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NECESSARY CONDITIONS OF JLr-CONVERGENCE 
-OF-.KERNEL REGRESSION ESTIMATORS".

S u n  D o n g c h u  ( #  $  **

Abstract

Let (X i ,Y iX • (X n,Y„) be iid . and Bd x  В -v a lu e d  sam ples o f  {X ,Y ) . The kernel estim a

tor o f  the regression  fu n ction  m (x )& E (Y [ X = a ? ) ( i f  i t  e x is ts ) , w ith  kernel K ,  is  denoted b y

i=l \  tin
M any au thors d iscussed the convergence o f  m„(a?) in  various senses, under the conditions 

b n 0 and asw->oo. A re these conditions necessary? This paper g ives an afSrm ativea

nsw er to th is  bprolem uithe case o f  L i-con versen ce, w hen К  satisfies ( 1 .3 )  and 

J3(| Y |lo g + |Y  ] ) < ° ° .

§ 1. Introduction and Results

Let (X i} F {) , i  =  1, • • •, n be a random sample from the (d -1-1) -dimensional distribu
tion of ( X , Y ) , where X  is a d -vector and Y  a scalar. Let m(x) ( Y \ X  — x) be the
regression of Y  on X  (assuming it exists). Kernel estimators of m (os) were introduced 
by Watson and NadarayaC2]. They proposed the estimator as

CL.1)

where kernel К  > 0  is an integrable function on R d and window size k„ is a sequence 
of positive numbers; we will treat 0/0 asO. Criteria measuring the closeness of mn to 
m  include the distance in  L i3

J n= j\m n(x ) -m (x ) \d F (x ) ,  (1.2)

where F  is the (unknown) marginal distribution of X .  Recently, an increasing amount 
of attention is being given to the convergence of J n. DevroyeC3] proved the following 
theorem.

Theorem . Suppose that E \Y  \ < o o  and there exist positive numbers /3, Oi} 0 2) 
such that

(* * *) ^ O z l  (1 .8)
where I  is the indicator function. I f
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and

then

hn~^0 as n—>oo (1.4)

nhn~> oo as n->oo, (1 -6)

E  J n—E \m n (X ) ~ m (X )  |—>0 as и->оо. (1.6)
I t  is easy to see (1 .6) implies

«/„-И) in probability as «->oo„ , , (1.7)
We remark that all norms are either all or all Lz throughout the paper.
In  addition, many authors discussed the various convergence of mn (oo) (see [4,

6] etc.). But all of them based on the same conditions (1.4) and (1.5): Intuitively,
condition (1,4) needs the information of samples which is as near as possible to »,
and condition (1.5) the information of samples as much as possible, i. e., the speed
of hn tends to 0 must not be too fast. In  the present paper we discuss the inverse
problem of the Li-conve'rgence of (ж), i.e., whether or not conditions (1.4) and
(1.6) are necessary when (1.7) holds. ■ ,

Throughout this paper we impose the following conditions. Assume that the
kernel function К  satisfies (1.8), that the marginal distribution F  of X  has a density
function /, and that E \ Y \ log+1Y  | < o o ; where.

r + fl°g a, as a~>\, 
log+a==i

& LO, as 0 < « < 1 .
Our first theorem is used to prove the necessity of (1.5).
Theorem  1. Under the above conditions, i f  (1.4) holds, then (1.5) is necessary 

when (1.7) holds.
• Our next result deals with the necessity of (1.4).

T heorem  2. In  addition to the above conditions, i f  f  is bounded, К  is continuous 
in the neighbor o f zerq, and for every r > 0, F {X : g(n, г, X )  — m ( X ) } < l ,  where

Xi-a> \  /£лтг ( <veB\ .
=1 \ Г

then (1.4) is necessary when (1.7) holds.
To read smoothly, the following basic notations will be used whenever they are 

needed. Let # e,r a {w :|w -a!|<r} be the closed sphere of radius r  centered at x,

F  (n, r , «) “  2  ̂  ( ( X t- x ) / r ) , and W ni( x ) = K ( ( X i - x ) / r ) /V ( n ,r ,  ») for every
i=l ' ,

r > 0  and x £ R d. For simplicity we sometimes write h for h„.

§2 . The Proof of Theorems

In  order to prove these theorems we need some lemmas. For the proof of Lemma 
1, see Theorem 3 .1  in [3].

Lemma 1. I f  B \Y \  <oo and К  satisfies (1.8), then there exists a positive
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constant Q3 independent of F, x £ R d, r>  0 and positive integers n3 smh that

J s { g J r ( ( X , - » ) / r ) [ r , | / 7 ( « , r , « ) }

^O jE iuplf E (  |F | |X - « ) y ( < f a ) / ^ ( S ,„ ) l
r>  0 }

й С гт*(х). (2.1)
Furthermore, i f  E \Y \ log*\Y\<oo, then Em*(X )< oo .

Proof of Theorem 1 We assume first that lim nhi—b£  (0, oo) and prove by
П

contradiction. By Fatou’s Lemma and Fubinfs Theorem, we have

EJ„=E  0 | mn(x) —m(x) |dF(x) ^j=^E\mn(x) — m{x) \dF{x)

>||jE7mfl(a) —m(x) \dF(x) =  |" | <7 (и, hn> x) —m(x) |dF(x) .

Since (1.7) holds, by Lemma 1 and the Lebesgue dominated convergence theorem, 
we know (1.6) also holds. Hence

j|<7(ra, hn, x) — m(x) |&F(a;)-»0 as n-*oo, (2 .2)

E  |mnQ») ~g(n, hn, x) \dF (ж)—>0 as n->oo„ (2.8)

Let (0, oo) be a number. Define А = {Х^8я,Ы} i= 1, •••, w}. Clearly 

E  Jjw„(a;) — g(n,h, x) \dF(x) = ^E \m n(x ) -g (n , h, x) |dF(x)

> J* |g («, h ,x ) \P (A )d F (x) -J |E { I Amn(x)} JdF(x)

^ W n~ V n.
By Lemma 1, we have

lim inf j | </(re, h, x) | dF (x) <.0&Em *(X) <oo.

From (2 .2), we get
g (re, h, X)-»m(X)

in  probability as n->oo. Note that 0< P  (A ) By Fatou’s Lemma, we have

lim inf lFn>  [lim inf \g(n, h, x) | lim inf P (A ) dFQc)

= 11 m  (x) | lim in f {1—F  ($*,w) }” dF  (x)

>  | m (x) | • exp {—lim sup [nF (Sa,u) /

(2.4)

(1 - F ( S e,M) m d F ( x ) ,  (2.5)
Because the density /  of X  exists, we get

F  (8е,ы) fk  (8а,ы) -* /  (ж) as те-»оо, a. s. x(X), 
where к is a Lebesgue measure on R d. Noting that nhs->6 as re->oo and k(SW)j,i) -=> 
M%dhd, we have



No. 4 Sun, D. <7. NECESSARY CONDITIONS OF Ar-OONVERGENCE

nF (8в.ы) ->М1йЪ • /  (ж) as «г->оо, a. s. ж (A,). (2.6)
From (2.5),

lim inf Wn> j | m (ж) |exp{ — Ml*• 6• / (ж)}dF (ж). (2.7)

Also Г ,< ^ Щ \1 ^ т ( Х д  К  (  X ‘̂ x  ) / г ( » ,  A., ®) |AFO)

< ( » ( я Г г П 1 Я и ( Х 0  I f  | m ( » ) | d F ( « ) > W ( ® ) ,
where Z = m in { l, Oa/F(fi—l ,  Л, ж)}, and (°)e denotes the complement of a set. 
Clearly^ E  (Z2) <;E (Z ) . By Cauchy-Schwarz’s inequality

B [z  й  T **,.» № ) ] < { х г а-11 [  n  i » , „  ( X . )  ] }

В  follows from the proof of Lemma 2.1 in  [S] that

I i/а

E Z < ^ - { { n - l ) F { S e,M)Y K
O x

Hence 6o2fiT l ] ' wexp[- w_1-i01 J U («-l)F(iSf.,M) 2
f \m(u)\dF(u)J hl<Uu-al<h8 }dF(®)

,n ~ l
2 x(s.,M)]

m

Note that

F ($е,ъв) J W<(|u-«J<7>/9 

-ъгттг— N f  \m(u) IdF(u)£  \P№,bB) Jbl<W-al<hB

-  1  - f  \m(u)\dF(u)
i J м

(u)\dF(u) Jap» .

F (S a,be)< ftiff 
1< s u p — ^  f  Л ( | . Г  1 1 X=u)dF{u)>

r >0 jP \ p w , r j  JS#,r

F r o m  ( 2 . 6 ) ,
F (8 a>M) /F (S e,ьв)- * 0-/0)d as nr*oo, a.s. «(A.). (2 .8)

Therefore |[wF(/Sfei)ij3)] 

Fatou’s Lemma

1/2 exp n  — 1 F O S ^ )]} is bounded. By Lemma 1 and

limsupFn < ^ L jlim su p | \nF(Sa,M)] 1/2exp - - ^ p -  F(fif*f»,)]J- 

•lim supl-pT-ri— ,14 \m(u)\dF(u)
n IM {DtoheJ

- f  \m(u) | dF (u) XdF (ж). 
J &г» Л? 3

From [6] we know that when (1.4) holds, for every r> 0 } there exists a Borel 
set В , such that F  (В) — 1 and ж £  В  implies
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„ A  V L \m  (M) IdF  («) (®)v̂ tf»7wv J*&br
a s те->00» From (2.8) and the Lebesgue dominated convergence theorem, we conclude 
that

a n  1 a 1 г  l
Um SUp F n< - ^ -  \ f 2 (< c)exp i-l/2M l4 f (x)2

П U% J
• |m(oc)\dF{x) > 11 -(l/p )*].

Because sup j  (as) exp — Mlabf(as) j  is bounded, there exist positive numoers s<>

and l £  (0, / 3 ) , such that the righ t hand side is bounded by s0, but j  | m (as) | exp [ — MV1

i f  (x)2dF(x)^2so, Fxom. (2.4) and (2.7), we get

lim inf E j" I m„ (a;) — g (n,h, аз) | dF  (a;) > s 0>0,

which contradicts (2.3). Thus, no subsequence of nhd can tend to a. finite lim it 6, 
and (1.5) must holds. The proof of Theorem 1 is completed.

Lemma 2. Suppose that E \Y \lo g +\Y  \ <.0 0} К  satisfies (1.3) and the density 
function f  o f X  is bounded. Then

J  j д (и, h, аз) — y (n3 6, as) | dF  (аз) ->0 as n->00 (2.9)

whenever lim Л„ = 5 £  (0, оо).
П

Proof From Lemma 1, we get

J|p(*i, h, as) — д (n, b, аз) \dF(as)<2C3Em *(X) < 00.

By the Lebesgue dominated convergence theorem, it suffices to prove that
\g(n, h, as) — g(n, b, аз) |—>0 as те-*оо a.s. as(F), (2.10)

Note that

|p (те, h, as) -д (п ,  Ь,аз) |

_ J P f m (X n) X ( ( X n-as)/h)___________ m (X n) K ( ( X n-a>)/b) I f
T U ( ( X , - e i ) / A ) + 7 ( « - l ,  h, аз) К ( ( X n—as)/b) +F(fb—1, 6, *) J

<те£?(тег(-?!»)Т(У(я-1. л, e)=o)| +те>Я[т(Х„) J(7(„_i, b, ®)=o)|

+ 4  f  l - < « )Jnn-i, ь, в)>о̂ л<| К  ((и —x )/b + V (n  — 1, о, аз) 4=1

+ т е  |т ( т е )
J j  л<*

АР"(м) fid^CeO

K ((u -a s ) /h ) Imn —l,70<g)>0)
K ( ( u —аз)/Л) + F ( m — 1, Л, a;)

— X((u~as) /К) I  (Y(n~i, b, g)>0)
£ -((м -а з )/6 )+ 7 (те -1 , 6, аз)

^  Ld+ Tn2+ ТиЗ +  L i4 •
If  аз is in  the support of X , i.e. F (S a,r) > 0  for every <r>0, then

(2 .11)

Hence
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Zrt< * E | r  | [ l - P ( ^ ( ( X 1-» ) /A )> 0 ) ] n- 1
Y  | as №->». (2.12)

Similarly
I ^ n  | F  | (1—2?(Se,t,e)) *-1-И) as nr->oo. (2.13)

Since E \m (X )  |< i ? |F |  < o o ) from [7], for any g>0 there exists a bounded 
continuous function g vanishing outside a compact set, such that

j |y (« )  — m(u) (dF ( u ) ^ s .  (2.14)

Denote Оg= sup | g (ад) | . Then
U

< | , д {у ( п-Т ,Т 7^У I<№“1’ - s W  I l ^ i r i r )

-  — И 1 г ( т £ ) - * : ( т £ ) 1 " м -
Denote pf = F (8 a, r) , for r > 0. Then for n sufficiently large

аВ{г(п-1';ь,Ъ )х" ^ ы ’ *>>0>}

n 71—1
7— У  . ^  ! .x- , ■ pis 0 - ~ Рьд)B"0% ъ i \  — i ) !■ S t

j-*

<
n\

— Рьв(Х~Рьв)п~*
GiPbe 4=2 (^  —

— 1 {1 “  (1—Pstf) " “  ирад (1 —pa#) ”“1}

< 4 /  (PiPbe) •

In  the last inequality, we use 0 < р Ьд<1.
Since JT <C?2, we get

• + - ^ J I j r ( n r ) - i r ( J x L) l " « '

(2.15)

(2.16)

Also <nn 1 I m(u)
JVXn—l,h)

Ai <5)>0)

At( ^ - ) + F ( № - 1, A,®)

JET
(  u —a>\
V h ) I(7(n-1, b, ffi)>0)

K ( ^ j ^ + V ( t o - 1 } Ъ,т)
dF (и) П  dF  (a?s)

<n i
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f  f  \ m ( u ) \ К ( ^ ~ Л  „ - i
i — 7------'-v ~h - /   ■dF(u)U.dF(xi)

Jb“ k { ^ ~ - ) + 7 ( n - l ,  Ъ, x) 4=1

< С 7 аЕ  j F  | чъЕ |
F  («—1, 6, я) J  lV (a - ft. e)=o> 7 ( o - l t ft. *)>0]|'

Ol
as ni-s>oo. Similarly

“  1? | У  |n^{J(7(n-1, Й,

0a , » i r |n ( i - ; i M) '- 1-*o

n \m(u) |
J V( n - l i f t . e ) >0  J  BA

К / и —X  \

l- Й 7 I (V (n - l ,h ,  e)>0)

iT / u ~ x  \
V h ) -(V(n-l,b, e)>0)

г ( - ^ 2 . ) + Г ( » - 1, 6,* ) tfal

as n->oo. Hence

u —xIn4< « f  f|m (u) |.БГ(- / _
V h 71 h, x)

dF(u) IldF iX i)
i=1Z ( ^ ) + V ( * - 1 ,  ft,*)

■ f  \m(u) -g(u)  |jF(»-l,b,e)>0 \  h /V (n—1, b,x)>0

^ ( ^ ) + F ( « - l ,  b,x) -  [ к ( ~ ) + Г { * - 1 ,  ft, *)'

[г ( ^ = А ) + Г ( « - 1,А,*)~ K fJ t jS - 'j+ r C n - l .b .x ) ]
d F (u )U iF (x d

i= l

| K ( ^ r ) + У ( » - 1, ft, ®) -  —V (n —l ,h ,o )
- \ - n O g G z  f  Г / \  Л Г / \

[ r ( ^ - )  +  r  ( n - 1, h, ®)][-E'( i V L)+ F ( r f t-1, &, я)]

»—1
• Псг^(жО

e=l

< ; c v  fjFfc-l.S,. . ,aO>0 V (n —1. h. x )V (n — 1. Ъ., x) iГ(п-1Ла»>0 4 i } У \  ) j У
П  dF (Xi) ||то(к) -g (u )  I dF (u)

n—1
-Ь ОцОдГЬ [ yy----- ---7--- ŷy-7---- Zj--Г---Г П  dF (®j)

Jy(»-i,b,®)>o к («I — 1 , h, x )V (n —1. о, X) t=iV(»-l,ft,®)>0 4 ’ ’ '  . ■ ’

• Л * № М п г ) 1 " Ю
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\  fi /  \  b /I  -d F (u y n .d F (v d1Л Л   ̂ ^  f \  h 7 V Ъ 71
+ 2 ^  ; Jr(^i.b..»o F ( » - l ,  h, * )F (» -1 , 6, ®)

+  С ^та (та - 1) f  r— ^ 7 7 ----ij-T— 7- П  dF («<)Jv(n—2, b,ai)>o V  (та—2, h. x )V  (n—2, b, x) <=i v\n-2,h,ai)>0  4 3 3 ' 3 3 /

An argument similar to that leading to (2.16) gives
«2A?{J(7(n_ilb,B)>o)/F(та—1, b} x )}2<:Gi <oo} 
та22 2 {2 (у („ _ l,ft,«)>0) / F  ( «  — 1 ,  Л, ® ) } 2‘< С Г4<  00 

for w large enough. By Cauchy-Schwarz inequality

w 1JV(n-l,b,c
■ П & Ы. vi-i,s,®)>o F (та — 1. h. x ) V (та —1, 6. a;) <=1

I  J <nn-1. b, .)>0) I 2 V/2. (  f 1(Г(п-1, fe, ,̂ >qlI 2n\
\  F ( » - l ,  6, x) J 7 V I F ( n '- 1, h, x)) 7

2\i/a

Observe that the above also holds when та —1 is replaced by та—2. From (2.14) and 
та (та — 1) (1—F  (See, b) ) 71-2—>0 as n->oo} we get

I ^ C lO tS  +  o ( i ) + c J | i f  ( i* = £ ) -  2 Г ( ^ - )  |d F (та),

where (7 is a positive constant. From (2.11)— (2.13), (2.15) and the arbitrariness 
of s, it suffices to prove

J | ) cZF(m)-»0 as '/i-> oo , (2.17)

Since (w)dra<oo, there exists a continuous function JT*(<(72) on 22й, such that

jI  АГ(та) — АГ*(та) |dra<s. (2.18)

Note that X  has a bounded probability density

j \ K ( ( u - x ) / h ) - K ( ( u - x ) / b ) \ d F ( u )

<  J IК  ( (та ■- x) /А) -  K \  (та-  х) /К) | /  (та) dra 

+ | | Г  ((та-®)/6 ) -Г *((м -® )/6)|/(M)d« 

+ J |K * ( ( u - x ) / k ) - K \ { u - x ) / b )  I/(w)dM.

The first two terms on the right hand side of the inequality can be arbitrarily small 
by (2.18) and the boundedness o f / ,  and the last term  tends to 0 as та-»00 by the 
Lebesgue dominated convergence theorem, and this implies (2.17). The Lemma is 
thus proved.

L em m a 3„ Suppose that _F|F | < 00, К  satisfies (1.3) and f  is continuous at 
zero. I f
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»oo as wr-»oo,
then for every x  £  JR4, we have

| Em„ (x) — E Y  ] -»0 as oo.
Proof For any oo £  R 4,

| Em n (os) — E Y  | + J 3+ «7*4,

(2.19)

(2 .20) 

(2 .21)

where J±=n 

Jn—n

w K ( ( X n- x ) / h ) m ( X n) J 
M V(n, h, x) 1<7<n' 1‘ h’ e)=0)

Е \ ш (Х п) \ К ( ( Х п- х ) / Ю - К т  Г 4 II
V (n ,h ,x ) ъ, *)>0) | |

J 3= nK  (0) E m (X n) m (X n)"») I r  I I
.L V (n, h, x) K ( 0 ) + V ( n - 1, h, x) J (Г(П_1’ h> ®)>0)J | 1

o) [^ w T r-h -r* . rt -  ж ш  ]}!•К (0) + V (n -1 , h, x) n K (0)
An argument similar to that leading to (2.16) gives

J %—̂0 as n—̂oo. (2 .22)
Since E \m (X )  | <oo, for any s > 0  there exists a large positive number A, such that

\m (u )\d F (u )< s. (2.23)

Also, К  is continuous at zero. We can find 8> 0  such that |w|< 8  implies \ К  (u) — 
К (0) | < s. From (2.19), we know hn> A /d  for n large enough, so that

|К (u /h )-.БГ(0) |  < e  as |w| <  A.
From (2.23), we get

| | K ( ( u - x ) /h )  — К (0) | • \ m (u) |dF(u)

< c d  | m(u) |  edF(u)  +  f  \K((u-x) /h)  - K ( 0 )  |  •  \m(u) \dF(u)
J x Л J  8(ц» A

<(7a8 +  8[ \m (u + x)\d F  (w + a)<в(С а+ -Ё 7^ |)„  (2.24)

Similarly

| | K ( ( u - x ) / h ) - K ( 0) |dF(M )<8(a 2+ l ) .  (2.26)

An argumeut similar to that leading to (2.16) gives that there exists a positive 
constant О such that

E { n iV (n -1 , h, e ) ] " 1 1(Y<n-1,%, №)>о)У<0, &= 1, 2. (2.26)
From (2.24) and (2.26)

and

J 3< nzK  (0) E  E  | g ( - ^ — ) -  К  (0) • | m (X n) (->0V (n - 1
as n->oo. From (2.25) and (2.26)
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J i < E {  V  in - 1 ,  h, x ) + K ( 0 )  °m ^ I(7(n-1' b’ e)>0) J

<# i - ^  i (" -1)s {x w 5 W t o j },s  К З Д - * ® + o ( l )

—>0

as«-»oo. From (2.21)and (2.22), we get (2.20). Hence we have proved the lemma.
Proof o f Theorem 2 By the proof of Theorem 1, we know (2.2) holds. We 

first assume that lim h=ca. Then by Fatou’s Lemma,
П

lim in f \g{n, h, x) — m{x) | = 0  a. s. so{F)0
П

By Lemma 3, we have
|g(n, h, as) —E Y  |—>0 as w—>oo 

for every х £ В й. Thus, we get m(x) = E Y , a.s. x (F ), i. e.,
gin, r, as) = E Y  a.s. as(F) 

for every r > 0. This, however, contradicts (2 .2) .
Next, we assume that lim h=b  £  (0, oo). Then

П

J" | g in, h, x) —m (x) | dF(x)

>j\g(n,  b, x) —m ix )\d F (x )  -  J | g(n, h, x ) - g in ,  b, x) \dF (x)B 

Since F {X :gin , г, X )  = m ( X ) } < l3 we have

j  | (/ (n, b, а;) —т{х) \dF(x) > 0.

From (2.9), we get

lim inf f |gin, h, x ) —m (x) |d F (x)> 0,
П J

which contradicts (2 .2). Thus, we conclude that no subsequence of hn can tend to a 
finite limit 6. Therefore, lim hn = 0. The proof of Theorem 2 is completed.

П
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