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, ON HERMITIAN OPERATOR IN TENSOR
PRODUCT SPACE

H u S h u a n

Abstract

V  is an и-d im  unitary  space. ® hV is the k- th  tensor product space with the customary 
induced inner product. V .^€ L (® ftF ) ,

W i( i? )  =  {(.$ftp®, а;®) ]а;®=а?1 0 ” *®а;А, tax, •••, xh o.n}!*
is called the numerical range of if. Wang Boying proved in [11] that if if=A i® «"®
At € £(F), i —1, • k, k<n, then i f  is a herm itian operator i f  and only i f  Ha
Conjectured th a t if  h = n > 3 ,  then the sim ilar proposition would hold, too.

In this paper the following results are obtained.
. • 1) I f  &=w>3, then if  is a hermitian operator if and only if (if) £R .

, 2) The only exception is k —n —2. and
. / 1  «ia\ . , /  «22 &1г\

A t& al т h Aasbf -  , j\ —012 ass/ \ — «12 1  /
where a, b are real.

§ 1. Introduction

Let V  be an «-dimensional unitary space in which the inner product of column 
vectors x, у is defined as (ж, у) =  y*x. A{ £  Mn (C) is a linear operator on V. ® * F  
denotes the &-th tensor product space with the usually inner product, ж®= a h ® ” ° 
®ж й, У® ==:У 1® ‘ "®У к  are decomposable tensors in ® kV, where xt) y ^ V ,  i  =  l f •••, L  

=  A * ®  • •■ ®A le is a linear operator on ® hV.
According to the definition of the induced inner product ([1, p. 47])

(j^ ®,s/®)= = n  (Aa , vO-<=i

In the case Fanca’3'43, Goldberg1-6’63, and Marcus’7’83 defined the numerical 
range of J ?  as

W1 ( & ) = { ( S£x®, ж®): •••, Xk o. n.},
where “o. n.”  means “orthonormal” , and studied its properties.

I f  h = l ,  as Donoghue pointed outC93, is hermitian if and only if WX(J2?) crR, 
Recently Bo-Ying Wang obtained the result that if k<n, then is hermitian
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i f  and only if W1 (A?) E R 11®  At the same time he cited an instance to illustrate that 
the statement is not true in the case & = « = 2. But he conjectured that the same 
statement might be true in the case h—n >  3.

in  this paper we shall prove that his conjecture is right,

§2, Preliminaries

Lemma 1. L e t A = (  1  6512\  B = ( ^ n  &12) е М а(С), Then Wx
\ 021 022 / \ 021 1  /

J£*) = 0  i f  md only i f  either i). or ii) holds’.
i) Both A m d В  are h&rmitian;
И) 021— —§12, 013=  — §21, 022 =  6u .
Proof Every 2 X 2-unitary matrix may he written as

/ cos вщщ — sin вщиь
\ sin ви2Щ cos Ои2щ

where WjGC, |m<| — 1, 6= 1, 2, 3, 4. Therefore each pair of o„ n. vectors in 
2-dimensional unitary space may be written as

® =  (cosвщи3, sinви2щ ) у  — ( — miQuriUi, cosви2щ )r0 
Thus W (AA—AA*) =0 if and only if x*Accy*By= %*A*xy*B*y, i.e.,

[ (cos2 0+022 sin2 0) +  02i sin 0 cos виф 1̂+ жц sin 0 cos ви^и^
• [ (6ц sin2 в + cos2 9) — 6m sin 0 cos вщщ1 — 6ц sin 0 cos 9v^uf\

=  [ (cos2 0+022 sin2 0) +  0i2 sin 0 cos 9щи£г+ 0ai sin 0 cos 0г+1м2]
• [ (5ц sin2 0 + cos2 0) -  5ц sin 0 cos 0г^г 1̂ -  62isin 0 cos 0мГ1«2] =

Because u%, щ  are independent, we obtain
(021&21—012612) sin2 0 cos2 0 =  0,

C021 (6ц sin2 0 + cos2 0) -  &2i (cos2 0+022 sin2 0) — 012 (5ц  sin2 0 + cos2 0)
+  5ia (cos2 0+022 sin2 0) ] sin 0 cos 0 =  0,

(«21612+012621—02i5i2—012621) sin2 0 cos2 0 -  (cos2 0 +  022 sin2 0) (6ц sin2 0 + cos2 0)
+  (cos20+022sin20) (5ц sin 20+cos2 0) =0»

Since 0 is arbitrary, we get
021621=012612, (1)

021“  621 — 012 — 5l2, (2)

0216ц — 621022 — 0125ц — 6i2022, (3)

022 +  6ц—021&12 — 01262I — 022 +  5ц — 012621 02l6l2, (4)
022бц =  0225ц. (б)

From (1) and (2), either 021=012, 621=612 or 021= —5ц, 62i=  —012.
If 021=012, 621=612, we get 021612+012621 € : Thus, we get 022+6ц£ IR, 0226цG 

SI from (4) and (5). Hence, either 022, 6ц £ R , or 022=6u£€,\R. If <гаа, 6ц GR, we
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get i). If «22 =  6u GC\R, (3) implies («21+&21) (fl22- a 2f) = 0. Hence «21+621=0. We 
get ii),

If «21= -612, 621=—«i2̂  similarly, we get either a22, 6ц or ®22 =  6iiGC\R. 
If a22, 6uG ^, (3) implies («12+612) (6ц—«22) =0. Then either from 6u= «22 we get 
ii), or from «12= — 612=«31 we get i). I f  «22=6uGC\R, we get ii).

On the other hand, if i) or ii) holds, it is easy to show that WL(£ f—£f*)  = 0. 
LemmalS. (Marcus-Wang13113) . Let Al£ L (V ) *=Мп(С), i = 1, k, 1< K %  

S£=-4i0 «” ® A fc. Then W1 (JA') =0  i f  and only i f  there exists an i  such that A = 0 .
Lemma 3. Lei A, B ,0  be 3x3  non-soalar matrices. Then there exists a 3 x 3  

unitary matrix U such that a[}, b'l}) c# Ф 0, i, j  =  1 , 2, 3, where U*AU — («у), U*BU =>
Ю , и ю и - ш .

Proof Denote

( XxUxUi 2/ittiMg 2i^W6\
Ж2М2М4 У&и2и5 Z2U2Uq I, (6>

Ж3М3М4 psUsU6 %з,ЩЩ I
where %=cos#cos«, cc2=cof#sina, %=sin#,

2/i= cos 93 sin a + sin 93 sin# cos a, y2=* — cos 93 cos a + sin 93 sin# sin a, g/3 =  — sin 93 cos #, 
2i=sin9>sina—cos 93 sin 0 cos a, г2——sin 9» cos a —cos 9» sin# sin a, 83—cos 93 cos#, (7) 

93, #, «G ^, wiGC, |«j| =5=1,2=1, •••, 6. It is easy to verify that U is a unitary matrix 
for arbitrary q>, $, а, щ.

If the statement does not hold, as a polynomial in щ,

П  (a[j П  ui) (b'ij Ш )  (c'u П  Щ) =0.
i,i- 1 1=1 г=l  г=1

Therefore there exists at least a factor being zero as a polynomial in щ. Without loss
6 e

of generality we only consider the case «иП +г=0 and the case b'12 П  ̂  ~  0,
г=1 »=i

I f  0 =  й'ц П  Щ1=1
== [ («u cos2 # cos2 «+ «22 sin2 # sin2 a+ «33 sin2#) и±и2щ 

+ «2i cos2 # cos a sin т\щ+ «3i cos # sin # eos au\u2 
+ «12 cos2 # cos a sin (ш\и%+ «32 cos # sin # sin ocuiwl 
+ «13 cos # sin # cos m 2u%+ «23 cos # sin # sino%«3] щи5ив0 

we get <%ц =  0. This is impossible,
Smilarly, if

6
0 =  «12 П  «j1=1

=  [«u cos # cos a (cos 93 sin a + sin 93 sin# cos a) —«33 sin 93 sin# cos#

+ «22 cos # sin« ( — cos 93 cos a + sin 93 sin # sin a) ]

+  «12 cos # cos.a ( — cos 93 cos a + sin 93 sin # sin a) м1«3м|мв
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—«!3 sin <p cos2 9 cos аи<&1и1щ 
+ «21 cos 9 sin a (cos <p sin a —sin <p sin 9 cos a) и\щи\щ 
—«23 sin <p cos2 9 sin оШг̂ иЫа 
+ «31 sin 9 (cos <p sin a + sin <p sin 9 cos а) tfluyubM 
+ «за sin # (—cos <p cos a + sin 93 sin (9 sin a) у^иЬйщ, 

we get % = 0  i¥=j, and
(«ii -  «22) cos (p cos 9 sin a cos a +  («ц cos2« + «22 sin2 a —«33) sin <p sin 9 cos 9 = 0* 

which implies that йц=«22=«зз, i. e„, А=а&1 . This is impossible.
Lemma 4. Let A, B, 0 (£MS (C) be non-soalar. Then

Wx ( A ® B ® 0  -  A * ® B * ® 0 *) - 0
i f  and only i f  A = a  Ax, В  =  ЪВх, 0  — o0 %, where Ax, B%, 0 % are hermitian and 0 ФаЪв 
€R.

Proof The “ if”  part is clear.
The “ only if”  part: We may assume that an, bi}, сиф0. Take e%— (1, 0, 0)F, e%— 

(0, 1, 0) г, e3=  (0, 0, l ) r. Since
{Aex, ex) (Вез, Oa) (Oe3, ef) — (-d*ei, ex) (B*e$, вц) (0 *es, e3) , 

we get «Ц&22С32= ®ц5̂ 22Сзз 0. Hence
W1  ((«ii-4 ) ®  (Ъ£В) ®  (сзз'О) -  (а 1М )*®(Ь £ В У ®(с г№ У )  = 0.

It is enough to show that an А, Ъ^В, C33O are hermitian. Thus we may assume that 

«ii =  bs2 — О33 =  1.
First, let x, y, z be the column vectors of the matrix (6), which are 0. n.. Thus

(Ax, x) =  (ajxxf+ «22$!+ «33®!) +  «2i*ii»2MiM21 + «31*1*3^3:1+ «12*1*2МГ1«2
+  «32Г2Г3М2М3 * +  «13Д/1Ж3М1 ^«3 +  «23Ж2Г3М2 1м3 .

Similarly we may get the expressions of (Bg/, y), (Oz, z), (A*x, x), (B*y, y ) ,(0 *z, z)* 
The following polynomials are equal:

1АФС3(Ax, x) (By, y) (Oz, z) =г%4 u\(A*x, x) (B*y, y) (0 *z, z).
Comparing their coefficients of v%u\, и\щи\ and ului, we get

оохХзу1Уз%х%2 (021&21C21 — ̂ 12^12612) =0 ,

®1®УУгУ&î s (021&21C31—®12^12C13) +  ̂ хХзУгУз̂ Аа («21^31021 — ®  12^13612)

+  ХхХзУГУ&Х*2 («31&21С21 -  a i35 i2Ci2) =  0 , (8 )

ХхХ̂ ухуз%2̂ з («21&21С23 “  йпз^Сзз) +  ̂ х̂ ^УаУз̂ Аа («21^23021—ОЬз̂ згСхз)

+  х%ХзухУа%-$а («23̂ 2:1.021 ~  «32§i2Ci2) =0,
Substituting in (8) by (7) and noticing that $?, 0, a are arbitrary, we obtain

«21&21С21 =  ® 12? 12С^ Й21&21С31 =  0>lfiiaCx3, «21&21С23 =  ® 125l2C32.

Secondly it is easy to show that

И 7 1  “ ” W S“  M - f 1  “ “ V ® / 111 M
A ®21 «22 / \ &21 1  / \ *21 <*22 / \ 6 21 1  ]

which implies that «21&21 =  «12 1̂2 according to (1). But «21^1 ̂  0, Hence Сц — Ъц, Ц*§}

=0,
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i, 3 =  1, 2,3. Similarly we can obtain ai3 =  a}i, bi3= b 3i, 0=3, i, 3 =  1, 2, 8.
Finally it is enough to show that aH, bii} c«, i  =  1, 2, 3, are real. Otherwise, if am 

*= R, we have 611=622, according to the proof of Lemma 1. Denote Aa = a^ A , B2 =  
btiB, 0<j=0, Then it is clear that Wx (В2® А 2® 0 2—В 1® А 1® 01) =5  and bxx=a'22= 
Сзз=1. From the foregoing proof, we get 621 =  6ц 621= Ъ'12= &u 612. Since 621 =  612 ф 0, 
it implies that 6ц = 5ц. This is absurd and shows that 6ц is real. Similarly we can 
prove that other diagonal elements of А, В , О are real, too. Therefore А, В , О are 
hermitian.

Obviously the restrictive condition that А, В, О are not scalar is not necessary 
Since we have the following more general result.

Lemma 6. Let A, B, Then a necessary and sufficient condition of
Wx( A ® B ® 0 - A * ® B * ® 0 *) = 0  is A ® B ® 0 = A * ® B * ® 0 \

Proof It is enough to show that the necessarity holds if O—cI. Let A1 = eA , Bx 
= B ,  we get Wx(A1® B x ® I —A 0 j8i0 T*) — 0, which implies that WL(A x ®B 1 — 
A l0 -2*) = 0. Hence A 0 2 i = A \®B \, according to the result proved by B. Y„ 
Wang1110'™ 3. It is easy to show that A ® B ® 0 = A * ® B * ® 0 *t

§3. Main Results

Theorem 1. Let 0Ф Ai(zMn(C), i —1, n, n^B. Then

\ J n
i f  and only i f  A i - a ^ ,  where each A  is hermitian and Ц  a3£ R„

i=i
Proof The “if”  part is clear.
The “only if”  part: According to Marcus-Wang Theorem (foregoing Lemma 2), 

we may assume that kakk= l  and prove that each Ak=  (kai3) is hermitian.
In the case n—3, the required result may be obtained out of Lemma 5. If the 

Statement is true in the case » ( > 3), we consider the case ro+1.
Let «n+i= e n+1=  (0, •••, 0, l ) 11 and x1, •••, x„, xn+1 0. n.. Then we get

Л+1 n+1
П (A»«, xt) = п  (AX «0.<=i <=1

Since n+ia„+i,n+i = l ,  it implies that

TFJ’(A i(r ti+ l|7 i+ l)0 ,”(x)A('№+l| *i+ l) — Ai(®_b l | |№ +l)0*‘,0 A ( w'bl['№d'l)) =0. 
According to the inductive assumption, A% (n+ 1 1 n+ 1) =  A\ (n+ 1  [ n+ 1 ) .  Similarly 
we may get Ax(n\n) = A l(№|»), -A(ti — 1 1и—1) =  A l (w—1 1 ft—1). Therefore A± is 
hermitian. Using the same method we may prove that each Ak is hermitian, too. 

Theorem 2 . Let AG-M„(C), 4 - 1 ,  •••, n, n > 3. Then F 'J-(A © ” -0 A - А 0 ” °
® A t )  =0  i f  and only i f  A i ® " - ® A n =  A $®--‘®A ^.

It suffices to point out that if some A = 0, the statement is true obviously.



Thus we may prove the following result which affirmatively solves the open 
question cited by B. Y , Wang.

Theorems. Let А{£М „(С) =  L (V ), i = l ,  n, « ,=d im F>3.
® A n. Then is a hermitian operator on ® nF  i f  and only i f  W1  (J5?) S R .

Proof Since 2 i? =  (& + & * ) - i [ i  ( & - £ ” )] and both and
are hermitian, WL E.R if and only if =  0. But W1 (J£ — J?7*) =  0 if
and only if S£ is hermitian according to Theorem 2 . The theorem is proved.

The author is grateful to Professor Zhou Boxnn and Associate Professor Tong 
Wenting for their comment and help.
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