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THE PERIODIC HARRY-DYM EQUATION

W a n g O u n q i  ( * * * £ # > & ) *

Abstract

The development of the inverse scattering transform (I. S. T) has made it possible to 
solve certain physically, significant nonlinear evolution equations with periodic boundary 
conditions. Date and Tanakat2;i have considered kdv equation; Ma and Ablowitz[3] have 
discussed the cubic Schrodinger equation. In  this paper, following closely the analysis in 
[2, 3] the author considers Harry-Dym eqution

(32)*=— 2r«, (I>
where q(x, t)is periodic in a? with period те for all time q(x, t) —q(x+ts, t) ,  q(x, f ) = r -1(®* * 
t ) > 0

§ 1. The Direct Scattering Problem

We consider the eigenvalue problem

1 = ^  (1-1>
We denote the solutions of (1.1) by 0(a>, x0, g), S(xx, x0, g) which satisfy

x0, g) = S w(xo, x0, g) =1,
Oe(xo, x0, g) = 8 ( x o, x0) g) =0. (1.2)

From g(x+ov) —g(x)} it is easy to show that
Ф(х+л, x0> g) =Ф(х, x0, i )T (x0, g), (1.3>

where *o, g)
fO(x, x0, g) S (x, x0, g)
\0 * (x , x0, g) Sa(x 

T (x Q} g) =  Ф(я0+гf, «о, £). 
Using (1 .2), we obtain det Ф'—l.

Let m  be an eigenvalue, of the matrix Ф. Then
m2— (tr ^ m + d e t  Ф = 0,

«о, i) \
> *o, g)/

i.e.
ms—A (g)m +l  =  03

vx
(1.4)

where A(g) = 0  (x0+m, x0} g) +  (x0+m, x0) g ) . Let ( jbean eigenvector belonging,
\ v s /

to m. Then solution
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U(p, g) =ViP(x, X0, g) +  V2Sa(x, X0, g)
of (1.1) satisfies

u(a>+w, g) ~mu(x, g). (1.6)
By (1.4) and (1.5), we have

u (x+ tc, g) =  ±u(x, £)<&A(g) =  ± 2 .
Next we describe a series of results^.

( i ) G(x0+ff, x0, g) and 8(xo+sr, x0, g) are entire functions of g, therefore so

l e J f e .
( ii)  Zeros {go, gi, — |ordered from left to right} of As(g) —4 and zeros {?*i, Га„ 

—orderd from left to right} of S(x0+nv, x0, g) are real.

{£:Ja( | ) - 4 < 0 } = U  J h 

{ £ :^ Q f ) -4 > 0 } -U  h ,i- о
where I 0= ( “ oo, £0] ,  I {=  (6i-a, fo-a), j - l ,  2, —.A ll intervals are
finite with the exception of J0. In the interval J h all solutions of (1.1) are bounded; 
in the open interval I], (1.1) has no solution that is bounded; when £=£), at least 
there is a bounded solution of (1.1). Therefore the intervals J  j are called the zones 
of stability, the intervals 1} the zones of instability.

(iii) go, ga-i, ga are zeros of A(g) —2 and g as ,  £ц-& are zeros of A(g) +2. These 
zeros are simple except for the eases £4}_i=£y or ga-o^gu-z when these zeros are 
double. Tj£Ij,  j = l ,  2, —.

£о<£1<Ч'1е̂ £2<£з‘1̂'Г2е̂ £4< *' • * * *•
In the following we consider the case when finite zones of instability I,- degener 

ate to points except exactly N  of them. We call such potential q (x) IV-band potential» 
Benumbering them, we order these I) and r, from left to right

lo, I} — Egm-i, gzil, i  = 1, 2, •••.
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§2. The Inverse Scattering* Problem

Introduce the function фа—фх.л and rewrite equation (1.1) as follows

ф . - М ф . М - ^  J )  ф - ф .  (2.1)

Making the transformation

ф=д-^(х)ет°™Вф, g -V ,  (2.2)

where B=*(  ̂ * Y ф - Г ] ,  в (x) = Г q(t)dt. Following the transformation
\kq(x) kq(x)j \ф2) i**

(2 .2), (2.1) can be written as follows
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i M a 0 - g « / 22 \фв- А ф ,А - [  jo
\ - g * /2g - Ш д  /

(2.3)

Solutions/ = I h

J z
and g- g±

9%
of (2.3) which, satisfy

/ Ы ,  ®o, k) = i  o J , д(се0, cc0) k)
O'

are equivalent to integral equations

/ V  ®o, k) =  1+ J ^  ( ~ j b ) f zdt>

f 2(so,x0>k )= e  M ) £̂l jaernfafo

and

f  (Ф
giO , Щ, k) =  - \  (gt/ 2q)g2dt,

J (Co

9z 0 ,  *0, k) = e~meW [1 -  f (qt/2q) вш т дг df] „
J «о

By use of the method of successive approximations, it is easy to derive the following 
lemma.

Lem m a. Let q(as) be an enough smooth function, k = k i+ ik 2, k2<^0, [%, ж0+
er]. when | # | —>оо̂  адз haw the following asymptotic seriesr

*<»-•*>'- m l ^  ]
glO ) _  <Й(®о)

32&a V O )  g40 o)/ 128Aa

4#  V q2 (ж) g20 o) w )
1

/ а О ,  (Со, к )  = M ( Ч Н  ~  в~2 М

8 к2 
1

gi(p, «о, *)

g^O ) _  М М )  _  л-№ »м( g««(«o) _  М М М
g30 )  g40 ) '  Vg3(%) g40o) Л

____ g«(®)f  fif д '[ . 1 gapo) с-а;йа(Я)р  j L  д  , V J L )
32F g2O M  g3 *+  82/b2 ga0o) J®. g3 *+U U 3 ) ’

1 / g«P) р-Шд(.в) _ ... 9<с Oo) \
4 й  V P )  <72 Oo) /

gap, A>-e'

1 1 ( g* Oo) , g® 0 )  (.-aifcec®)) f®
32/fca V g20 o) 1 g20 ) /Jffio
1 Y g*«0 ) _ 2g®p)\ -aisece) /

8F LV g30 ) g4P )  /  v
а-2гкв(.ю) 0- 2»8(e> f® gf л, e"2ijc8(<c>

8ik J.. g3 128/c2

-dt

„-апсв(е) _ g«Pft)ggQ) 
16k2 v g4p 0) ga0 o)g20 )

a:
)

o) g4 Oo) 

®0 J /

)]+V).

- 2iTc$(a)

32/c2
From (1.2) and (2.2), we have

f  gS<®)- _  _ g | M )  4 - 0  f — \  
V g4 0 )  g 4 0 o ) /  \  A3 /
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л 2 / ’в, \  ЛЪв(к)a (*, {) -  SLk^i—  t f, (») („) -  й (®)+»,(»)],
2q2 (a:)

#(®, *0; | )  =  -  - [/х(ж) - / а  (ж) +j|fi(«) —
2*£2(®Ж®о)

i

#»(®, f»o,£) =  ( - | ^ - )  ^ — [/i(®) +/a(®) +  0i(®} +  flb(®)]«

Using the lemma, we get

^2 (£) = 4|cos2#0+ ~  gin fcfl cos M —-g-j p - (cos2 кв -  sin2 Ы) c2 j + 0

1 D  / « 2 l f c a l e \ T

+ 1ш? (°°а21с$~ M)Oa+ — Isin2.кв + ■o ( - ~ 3- j  J,

where 6> = 0(жо+яг), С -Г * *  -Sf-dt,J*. S'8 flr®(«b) 2 «>
Using asympotic estimates of d2(i) and S2(x0+ ,  x0, ), we find that

a—a2(£') n a ~ r < y
----------------- --------------- 1-------- --------  ------> 4gf2(a;0) ,  ag | Jff | — >oo.
S \ x 0+ n ,  x0} £> П (£ -Й )

i = 0

4 — Az(£) П (^ -П )2Since ^ —-v 4=1— -------is an entire fnnction of L  by Liouville s theorem,
S2(x0+w, x0) £) Д (^ _^ .)

4=0

we can conclude that
2N

A — A2 ( £ \  П  ( £  ~  i d
--------4qs(xo) ----------  for all

$ 2(ж0+я;, ж0, £) П (|-г«)2
4=1

(2.4)

Using the asymptotic forms of fi2( |)  and$2 (x0 +m, x0}£), comparing the cofficient 
of the (l/£)  term in (2.4), we obtain

2W W
2** (®o) r3 (во) -  2 (gj£« -  2 g  r«). (2.6)

Changing the point a;0 to а:0+йж0, we get Ф(х, x0+dx0, £). Using the Taylor’s 
theorem, we have

Ф (x, £C0+ dxо, f ) =  Ф (ж, ж0, f) ( I + Q (ж0) йж0) + О ( (йж0) а) , (2.6)
where Q(a)0)is an unknown 2X2 matrix. Since Ф(х, x0+dx0, £)is a solving matrix of 
(2.1), Q (ж0) is independent of x.

Replacing ж in (2.6) by x+ov and using (1 .8), we get

(2.7)
u(Cq

From (2.6), we obtain Q (ж0) =  Фвв (x, x0, £) | It is easy to derive Фе (ps «е» £)
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, в ( ' ’ "ь й  ( & ■ «  o ' ) ' - ( &“*) о1)
By (2.7), we get =  0. Hence £}(j=0,  1, •••, 21V) is independent of ж0»

Taking the square root of equation (2.4), we see that

S(x0+w,  a?o, £) c r ' m t - r t )
i=*l_________ (2.8a)

2 2 (* „ )7 П Й -Й ) ’
Y $—0

where the square root is defined so that the real part of it is positive and ex' — ±  1. 
Using (2.7), we get

8S(x0+T,  3?0, Ti)_ =  g e (x0+ ^  X0) r .) - C ( x 0-f tv, x0, r}) = ô V A2(r}) — 4 (2 .8b)
OXо

with <x's =  ±1 . Combining a differentiation of (2.8a) with respect to x0 and (2 .8b), we 
show that

dr;
dxо

j = l ,  2, N; <X;— ±1. Then

q(x0)

П (Ti-rt)

П («•/■-гОi+j

> (2.9a)

drj 
dx о * (2.9b)/ 2 N

Zicr; J H X r j - i i )Л «=0
From (2.9b) and (2.5), we may get the differential equation of Г; with respect to ж0. 
This gives the motion of with respect to x0.

§3. The Time Depedence of Spectrum

(3.1)

Associated to equation (I) and the vector function ф of (2.1) the time dependence1-41
f 2£re(x). —4£r(x) \ w
\2£г^(х)+4£йд(х) - 2  £r*(®)/

For the solving matrix of (2 .1), we have
ф*(®, t, £ ) - № ( x ,  t, О  =  Ф(ж, t, £)A, (3.2)

where Л =( j is independent of x. To keep Ф(х0, t, £ ) = I  for all time we take 
\ /л  £ /

Л - - А Г ( ® о ) .
Replacing ж in (3.2) by ж0 and using (1.3), we obtain

дФ
at

- Т А - AT. (3.3)

From (3.3) we have — =  Therefore j —0,1, • • •, 2N, is time independent.ot

(*) The c of formula (45) in  [4] should be 2Tiirxx+iTclp.
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If q(x) is an Ж-hand potential initially, it will be an IV-band potential for all time L 
Using (3.8), we get

= 4iTjcr] A%(fi) —4 r(x 0) , (3.4)
f=»v

<r}= ±1. Combining a differentiation of (2 .8a) with respect to t and (3.4), we conclude 
'hat

dS(x0+3v, i, i )  
0t

<kj_
dt

l 2 N

~ 8cr]Tj д / П  OO ~  £i) 
У

ПОn - r {)
ii=}

(3.5)

j = l ,  2, —, 17; cr, = ± 1 .
For an 17-band potential periodic Harry-Dym equation (I) can be solved by fol­

lowing procedures. First, we solve the equatipn(l.l)to get spectra £0, and r1}
fi, ••*, Vi? as #=0. Second, considering these (x) as initial conditions at t =  0, solving 
equation (3.6), we get , t) . By(2 .9b), we can obtain the solution of the periodic 
Harry-Dym equation q(a>, i) with 17-band.

On the other hand, because an arbitrary periodic potential can have infinite 
number of zones of instability I h here we give a method to find an 17-band potential 
for the equation (I). At a certain point *0, given real ri} and rj<M) that satisfy 
properties in part 1 as boundary conditions, then solving the third order systerm of 
Vi, we can obta in Ti{oo). By (2.9b) wereconstruct the potential q(oo), this q(x) is an 
i7-band potential at t =  0»

I would like to give my sincere thanks to professor Li Yishen for his 
encourgement and inspiring suggestions.
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