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WEAK CHEBYSHEV SPACES ON LOCALLY 
ORDERED TOPOLOGY SPACE AND 

THE RELATED CONTINUOUS 
METRIC SELECTIONS

L i W v  <#. A )*

Abstract

Let 0(X)  be the space o f all continuous real-valued functions on a compact Hausdorff 
space X  under the uniform norm:

||/||= m a x { |/(a ? ) |:  x £ X } .
For GcO(X) ,  define

P ff( / )  =  {0€6?: « /—0 ||= in f { | | /—p||: p€G}} .
I f  there exists a continuous mapping 8  from G(X) to G such that 8 ( f )  € P$(f)  for every 
f  in C(X),  then 8  is called a continuous selection o f the metric projection Pg.

And G is called a i?-subspace o f G(X),  i f ,  for every nonzero g in G, g does not vanish 
on any open subset o f X.

In  this paper, the author gives several characterizations o f Я-subspaces G whose metric 
projections PQ have continuous selections. The following results are obtained:

I f  X  is locally connected and G is an и-dimensional Z-subspace o f G(X),  then Pg has 
a continuous selection if  and only i f  every nonzero g in G has at most n zeros and has at 
most n—1 zeros with sign changes.

§1. Introduction

Let О (X )  be the Banach space of all real-valued continuous functions on the 
compact Hausdorff space X ,  the norm on О (X )  is defined as

1/1 = m ax{|/(x ) | : ® G I}.
Suppose that (? is a subspace of О (X ) , the metric projection is defined as 

P<?(/) I / —̂ 1 = in f { | | / - p i :
If a mapping s from 0 (X )to  Gf satisfies that for every / £ 0 ( X ) ,  s ( / )  £ P<?(/), then 
s is called a selection of Po(*)- Moreover, if s is continuous, then s is called a 
continuous selection of P<?; if s ( f+ g )  = s ( /)  + g  holds for all / £ 0 ( X )  and gG.Gr, 
then s is called a Semi-additive selection of PG; if for e v e r y /£ 0 (X ) , there exists a 
constant О ( / )  such that
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W / ) - s№ )N o ( / ) 1 / - ai, h e o ( X ) ,  
then s is called a pointwise-Lipschitz-continuous selection of P G. Let 

0 8  n (X ) =  {G: G is an «-dimensional subspace of О (X ) 
and P G has a continuous selection}.

Lazar, Morris and Wulbert first studied the characterization of 0 8 n (X ) and 
characterized 0$* (X )n:i. Later, after a series of works, Nurnberger and Sommer

To
gave a characterization of 0 8 n(X ) for all « and X  = [a, &]C2;I. If X  = l_J [«4, &J ise=l
consisted of several closed intervals, Sommer could only give a sufficient condition 
of G £ С0$>п (X ) , his result is as follows:

To
Theorem. A. Suppose that X  =  U  [«i, bj] and G is an n-dimensional subspace of

«=i
0 { X ) . I f  there exists z £ X  such that G, satisfies Haar condition on X \{z} and every g 
in G has at most « —1 zeros with sign changes, then Pc, has a unique semi-additive 
and pointwise-Lipschitz-continuous selection.

If for any non-zero g in G the set Z (g) of all zeros of g does not contain any 
open subset of X , then G is called a i/-subspace of О (X ) . Brown gave a necessary 
condition of G in 0 8 „ (X )m:

Theorem B. I f  G £  0 8 n (X ) is a Z-subspace, then, for any non-zero g in G, g 
has at most n zeros and has at most n — l z r o s  with sign changes.

In this paper, we will delve further into the problems discussed in [8, 6]. We 
will give a characterization of ^-subspaces in 0 8 n(X ) for locally connected X , 
which improves Theorem A. For this purpose, we discuss weak Ghebyshev subspaces 
on locally ordered topology space in section 2. Our main result is as follows:

If X  is a locally connected, compact Hausdoaff space and G is an «-dimensional 
-subspace of О (X ), then PG has a continuous selection if and only if, for every 

non-zero g in G, g has at most « zeros an 1 has at most« - 1  zeros with sign changes

§2. Weak Ghebyshev Space on Locally 
Ordered Topology Space

For a subset X  of the set of all real numbers, Deutsch, Nurnberger and Singer 
defined weak Ghebyshev subspaces of 0 ( Х ) Ш. And in [7], Nuenberger discussed the 
existence of continuous metric selections about this kind of subspaces. In this section, 
we will introduce a new kind of weak Ghebyshev subspaces defined on locally 
topology space. In section 8, we will see that the new weak Ghebyshev subspaoes play 
more important roles in dealing with the characterizations of 0 8 n(X ).

. Definition 1. Suppose that X  is a compact Hausdorff space. I f  for every x there
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exist an open neighborhood TJ (x) of x and an order <  such that (U{x), < )  is  a com-
(®> (®)

pletely ordered set, then (X , {О  (ж)}, {< } )  is called locally ordered topology space. And
(®)

open neighborhoods of x in U (ж) are called completely ordered neighborhoods o f  ж.
Suppose that (X ,{£7(ж) } ,{< } )  is a locally ordered topology space. For simplicity,

(®)
we use <  as the order for a fixed completely ordered open neighborhood of x. Suppose 
that (?=span{yi, •••, gn} is an «(-dimensional subspaoe of 0 { X ) . Let

........

..(«&), ••• i dnfa)
Definition 2. I f  there exist open neighborhoods {TJ(ж) } and orders { < }  such that(®)

(X , { 0 (x)}, { < } )  is a locally ordered topology space and G satisfies the following 
(«0

condition:
For m y r distinct points xx, •••, xr, and 0 = m0< m i< °• • <m r= w, there exist 

completely ordered open neighborhoods V, of ж4 and s =  ± 1  such that for any
ymi+ i<  •• • < y mm О Vi+x, 0 < i< r  - 1 ,  

there holds sD (yx, yn)>*0,
then Gt is called a weak Ohebyshev subspace of О (X ) {about the orders { < } ) .

(®)

This definition is different from that in [6]. In fact, it is a generilization of weak 
Ohebyshev subspaces defined in [6].

Definition 3. I f  for any n distinct points xx, ж„ there exist open neighborhoods 
Vi of xi} and s = ± 1  such that

sD (yx, • ■• ■•, yn) > 0  for yt £  Vi, l< i< n ,  (1)

then G is called semi-definite.
If G is a X-subspace, then s is uniquely determined by (1), and we call s the 

Sign of 6r at (xx, •••, ж„), denoted by A{x±, •••, ж„).
Theorem. 4. Suppose that X  is a locally path connected and compact Hausdorff 

space. I f  n-dimensional Z-subspace Gf is semidefinite, then Gf is a weak Ohebyshev 
subspace of О (X ) .

Proof Suppose ж in X  and TJ (x) is a path connected open neighborhood of x. 
Qhoose n- 2 distinct points x3, •••, xn in X \U  (x) . Define an order in TJ (ж) as follows: 

For xx, x2 in TJ(x), Xx Ф x2, define 
xx< x2j if A{xx, •••, xn) =1;
Ж1>ж2, if A{xx, •••, xn) =  - 1 .
From the path connectedness of U (ж) and the semi-definiteness of Gf, we can 

easily see that the relation is transferable. Thus, (X , {TJ(ж)}, {< } )  is a locally



«ordered topology space. Now we will show that G is a weak Ohebyshev subspace 
about the orders just defined.

Suppose that a?!, •••, xr in. X  are r  distinct points and 0= m o< m t< ^ ’< m r—n. 
Let Fi be completely ordered open neighborhoods of xt such that V%, FV are 
mutually non-intersection. For

**e У
П1 F*i+ij

we can verify by induction that
A(yi,—, 2Л») ^ O i ,  —, й«). (2)

In fact, suppose that (2) holds for yi= izi, e < s + l ,  then for i<*s, ya+i ^Zs+i

we may assume that ys+i< z s+i' As ys+i, 23+i  are in the same path connected set V} for 
some j, there exists a continuous mapping h (.) from [0, 1] to V5 such that

Щ ) ^Vs+l, h(l) -*St+i.
Let «=sup{£: and h(t) = y a+i}t

b=inf{t: a < t< .l ,  and h(t) = 2!e+i}.
It is not hard to check that

h(a) =2/s+i, Щ )  =%*,
and ys+ i< h (t)< zs+i, for a < t< b .
Thus

b]) П {2/i, 2/s, 2!s+2, й„} = 0. (3)
Define «00 — A {y±, —, y s,h ( t ) , я3+2,
From (3) and the semi-definiteness of G, we see that w(t) is continuous on [a, 6]. 
But u([a, 6]) in { — 1 ,1 }  is connected, so и (a) =u(b).

From the hypothesis of induction we get
A(Zl, 2n) **А(у±, ?'ЧУв>»а+1г Ps+a, —, У»)°

Thus A(yt, •«•, y„) -« (в )  -м (6) -d (* i, —, *,)■
Lemma 6, Suppose that an n-dimensional Z-space G is also a weals Ohebyshm 

mbspace. I f  f ,  /*, in 0 (X ) and real numbers г-ц satisfy the following conditions:
l im l7 - / fcl =  0; 
limrft=9*¥=0;

and there exist n+ 1  distinct points 0> n such that
fk(ocic, д = ^ ( - 1 ) * ^ К ,  о, •••, Он, i+1, % n), 0< i< n )

then there exist n+ 1  distinct points x0, x„ and a subsequence {Jc,} such that
limosjcj, i= x h 0<i<;n] (4)

f (xi )  = r ( —±y»A(x0) •••, %_i, 05i+1, •••, O ,  0< i< n . (5)
Proof Obviously, there exists a subsequence {&,■} such that (4) holds for some 

%, • • •, xn in X .
If x0, •••, xn are mutually distinct, then by the semi-definiteness of G we know
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that (6) is true. Otherwise, we may assume that
(Co = xmi= 2/i, •••, <vms_1+i  = ”••== xn= ySs

where y1} •••, ys are mutually distinct and mx> 1.
Because G is a weak Ohebyshev subspace, there exist completely ordered open, 

neighborhoods Fi of 2/, and s =  ± 1  such that
sD(zi , —, O > 0

for 0 < i < s - l ,  % = 0 , to8=№.
Without loss of generality, we may assume that

GFi+i, 0 < £ < s—lo
Thus A(ccjtj,o} ’ *‘t  =  A ®йля) $

which implies
fkj o) =  f  Hj (xkj, i) •

Let kf^oo. We obtain r =  —r, i.e., r = 0. This is impossible.
Definition 6. Suppose that G is a semi-defimte Z-subspace of О (X ), f G .0 (X) 

and p £ G . I f  there exist distinct points x0, •••, x„ and s = ± 1  such that
f  ( « 0  - P  (®i) =  e (  - 1 ) ' *  | / - p  | A (a?0,  • • ■, <ci-1, ®i+i ,  • • •, d O » 0 < ® < n *

then p  is called an alternation element o f f  (about G) .
One of the important properties of weak Ohebyshev F-subspace is that it keep® 

the limit of alternation elements being still an alternation element.
Theorem 7. Suppose that G is a weak Ohebyshev Z-subspace. I f  ptisan  alternation 

element of fa and l im ( | /—/ fe| +  \p — p^l) =0, then p  is an alternation element of f .
fe-»co

Proof If f  in G, th e n /= p , the conclusion is obviously true. Now, we assume 
r = | | / —p||>0, and write г»= ||/fc—pfc 1. Because рц is an alternation element of fus 
there exist ®fc>0, •••, щ,п and s=  ± 1  such that

/»(<Чм) =  ( —1)**8вГй*̂ (а?й,о, •••, %,»), 0
By selecting a subsequence, we may assume that efc= s  for all k. Using Lemma 6, we 
see that there exist tj+ 1 distinct points x0) •••,»„ such that 

f ix d - i- lY s r ^ A & o ,  ••*, ®j- i, ®<+i, ••*, ®»)
— ( — 1)*eНУ—2>|*A(xo, —, ®4_i, ®<+i, •••, <*0,

This means that p is an alternation element of / .

§3. Characterization of Z-^Subspaces in CSn(X)

By studying alternation elements, we obtain a sufficient condition for G in  
CSn(X ). And it turns out that if X  is locally connected and G is a Z-subspace, then 
the converse of Theorem В in section 1 is also true.

Lemma 8. Suppose that G is a weak Ohebyshev Z-subspace, I f , for every f  m  
О (X ), /  has one and only one alternation element, then P& has a unique pointwise-
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Lipschitz-continuous semi-additive selection.
Proof Combining the proof of Theorem 1.7 in [8] and Lemma 5, we get the 

proof of this lemma.
Lemma 9.. Suppose that G is an n-dimensional weak Ohebyshev Z-subspace of 

O (X) and В is a nowhere dense subset of X . I f  G satisfies Лаа/r condition on X \B , 
then every f  in О (X ) has at least one alternation element.

Proof Let
Bu= {sc: there exists у in. В suoh that \f(x)'—f(y )  | < 1  /к  and 

max{ |g(x) - g ( y )  | : g in G with Ц̂ || =1}<1/&};
Xjj—X \B ]C) k > l .

Because G satisfies Haar condition on X ft, there exists ĝ  in G and •••, sc»»« iB 
X ft, eB= ±1, such that

By selecting a subsequence, we may assume that sfc= e  and
lim дъ=д. (6)

]C -> o o

CO

From (6) and the fact that (J X fc==X\B is a dense subset of X , we obtain
R=1

И т |/ - ^ |и к- | | / - у | | ,
fC - to o

Where ! /  -  Sfe||x*=max{|/(sc) -  ^ (« )  |: sc in X*}.
Now, using Lemma 6, we know that g is an alternation element of /  (about <7)„

This lemma is an improvement of Theorem 1.5  in [5].
Theorem 10. I f  G is cm n-dimensional semi-defimte Z-subspace of О (X ) and 

every nonzero g in G has at most n zeros, then any f  in О (X) has at most one alternation 
element.

Proof Suppose that /  in О (X ) has two alternation elements pi and pz, i. e., 
there exist sCi,0, •••, sci)B in X  and e=  ± 1  such that

/(® w ) = s ( - l ) ;' | | / - p 4|»J(sc4,o, — , sc1>i+1, • scj)B),

0 < j< n ,  1 < K 2 . (7)
As every nonzero g in G has at most n zeros, for any y0, •••, yr, we have

dim G | (Vt-.o<i<r)> r .  (8)
Thus there exist yit 0, •••, у из, in {sc*,,-: 0 such that

dim G | {1/4,,-o ĵ^ —dim G | {yi, —s», 0 < k < sb l< i< 2 .  (9)
From (7) and (9), we obtain

is/ufi 0<j<,s}<~Z (p - p i ) , for every p  in P G( f ) , i = 1, 2. So

(10)
Because pi^pz, Z (p i—p2) contains at most n zeros. From (8), (9) and (10), we get
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{УЫ- 0<j<Si}=={2/2,i: 0<?'<S2}.
Now we may assume that Xi,o=yll0= y 2t0=x2,0. From (8) and (9), we have

K K 2 .  (11)
Let Ai,i={oc\ dim(?| ..>в(1П}= » —1 /  1<^‘<те, 1<&^2.
As every nonzero g in G has at most n zeros, Ail} contains at most n points. Let

4 - и й Л л  •<=1
Then A is a finite subset of X .  There exists an open neighborhood V  of xi,q—cc2,o 
such that

А П F  =  (12)
Select in V \A , such that

lim йй=а;1,о=гс2,ол
JC ~ *oo

By the Semi-definiteness of G, we obtain for к large enough
ij 9'9) f—lj Ij e**j &itn)

d (%i,Oj ***> °°*> й/г,?i), 1̂ 2̂f̂ 2̂e
It follows from (7) that

( P i -JP*(%.i)) ( / (»i-/) - # i (%i,}))<0, K j < n ,
(lb(«2,/) —Pl(x2,j)) ( / ( * 2„') -i»2(a?2,/)) < 0 , l< j < « .

Now, if (pi(2fc)-p2(2ji))*Si*d(a;ito, <&,»)< 0, then from (18), (14) and (7)
we get

(^ (% ^ )-2 )2(»i^))»Si(-l)^Zl(2!ft, ocltl, Xl,S-l3 Xi.M, %,»)
«^0, I ^ ^ ji.

Thus . 0>si(23i(2fc) - ^ а(«%))2>(а̂ ,1, —, a*,,)
n

+  8iS(2>t0sw) -p»(&L,/)) • (-1 ) '* £ (г й, a?!,!, —, a*,/.*, %)y+1, •••, a?i,n)$=i
/P lW  —PaW  ЦаОчьа)-p»(a*.a) pi(a>i,„) -ра(Я1,.)\

(13)

(14)
(15)

;Si»det

' d M . 9n(xi,i) д*(хьп)
=o.

This is impossible.
If -j?a ( « & ) ) • « •••, «1,n) > 0 , then from (7) and (10), we obtain

(jJaGO -pi(2jc))*82*4(a;2,i, •••, ж2>п)< 0 .

Similarly, this can also lead to a contradiction.
From Lemma 8, Lemma 9 and Theorem 10, we come to the following conclusion: 
Corollary 11. Suppose that G is cm n-dimensioml weak Ohebyshev Z-subspaee 

m d В is a nowhere dense subset of X . I f  G satisfies Haar condition on X \B  and every
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nonzero g in G has at most n zeros, then P G has a unique pointwise-Lipschitz-continuous 
semi-additive selection.

Now we have our characterization theorem:
Theorem 12. I f  X  is a locally connected and compact Hausdorff space and G is 

an n-dimensional Z-subspace o f  O (X ), then the following statements are mutually 
equivalent'.

(1) P G has a unique pointwise-Lipschitz-continuous semi-additive selection,
(2) P G has a continuous selection,
(3) every nonzero g in G has at most n zeros and has at most n — 1 zeros with sign 

changes,
(4) G is a weak Ohebyshev subspace and every nonzero g in G has at most n zeros, 
(6) G is semi-definite and every f  in О (X ) has a unique alternation element,
(6) G is semi-definite and every nonzero g in G has at most n zeros.
Proof It is trivial that (1) implies (2). And Theorem В in section 1 states that 

(2) implies (3). By the theorem of Brown in [4], we know that the locally connect­
edness of X  and (3) imply that X  is homeomorphic to a union of several closed 
intervals. Thus, from the Lemma 2.2 in [3], we know that all conditions in 
Corollary i l  is satisfied by G so, (1), (4), (6) hold. And by Lemma 9, Theorem 10, 
we can also see that (3) implies (6). Using the same approach in [7], we can show 
that (5) implies (3). And it is trivial that (4) or (6) implies (3).
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