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BIFURCATIONS OF LIMIT CYCLES 
FORMING COMPOUND EYES 

IN THE CUBIC SYSTEM

L i J ib in  ( ^ 8 ® *

Н ш то  Qiming (-$; t.̂ J) **

Abstract

Let H (n) be the maximal number of limit cycle of planar real polynomial differential 
system with the degree n and U* denote the nest of к limit cycles enclosing m singular points. 
By computing detection functions, tne authors study bifurcation and phase diagrams in the 
class of a planar cubic disturbed Hamiltonian system.In particular, the following conclusion 
is reached: The planar cubic sy s te m ^ ) has 11 limit cycles, which form the pattern of 
compound eyes of Clzo2[G'3Z)(K2Gf)2 and have the symmetrical structure; so the Hilbert 
number H (3 )> 1 1 .

§1. Introduction

In  1974, F. Takens1113 listed “all bifurcation” of two parameter nodegenerate 
Hamiltonian disturbed systems on plane. But, as P. J. Holmes and J. E. Marsden1-23 
said: “It is not strictly correct to speak of a “list” of two-parameter bifurcation, since 
the various analyses have not been conveniently gathered in  one article”. In  this 
paper we will give some bifurcations that have not been listed by Takens.

Let H  (m)be the maximal number of limit cycles for planar ploynomial different 
tial systems with the degree n. In  the past thirty  years, many results have been 
obtained if n = 2 (See [8]). 0. S. Ooleman in “Hilbert 16th problem: How many 
cycles?”1-43 said: “For №>2 the maximal number of eyes is not known, nor is it known 
just which complex patterns of eyes within eyes or eyes enclosing more than a single 
critical point can exist.” It is important that for « = 3  these problems are considered. 
As W. A. Coppel1-53, to use vague analogy, we have something corresponding to odd 
functions. Can we understand something corresponding to even functions?

Let Оът denote a nest of к limit cycles which encloses m  singular points. The sign 
“ id” is used to show enclosing relations between lim it cycles. And the sign “ + ” is
ай —■ i ■ .......... — ............— 1 "
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used to divide lim it cycles enclosing different critical points. Denote simply that 0 | ,  

+ C * - 2 0 * ,  etc.
W e discuss the two-parameter fam ily of disturbed cubio Hamiltonion system  

depending on X,fi:

^  =  у  (1 -  су3)  +  iMo (mxs+ ny2 -  Я),

- ^ - =  — x (l~ a x a) +/jby(ma>a+ny2-X ),  (1.1),*

where a > e > 0 ,  0<jtb<^l. U sing the theorem of Pontryagin and Zhang Zhifen and 
Melnikov’s Method, and studying detection curvsK:i of (1, 1)„, we obtain bifurcation» 

and distributions of lim it cycles of (1 .1 ),, listed in  Table 1.

T able 1

/■ a • /»г 3* 4-*
f • X • I 
JX • x 1 
/ * X «1

Г0 Г 0)
j X • X I
/ Q 4 Oj

6 C§̂ z[ĉ zC /)?’ фа̂ эаС,'] j'd эг̂ эгС,4]

§2. Qualitative Analysis of (1.1) и

System (1 .1 )M=0 has 9 finite singular points. $? (0, 1 /V  c ) $<] (0, — 1 /V  c ) , $ |  
( —1 / V a , 0) and $ 4(1/ 4/ a , 0) are saddle points; Ac( ( 1 / V e , l / V  с ) ,  A% ( — 1 /  
V a * , l / V  c ) ,  A% ( - 1  / \Г а  , —1 /V  c ) ,  Ai (1 /V  a , - 1 / V  c ):and the origin 0 (0 ,0 )  
are centers. For 0 < /л < 1 , (1 .1 )„ also has 9 critical points 8 i} At( i= 1 —4) and 0(0*  
0), Except 0 (0 , 0 ), all the 8 critical points lie on the curve

ax4+ cyi — (ж2+ у2) =  О,

i.  о.
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' acos40 + c s in 40 * ® Л\
Si and Ai take respectively slight displacements from Si and A®, as ja varies slightly .

W rite (£*, rjx) and (£2, Vz) as the coordinates of critical points Аг and A 2. From 
the right side of (1.1)^, we have

f £ i = 1 / V «  +  [fi/2\/~c^+0(/j,a)]  [X - (rtz/a+n/c)], 
с — [/л/2%/ а +  О(/м1) ] [X— (m /a + n /c )];

' | 2=  — 1 /V  a +  [p > /2 W + 0 (р ,2)]  [X - (m /a +«/<?)]>
■'>?2==1/'ч/~(Г +  [/1>/2\/ Й + 0 ( /* 2)]  (ш /й +  м/с)] .

Since the vector field defined b y ' (1.1).,» is invariant under a rotation overt m, 
critical points A3 and A± have similar formulas. It is easily seen that if /л—>0 or A,-»

(ijL + J L ), then A i-*A l 8r*S°t ( 6 = 1 - 4 ) .

System (1.1),» has a first integral
JS(x} y) =  —ax4:—oyi +2(coa+ y 2)= h .

By use of polar coordinates, (2, 4) becomes

(2 .2)

(2.S)

(2 .4 )

Denote r+ :

з/д _  l ± V l —A(0 cos4fl+ csin 4fl) d^f- 1 ± s/V (6 , h) 
r '  «cos40 + c s in 4f? m(0)

1 + v T  2 1 - V F

(2 .6)

W ith h varying, the quartic algebraic curves

У
w 7' _ и

defined by (2 .4) can be divided to 4 
types (See Fig 1).

( i )  {21}: —оо< Д < 1 /й. It is a 
fam ily of global closed curves enclos­
ing all the 9 singular points.

( ii ) {21}: 0 < Л < 1 /« . I  is a closed 
fam ily surrouding the origin 0  (0, 0 ).

(ill) {21}: 1/а<Ъ < 1/ c. It is two 
closed families surrouding respectively 

three singular points A®, A\ and SI or 
A t, AZ and S°2

(iv ) {21}: 1 /с < Д < 1 /й + 1 /с . It is 

four closed families surrouding respe­

ctively  one singular point A® (6 = 1  — 4 ).

For Л = 1 /а , (2 .4 ) is four branches 

of heteroclinic orbits connecting two critical points S% and S\. For A = l/c , (2 .4) is 
two homoclinic orbits with a figure of eight, connecting respectively in S\ and S2.

As h increasing, the curve T 2 extends outside, but the other curves constrict 
inside.

F ig . 1
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. By means of the definition of detection functions, we consider four detection 

functions Xi(h*=ipi(h)/q>i(A) ( 6 = 1 - 4 ) ,  corresponding to {Г%}. Let g(9) =meoa39+  
.nan3 в. From Fig. 1, for 6 = 1 , 2, we have

K(h) =J^/a ri{9, h )g { 9 )d 9 /^  r?(0, h)d9} (2 .6 ) .

where 6= 1 , r i= r +) —o o< h < l/a ;  6 = 2 , «у—«•-, 0 < h < l/a .
For 6 = 3 , 4, we have

fe<№)
h W - 1;;;

where 0i(A) =-^- arc cos

i

I K

:*<*> 2 \/V g
9i№) wa

a + c

d0
/  Jej<fc) W (2 .7)

'^ - -a o ')  — (а —с ) ] / ( a + c ) | ,  and i f 6 = 3 , 03(A )=яг/2,

l /a < h <  1/e; if  6 = 4 , 1 /c <  A <  1 /c + 1/ й,

, d*(A) =  arccosj — 2 ( - -̂ —-<гс) + ( a - c )  / ( « + c ) j .

From (2 .6 ) and (2 .7 ) , we easily see that every Д,г(А) is a one-valued and 

differentiable function when A varies in  its domain. Using the theorems of bifurcations 
for closed orbits and homoclinio or heteroclinic orbits1-6'1, we have the values of 
parameters related to global and local bifurcations as follows:

h = X i(l/a )  = j o r% (e,^)g(9)de j r % ( 9 ,  l/a)d9  

=  2̂J3+ 2J 7 — I±j +  (та-то) 2̂Т4+ 2.Г9 — -i- I^j j  (J i+ J g ), (2 . 8)

& -Я* ( l / a ) = £ /2 r i(9 }^ )g(9 )d9  j r2_(6>, l/e )d 0  

=  [to( 2 I 3- 2 I 7— J i)  +  (та-то) ( 2 I 4- 2 I 9—I 1 2) ] / ( I i - I 5) ,  (2 .9)

S3= x 3 ( i /a )  =  [ £ /a 2 ^ П Ш ( < / № / « 3№ ) ^ ] / ( * /а (VF(6>, 1/ « ) / и (f?)) d9 

=  2 [m lr +  (to—та) I q] / 1$, (2.10)

S . - » . ( V . ) - x . ( V . ) - r4 ' 4 Jexa/o) w3(0) /  Jexd/o) ад(0)
= 2  [toI 8 +  (та -  to) J 10] / I q, (2 .П )

S5 = ? u ( i + — ( 2. 12)\ a  c /  \  a 0 /
where J i —Jio are following integrals: 

f®/2 d(9fit

4 .
Is =

fit4 .

1_1 m(0)
я/2 d# 
0 u2(d)

*/2 sin2 9 in 

Г®/2 sin2# ,л
I l _ Jo «*(»)

_  У Г (» , l/q ), . .
‘ L u(9) Xа - Г  - Л ^ с й ,J Ы1/0) u{9)
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j*ct/3 * j v  (6 ,  1 / c)

W(ff)•r7 =  Jo ' ^ 7 ^
ГЯГ/2 \/F (i9 , ,1/c) у
10,(1/o')

Г _  r /2 \ / F  (0, i /a )  sin3 (9 лл т _Г 2 V F (0 , a /c ) sm ^  ^
i9 Jo м2(0) 1:10 J° w2(6>)

These definite integral can be computed exactly by calculus or computer.

§ 3. The Case of W” - l ,w = l

Consider the system with numerical coefficients:

dX '- y i l - y 2) +  fjbx(y2- x 2-X ) ,

■■ - x ( l  — 2 x2) + ц у (у 2 — х2—Х),

dt
dy

(3 .1 ) ,

dt
For (3 .1 ) !i3 g{9) =  sin2 9 -  cos2 9 =  -  cos 29, и (9) — 2 cos4 9 + sin4 9,

0 i(l/c )= ^ -a r o co s-g -.

Using (2 .8) — (2 .1 2 ), we have

b i= hi (1/2) =  1 .7632 /2 .69237 =  0.654885,
S2= ^ 2( l /2 )  =  —0.03197870 ,496503=  -0 .0644079,
S3=  =A3( l /2 )  = 2  x  0.448794/1.09794 =  0.817623,
54=Л8(1) -A * (l)  = 2 x 0 .2 6 4 2 6 /0 .4 9 6 4 8 2 = 1 .0 6 4 5 2 /
8«=A*(S/2) = 1 .

Clearly, S4> 5 6> 5 3> 5 1> 6 2. Write u(0)*=2sin49 + cos46, V{9) — ( l  — u(9)h)'st 
L em m a 3.1. a*(A) > 0 , limA^A) — +oo, lim Ai(A) =  +oo.

7l->l/2-0

Proof Since. q>i(h) is the area inside Г\, we have q>iQi) > 0 .  To prove A* (A) > 0 ,  
it suffices to discuss i/fi (A) > 0 .  Note that

f®/2 f®/4 ftl/2
>Ai(A)=Jo r% ( — cos 26) d # = r t  ( — cos 29) d#+ j r + (—cos2#)cZ0,

By using the transformation 9 =  ̂ f- — 9 to the second integral, we have

i/»i(A) =  f - ^ ^ _ [ M( i - f  V S )  + 5 ( 1 + V ) ]  [cos20+ mV 5 - 5 \ / £ ] d 0 .  (3 .2)
Jo u2u2

W hen 9 ^ ^ 0 ,— ĵ, cos29> 0, u(9) > u (9 )  and 1 —Ам>0, 1 —Aw>0 for all A £ (  — °°,

1 /2 ). It follows that usTv —u s/ v > 0 .  Hence, the integrand of (3 .2) is positive. So 
Ф1 (A) 1> 0e

Similarly, we have

<Pi(A) -  Г  r l(9 )d 9 =  P  — ■( 1 + n/ S ) +  « ( f + y   ̂ ^
Jo Jo m (3.8)

It is evident that the ratio of the integrand of (3 .2 ) to that of (3 .8) approaches
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+ o o s as A-»—oo„ Thus lim Xx(h) =  +oo„We see that
Л->—во

* ® ~ Г * 7 Г *
««-W ffl-ljW flffllW i). (8.4)

If A=1/2, 0—0, then «(0, A) — l-ft(2cos40+sm40) — 0. It follows that integrals
ftt/2 _  C«f/2 .__
j d $ /\/  v and J d0/w v v are divergent when h->l/2  and 0->0.

i f*/a .oos.20 ^  , f*/a cos20 ^  fw/a dQ
^ ( A ) - » « ( A ) f t № - J o - ^ - « W + J ,  ^ r j - да+ f e W J0 i 7 T

4  r  ^ L * + r  i=S.*+>.(*) Г  S~  1Uo ^(0) J or/4 MV -y 2 v  U J

+ rf*/‘ о ^ да+^ №)г 3 ^ _ 1  (3.5)
LJ0 Jo 2 v  Ф J

In  (3 .6 ) , three integrals in  the first square brackets are convergent, but two integrals 
in  the second square brackets are divergent if  h-> 1 /2  — 0. So lim h[Ch) — +  oo.

ft-> 1/2-0,

In the same way as the proof of Lemma 3 .1 , we have the following lemma. 
Lemma 3.2. ^a(A )< 0 , lim  ^ ( A ) « - o o .

Lemma 3.3. X3 (Л) >  0, lim X3 (h) =  + o o , lim X'3 (h) =  - o o ,h~* 1/2+0: Tl~*%
Proof For h £  (1/2, 1 ), <p3 (h) > 0 , we prove tp3(fy) > 0 . Since 0i(&) < 'i-arccos-i-  

<я?/4, we have
for/a

fc (A > - . -J 0iOi)
5t/a — 2cos20v/ «

M d0

■ - Г  ^ c ^ v i r ^ + r
M Jsr/4

'w/a - 2  cos 20
и

Tit/ 4
=2J cos 20 ' \ /  V \/~V ' dfi-i- ’0i№) cos 20

L V2 wa J 0 ua

\PodQ 

V  ard0

f*/4 m2 V  « -  u2 \Tv cos 20d 0+ f*№) cos 20
Jo Jo V

It is easily seen that m2V  5 — u2\Tv  > 0  if 0G (0, ar/4) and (1/2, 1) 
From (3 .6 ) , it follows that ip3(h )> 0. Thus, X3(h) > 0 .

dQ „ s Г®/2 cos20
)ej(ft) U\/ v

sf  v dQ. (3 .6)

for/2  M  fa

< p m = - \  i r h ,Jei(A) 2V « Je
d0. (3 .7)

If 0=аг/2 and Л =1, o> (0, Д) = 0 , lim 0Х(Д)=О. Two integrals of (3 .7) have
S-*l/2+0

Singularity in  6 = 9i(Ji) and 0 =  гг/2 as Л—> 1 /2 + 0  and Л-н>1 —0. We have

K(h) =  ШИ*) - U (A M (A )]M (A ).

Take 0O: cr /4< 0o< — such that |cos20o| > 0 .8 .  Thus,
J

(3 .8)
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фз (A) —Я3 (Л) <р'з (A) cos 2(9f _
JeiiK) U\/
£ j 00 cos 29

[W/2 d9=- <̂ $+ Яз (А) [ -  -V—V J0i(ft) Z\f t)

й0 + я3(А)Г° de
Jetus/~v Bi<« 2 W  -J

. ГГ®/2 cos29 , n . . Г®/2 d# 1+ LL W T ^ + ^ (fe)) e, 2 V V J '
'<*/2 (JjQ

■ « 7 7 W T A 3W J(, 2V"
• I f  А-» 1 — 0, integrals of the first square brackets are convergent. Consider th® 

second brackets. For 9 £  (90, sr/2), ( ц ^ y ) > l^  — cos2(9>0.8. Hence

■«•«riST -r^-o-w rw T uf■<Z0. (3 .9 )

•X 1 .0 6 4 5 2 < 0 .8 , the right side of (3 .9) approaches — oo asBecause lim - -̂Я3(А) =
2 л

h~> 1 — 0. Since lim ®3 (A) — constant, from (3 .8) lim  Я3 (A) =  — oo,
й->1—0 ft l̂-0

Similarly, we have lim  X's (A) — — oo.
Ji-»l/2+0

By using the analogous method, we can prove the following Lemma.
Lemma 3.4. A*(A) > 0 , lim A* (A) «= - o o .

Note that in  saddle points $*, 8 2 and 83, 84 the saddle values <ti,2> 0  and o*3,* 
< 0 . The above conclusions of (A) ( i= 1 ^ 4 )  conform to information obtained 

from these saddle values.
By virtue of preceding discuss and differentiability of detection functions, w© 

can obation some local knowledge of detection curves. Using computer to determine 
global detection curves, we have the result in  F ig 2. By using the theorems of [6] , 
it can indicate the number and positions of lim it cycles of (3.1)^. Hence, we have 
the following theorem.

Fig. 2 Ditection curves of (3 .1 )д( т =  — 1, и=1)
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Fig. 3
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T h eorem  L For fixed /л, 0<//,<^l, as the parameter X varies, System (3 .1 ) щ 
has the bifurcations as follows.

( i )  I fX > b t  = bt+0.(fju) & 1.08258 +  0 ([f), then there exists one unstable limit 
cycle of (3.1)^ with the distribution of 01)

( ii ) I f  Я= bt, then there exist 3 limit cycles of (3 .1) fwiih the distribution Ojz) 201;
(iii) I f  Ь4==̂ 4+ 0 (/л) < h < b 'l then there exist 6 limit cycles of (3.1)^  with th& 

distribution 01^)20%
(iv ) I f  &6=S6+ 0 (^ )< X < b 4, then there exist 7 limit cycles of (3 .1 )д with the 

distribution 0 \zd2 [0 \z>20X\)
( y ) I f  bs =  b3+ 0(ff) < h < b B, then there exist 3 limit cycles of (3 .1)„ with the 

distribution 01zd201)
(vi) I f  b1==‘bi + 0 (fi)  < h < b 3} then there exists one unstable limit cycle o f  (3 .1)  ̂

with the distribution 01;

(vii) I f  bi*= 4 - 0 (//,) < X <  b, then there exist two limit cycles of (3 .1 )  ̂ with 
the distribution Of;

(viii) I f  \  — &**, then there exists one semistable lim it cycle of (3.1)^ with the 
distribution Ol)

(ix) I f  0<A <bi* or X<b2, then System (3 .1) has no limit cycle.
(x) / /  b<1=102+ 0 (11) <?o<0, then there exists one limit cycle of (3 .1) M with the 

distribution Oj.
Bifurcations and phase portraits of (3.1)^ are shown as Fig 3.

§ 4. The Case of m =1, w==-3

Consider the system

+ / » ( « * - v - « ,
*  (4.1L

=  — x (1 — 2x2+ рьу (x2 — By—X). dx
Note that for (4 .1 )M, g{9) = 4 cos20 - 3 .  Computing (2 .8) — (2 .12), we have 

= A* (1/2) =  -  8 ,94628/2.69237 =  -  3.32245, 
g2= x2 (1/2) =  -  0 . 0978258/0.4966503 =  -  0.19703,

3̂=^8  (1/2) =  -2 .2 1 1 8 4 /1 .0 9 7 9 4 =  -4 .0 2 9 1 ,
= x3 (1) =  a* (1) =  - 1 . 19231/0.496482 = -  4.80805,

& o=k(3/2) =  - 5 .

We see that S2> S i> S 3> S 4> S 6. For the detection functions А{(Л) ( 6 = 1 - 4 )  of (4.1)^  

we also have following lemmas. ,
L e m m a  4.1. Ха(Л)<0, l im ^ (Д ) =  - ° o ,  lim X'i(h) =  .—oo.
• > ft,-»—oo 4 7i“* l/2—0 ’ '

Li, J. B. $  Euang, Q. M. BIFURCATIONS OF LIMIT CYCLES 399
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Proof Since

. 2 a QJ > °  for О < 0 < « /6 ,о (у) ~  4 cos2 # — 3s „ , л
l< 0  for я?/6<#<яг/2,

letting д (9) =  4 sin2 # —3, we have

d 0

fw/0 ff(fl) ( 1 + V T ) 2 Г®/3 ff(fl) (1+ n/  a ) 2
w d0+ J 5Г/6 U f f l

+  f «  o ( g ) ( i+ V « ) » -
*/ ar/3 M 30. (4 .2)

For the third integralof (4 .2 ) , by changing the variable Ь = ^ —в, (4 .2) converts into

"  a , ;?,) -  f" [ # ) a + ^ ) ! + ? W ( i t ^ ) ' U
Jo L W U2 j

fw/s ff(^) (1+ n/ T ) 2
+ Jm/6 u ■d9. (4 .3)

If (0, stt/ 6 ) , then u(9)>u(9). For h > О, V  v < V  £ ,  it follows that 

#(0) ( 1 + ^ ) 2+м 2у (0 ) (1+ n/1T )2< m2(0) (1 +  *JJ)2lg(9) +$(0)1

=  — 2м2 (9) ( l W l T ) 2< 0 .
V ¥ > « /  S , we have 

u2g(9) ( l + W ) 2+м2у(0) (1 +  'v/lT ) 2 
<  |£ (0 ) I [w2( l + ч /Т ) 2- м 2(1 +  s / 7̂ ) 2]
=  |# (0 ) | [2(1 +  V  « )  + м (1 + '^ Г̂ ) ]  [ — (и—и) — (W  S ~u\f~v ) ]  < 0 .

So the integrands of (4 .3) are negative for h £  ( —oo, 1 /2 ), namely, ijji(h) < 0 .  Since 
Pi (A,) > 0 ,  Xi(h) < 0  is proved.

Imitating the proof in  Lemma 3 .1 , we have lim Ki(h) =  — oo„ To prove lim X'x (h)
ft-*—oo Л->1/2—0

Й
e= — oo, we see that

«> -«**»>-[■-r ■© '-C «?«•» C i$rl
For all / i< l /2 ,  the part in  the first brackets of (4 .4 ) is bounded. As >1/2 —0, in $  =  0
the integrands of the second brackets have singularity. Because g (9 )> 0 ,9 £  (0, яг/6)

, lim X±(h) =  —3 .32246, lim m(h) =2 .69237 , it follows that lim =  — oo. 
:and й-»!/2-0 W  V»1/2- 0̂  4 ft-*l/2-0 W

Sim ilarly, we have the following Lemmas.

L em m a 4.2. Ji3(A )< 0 , lim > 4 W = + o o .' . й-*1/2-0
L em m a 4.3. Xs(h )< 0, lim Я/3(А,) =  - о о  1пп.Яз(Л) = + oo .

Й-*1/2+0 ft-*l-0
Proof The first and second conclusions of the proof are similar to that of Lemma
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4 .1 .  Let us prove the third part. Because
Г®/2 сШ
! 0i(7i)

taking 90 with яг/6<#0<ет/2, such that |g/(0) | =  |4cos20 —S| > 2 .5 ,  from (4 .5 ) we have

№ (Л) +^з V. (4 .6)

f .  (A) -  A. (A) (A) -  [  -  Г  Щ Ё . + As (А) Г  - H ° ]L tyj\/ Ф J 0i(ft) 2 v  ^

+ [-Г g(6)dd 
mV  v

■As

I f  h—>1—0, then the part in  the first brackets of (4 .6) is bounded. Consider the part 

in  the second brackets, we have
f«/* -g (9 )d9  
/во mV  v

-Xj;(А)Г «L>f
J©» 2 V  v J i

(•or/2 2.5d0 prc/a
/0о V w 3 J 0o 2 V v (4 .7)

Since lim — ^ |^ -= = -i-x 4 .8 0 3 0 5 < 2 .5  and, as Л—>1 — 0, the integrands of (4 .7 ) have A Aft-VL-0
singularity in 9 = %/2, the right side of (4 .7) approaches + o o  as Л—>1 — 0. From
lim  л?3 (h) — positive constant, it  follows that lim A3 (h) =  +  00, 
a-*i-o a->i - o

Sim ilarly, we also have the following Lemma.
Lemmam 4. 4. А4(Д) <0, lim  h’4(h) = +°°.

Л->1+0
It is easy to see that in  saddle points $ i, $ 2 and $ 3, the saddle values <Xi,2> 0  

®nd crs,4< 0 . The conclusions drawn from Lemmas 4 .1 —4 .4  also conform to the 

inform ation given from saddle values.
To sum up, it  is similar to the discussion in  Section 3. We obtain detection curves 

o f  (4 .1 ) shown as Fig. 4. On the basis of the invariance of vector fields under a 

rotation over or, by the behaviour of the detection curves and the theorems of [6] we 

.have the following theorem.

Fig 4. Ditection curves o£(4.1)M(wa=l, n =  —  3)
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T heorem  Л. For fixed ji, 0 < /а<$Д, as X varies, (4.1)^ has distributions of 
lim it cycles as follows.

( i ) I /X  <  &5= 50+ 0  (jju) ,  (4.1)^  has one stable limit cycle with the distribution of 0$*
( i i )  I f  60 <X < 63*= S3ft+ 0 (p ) , (4Д )д  has 6 limit cycles with the distribution 

of G\id40\.
(iii) I f  X =  63* =  — 4 .8 0 8 4 3 + 0 (/л), (4 .1 )M has 7 limit cycles with the distribution 

of 0 ^ 2  [ 0 S 3 2 a a .

(iv) I f  64=S4+ 0 ( Ju,) > X > 5 3s, (4 .1) ц has 9 limit cycles with the distribution of

(v) I f  64=  —4.79418 +  0 ( /a)  > X > 64, (4 Д )Jias 11 limit cycles with'the distribu- 
Uonof

(v i) I f  X =  b\, (4.1)^ has 7 limit cycles with the distribution 0 {id2 \0 \id2GX\.
(vii) I f  bs =  <bs+0(fF) > h > b l, (4 .1)„ has 8 limit cycles with the distribution 

Ol~)2Gs.
(viii) I f  bi =  'b1+ 0(ff)  > X > 5 3, (4.1)^ has one stable limit cycle with the 

distribution Gq.
(is) I f  &i= —3.81548+0(f f )  >X>& i, (4.1)^  has two limit cycles with the 

distribution 0%.
(x) I f  X=&i, (4.1)^  has one semistable limit cycle with the distribution C\.
(si) I f  X= &2»=^2*+0(/a) or 0>X->&2=&2 + 0 (//,), (4 .1) p, has one lim it cycle 

with the distribution G \..
(xii) I f  &a>X>62«, (4 .1)^  has two lim it cycles with the distribution Of.
(xiii) If &2*>X > bi or X >0, (4.1%  has no lim it cycle.
In Fig. 5, we give the bifurcations and phase portraits of (4.1%. From Theorem 

2  and Fig. 6, we may come to the following conclusion.
T heorem  3. For the planar cubic system (E3) , the Hilbert number 17(3) > 1 1  and 

lim it cycles of (E3) can form the patterns of compoundeyes and have the symmetric 
structure.

We would like to thank professor Ye Yangqian for his valuable suggestions.
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