / ( » ) )  = / ( l —ж) =ж, V® G [0, 1J, and only points 0 and 
1/2 satisfy / (ж) == ж. Thus all the points on S 1 but the fixed points 0 and 1/2 are 
2-periodic points of / .

Taking a fundamental square {(ж> V) |0<ж, g/<T} on ж—у  plane, and identify
ing the points (0, y) with (1, y),  we get a cylinder H. Let 81, 81 be the upper and 
lower boundary circle.respectively, and ж the coordinate of S{ and 8 b  Now we first 
twist the generatrix of H  n  cycles counter clockwise and keep' I I  itself invariant^, 
then identify the points of ж on Ni with /(ж ) on 8 i, such that H  becomes a Klein 
bottle К 2. Clearly, the generatrix of I I  defines a continuous flow on K 2, all orbits, 
are closed and belong to class ft*2 as well as two ft**ft" periodic orbits.

By % similar way, for any givon integers IV>  0 and s, we can construct a, 
continuous flow on K 2, such that there exist exactly N +2 periodic orbits, where 
two are of class. .ft*Jft* and N  pieces belong to class ft*2.

Using Theorem 4 and Lemma 2, wo have the following classification theorem 
for continuous flows without fixed points on K 2.

T heorem  5. Suppose f  is a continuous flow without fixed points on K 2. Then K 2 

is  divided by the orbits o f  f  into several normal regions, and the set F  o f  all these 
normal regions has one o f  the following fo u r  types:
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1) F  only consists o f  the regions o f  types I, II and III, and at least one is  o f  type 
I I  (corresponding to the case that f  only has h*1 periodic orbits);

2) F  only contains one element and i t  belongs to type Г or II' or III' (the firs t two 
corresponding to the case that f  has no k*1 and k ±2 periodic orbits, the last one 
corresponding to К 2 filled w ith  periodic orbits);

3) F  has exactly two elements and they are either o f  types I ' and II ' or o f  type III'
(corresponding to the case that k ±2 periodic orbits are either unique or filled w ith  a 
Mobi/us strip);

4) F  has exactly two elements o f  types I', II ' and III', and at least, one element o f  
types I, I I  and III (corresponding to other cases).

Proof Oase 1. Because each region of types I', II', III' contains a Jc^h" periodic 
orbit, F  only can consist of elements of types I—III when /  has only h±x periodic 
orbits (denote one b j L ) .  Evidently, K 2—L  is a cylinder, and both periodic orbits 
situated at the upper and lower boundaries have opposite positive directions. Hence 
JF: possesses at least one normal region II.

The Oase 2 is intuitive.
Case 3. If we cut up K 2 along the unique (or the boundary of the Mobius strip 

filled with k±2 periodic orbits) k ±2 periodic orbit into two Mobius strips, then the 
assertion fo|lows directly.

Oase 4. Now K 2 has at least two /И2 periodic orbits Lx, L 2) which are not 
OOntained in  the same one normal region III'. K 2 is divided by L± into two Mobius 
Strips Mj. and i f  2, and one of them is cut up by L 2 into a Mobius strip and a 
cylinder. Thus we see F  has at least one element belonging to one of the types 
I—III. Since a region of types I, II, III does not contain k ±1hn periodic orbit, F  

has exactly two elements of types I '—III'.
C orollary  3. I f  there is no h ±x periodic orbits, then K 2 contains at hast one and 

a l most two normal regions o f  types ! '—IIF.

§3. Application
In  this section we apply Theorem 4 to a class of differential equations defined 

on the torus, and give some simple applications of Theorem 2, Corollaries 1 and 2 to 
nonorientable Surfaces, particularly, to the projective plane.

We still take the notations K 2, . f  , T 2, J  used in  section 2, where /  is a 
continuous flow without fixed points on K 2. Denote by L  the periodic orbit of f  and 
Ъ  the lifting of L  on T 2. !

L em m a 3. Let tfh* and (m , n). represent the elements o f  n ± ( K 2') and nfi fT2) 

respectively, where s, t, m , n G I f  L  represents /г*1, then L  has two preimages L t , L 2 
on T 2 and they represent the same element (1, 0); i f  L  represents ki2, then L  has also



two preimages L±, L 2 on T 2 representing (0, 1); i f  L  represents k ^ h 11, then L  has only 

one preim age L  on T 2 and i t  is  o f  class (0, 1).
P roof The first two assertions are obvious, we only prove the last one. Since 

T 2 is a regular two-fold cover of K 2, the lifting of L  on T 2 is equal to the square of 
L . By formula (1), we have (й=ь1̂ ”)2=А±2. If we notice that the transformation k±2 
acting on T 2 is equivalent to the transformation defined by the Jordan curve of class 
(0, 1), the lemma follows immediately.

L em m a 4. f  has non-zero even number o f  periodic orbits on T 2 and they 

represent one o f  the generators o f  ( T 2) . Moreover,
(i) I f  J has (1, 0) periodic orbits, then T 2 contains at least two normal regions o f  

type II;
(ii) I f  J has exactly two (1, 0) periodic orbits, then T 2 consists o f  exactly two 

regions o f  type II;
(iii) The necessary condition under which T 2 consists o f finite number o f  normal 

regions and each o f  them belongs to type II is that J  has exactly 2k periodic .orbits, 
where к is  odd)

(iv) I f f  has (0, 1) periodic orbits, then there is a nonnegative integer s such 
that every periodic orbit winds around the torus first s cycles in  positive direction, then 
again s cycles in  negative direction, or in  the reverse order. The (1, 0) periodic orbit o f  
j  has not any spiral phenomenon.

P roo f The first part of the conclusion is a direct consequence of Theorem 4 
and Lemma 8. The (i) and (ii) in the second part of . the conclusion are intuitive, 
we only need to. notice that L t , L 2 (the same meaning as in Lemma 8) have opposite 
directions and the boundary periodic orbits of regions I and II have the same 
positive direction.

The assertion (iii) follows from the fact that if к is eyen, then there must exist 
region either of type I or of type III. For simplicity, we may assume k=2 .  Now 
there are periodic orbits Ъц on T 2, i ,  j ~  1, 2, such that sr(Ly) =Lo where L± and L 2 
a re l* 1 periodic orbits on K 2. Since the positive direction of L a  is opposite to that 
of L i2, there exist at least two (exactly two as k = 2) regions of types I and III, no 
matter what positive directions L u  and L2i  take.

The assertion (iv) can be deduced from Lemma 3, Theorem 3 and its proof.
Let X  bp a Or( r > 0 )  vector field on T 2 defined as following.
X = (X i, X 2), where X ± and X a have no common zero point, and satisfy the 

condition H t :

y) = - X i ( - X, y + 1), x 2(#, y ) = X 2( - x ,  y Jrl'),
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for any ж £ [ - у , у ] ,  y €  [ - 1 ,1 ] .

By Lemma 4, we get the following theorem.
Theorem  6. Suppose Y  is a Or(r> 0 )  motor field on T 2 without singular points, 

and topologically conjugate to X , then Y  has non-zero even number o f  homotopie 

periodic orbits, and they represent the generator o f  uct(T2j .  Moreover, the flow J  defined 
by Y  has the same behavior and structure as described in  Lemma 4.

Example 3
• •

x = ft sin ятя ±  у  sin my,
* -i • (o)у = 1 + a srn n x  cos wy, ;

where
|a | < 1  and j8=£0 as |cc| =1.
x  =---£} sin uux—у  cos cvy, (4)
у —1 + a sin ocx cos %y,

where |« [< 1  and $ + у ф О  as «=1; 7 # 0  as « = —1.
It is easy to see that under the given conditions the systems (3) and (4) are 

smooth, have no singular points, and satisfy condition H x (change x  into 2#). 
Hence, for each system there exists at least a couple of periodic orbits.

Since y >  0 and it takes zero value Only at several points, the flows defined by (3)

and (4) have, not any (1, 0) periodic orbits. And from y = l  as j у | =  we see that

every periodic orbit has the same positive direction. I t follows that there are not 
/  any regions of type II on 212.

At last, we give an application of Theorem 2 and Corollaries 1 and 2. Each 
nonorientable closed surface with genus g may be regarded as a sphere with у holes 
to each of them glued one Mobius strip115-1. The next theorem follows directly from 
Theorem 2 and its proof.

T heorem  7. Suppose f  is a continuous flow defined on a nonorientable s u r f ace 
M 2. I f  there exists a closed region D c zM 2 homeomorpMc to a Mobius strip , such that f  

has no fixed points situated in  D  and region D contains a half-orbit o f  f ,  then there is  
a one-sided periodic orbit o f  f  on M 2.

Particularly, when the genus of A Pis 1, we have the following corollary. 
C orollary 4. Suppose f  is a continuous flow defined on a projective plane P 2. I f  

there exists a two-sided Jordan curve L  such that the fixed points o f  f  are situated at 
the same side o f  L , then the condition that L  is either a periodic orbit or a closed 

transverse implies that there exists a unique non-null-homotopic periodic orbit on P 2.
Proof By [6] Lemma 4(iii), L  is a null-homotopic Jordan curve and bounds 

a simple connected region D. Hence, P 2—D  is a Mobius strip. Since there must exist, 
fixed points in В  whether L  is a closed orbit or transverse, /  has no fixed points in
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P 2—B . Thus the existence of non-null-homotopic (equivalent to one-sided) periodic 
orbit i*  is a direct consequence of Theorem 7. The uniqueness follows from the fact 
that P 2—L* is homnomorphic to a disk.

В еш агкЗ . In  [8], we. have shown that every continuous flow defined on a 
2-manifold : (projective plane) has either (one-sided) periodic orbits or singular 
closed orbits if the set of cluster points of the fixed points is countable.

Theorem  s. I f  a  continuous flow f  defined on projective plane P 2 has unique 
and elementary fixed po in t, then only one o f the follow ing two cases can occur:

i) /  has unique and non-null-homotopic periodic orbit, the whole P 2 is a simple 

connected spiral regionm ;
ii) /  has at least one null-homotopic periodic orbit besides a non-null-homotopic 

one. P 2 is cut up  by the orbits o f  f  into several normal regions, one is a simple 
connected spiral region, one is o f the type either V or II ' or III', and the others are o f  
■types I, II, III. There exist regions o f types I, II, III on P 2 i f  and only i f  there 
exist at least two null-homotopic periodic orbits.

Proof Let 8  be the unique, elementary fixed point of / .  We may assume 8  is 
■a source, since the E uler characteristic number of P 2 is 1. We can easily construct a 
closed transverse T  around 8 , and see that P 2 — T  consists of a disk and a Mobius 
:strip. Then Corollary 1 implies that /  has exactly one one-sided, non-null- 
homotopic periodic orbit L .

If L  is the unique periodic orbit of f ,  then P 2 wholely is a normal region—a 
: simple connected spiral region. In fact, if we denote by 2  the single point 
compactization of P z — L , %{ 2 j  the Euler characteristic number, then from the 
formula

* (Я ) -* (Р * -£ )+ 1 -* (Р а) + 1 -2 ,
we see 2  is a sphere, so P 2—L  is homeomorphic to a disk.

Now suppose that there exists at least one two-sided periodic orbit L± as well as 
L.  It follows that, from the proof of Corollary 4, Lx is null-homotopic and bounds a 
unique simple connected closed region D. We may assume there is no periodic 
•orbits at the inner of D. Then D  is a spiral region, and M  = (P 2—D) U Al is a 
Mobius strip. The flow /  is tangent to dM=*Lx. Then the theorem is a consequence 
•of Corollary 2, if we notice that every two-sided Jordan curve on P 2 is nu ll- 
homotopic and every 2-periodic orbit on M  is two-sided.
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