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Abstract

V is an n~dim unitary space. ®*V is the %-th tensor product space w1th the cusbomary
._-mduced inner product. V.#€ L(®*V), : :
WL(L)={(£®, 59) | 2@ =1+ ++ @ity By, *oe, Ty 0N}
is called the numencal range of #. Wang Boying proved in [11] that if #=A4;® @4y,
A e L(V), =1, +r, &, h<n, then £ is a hermitian operator if and only if Wi(AER. He
‘ mnjéctured that if 'lc=n>3, then the similar proposition would hold, too.
- In this paper the following results are obtained.
i . - 1) If k=n>3, then & ig a hermitian operator if and only if WL(ASR.
¢« . 2) The only exception ig k=n=2 and '

1 a b
A1;a< s >, Agzb< @ 12)
—bia  ag , —ai2 1

where a, b are real.

§ 1. Introduction

" Let V be an n-dimensional unitary space in which the inner product of column
vectors o, y is defined as (z, y) =y*s. 4, EM,(C) is a linear operator on V. @V
denotes the k—th tensor product space with the usually inner product. a®=ay®---
@y, ¥®=91®--- @y are decomposable tensors in @V, where a;, y; €V, i=1, o=, k.
F= Ai@---@Ak is a linear operator on XV,

Accordmg to the definition of the induced inner product ([1, p. 47])

(ZLa®, y®) = H(A @iy Ui«

In the case k<n, Fan®%% Goldberg™®, and Marcus™® defined the numerical

range of .Z as
W(ZL) ={(La®, 2®): @y, o+, & 0. 1.},
where “0. n.” means “orthonormal”, and studied its properties.
If k=1, as Donoghue pointed out™, & is hermitian if and only if W+ (%) CR.
Recently Bo-Ying Wang obtained the rosult that if k<mn, then . is hermitian
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~if and only if W' (¥) CRB®, At the same fime he cited an ingtance to illustrate that
the statement is not frue in the case £=n=2. But he conjectured that the same
statement might be true in the case k=n>>83.

In this paper we shall prove that his conjecture is right.

§ 2. Preliminaries

Lemma 1. Lef,A=< ! “”’), B=<b“ b"’)gMz(@, L= AQB. Then W*

@21 Q22 bay 1
{L~L*)=0if and only if either i).or i3) holds:
* i) Both A and B are hermitian;
i) am=—b1s, G12= —Da1, G2 ="bu11.
Proof Every 2X2-unitary matrix may be written as
[ 008 Oustty  —gin Geyrss\ -
( sin Quaug  cos Buau, >
where §ER, w,€C, |u| =1, 6=1, 2, 8, 4. Therefore each pair of o. n. vectors in
2-dimensional unitary space may be written as | ’
: w="(cos Ouyutg, sin Qusg)®, y= (—sin Quyuy, cos Pugue)®.
Thus W (¥ —.%*) =0 if and only if ¢*doy*By=x*A*wy*B%y, i.e., -
[ (c0s? 6+ aaa8in? @) + agy sin 0 cos Guyus -+ 249 8in 0 cos Guy ]
o [(b11 8020 -+ cos? @) — by sin B cos Pusuz™ — byasin 6 cos Guz us]
= [ (00820 + Gaa 502 ) + Gz 5in 6§ 008 Gtz + Ty sin @ 008 Guiy uss]
o [ (B18in? @+ 0052 8) — Ba sin 6 cos Guyeiz™ — By sin 8 cos fur'us] «
Because uy, us are independent, we obtain |
(@a1bas — @12D49) sin? @ cog?6 =0,
[@21 (b118in? G+ 082 0) — bay (CO8? B + @gg 8in? B) — @12 (b1 8in?H + c0s? F)
+ 512 (c0s? @ +-@998in20) Jsin  cos§ =0,
(@21b12+ G1abss — Bo1b1a— T1ab ) 8in? @ cos? @ — (C0s? 0+ aaa 5in? @) (b sin? 0+ cos?d)
+ (c08? -+ Gag 8in? @) (Bay sin 2+ cos®d) =0.
Since § is arbitrary, we get

@91b21=12D 12, )

@21 — Doy =12 — 512, ' ' | 2

@a1D11— bay@aa = @19D41— b 1200, )

Giaa+ Dyy — o1 D10~ G12D31 = Taa+ b1y~ Byaboy — @5151s, , C))
Oagb1y = B22D 1. ®)

From (1) and (2), ‘eithei' agié-ﬁu, b21=513 OT Qa1 = —Eﬁ, b21=‘- _512-
If @o1 =13, Day=b1a, WO got @a1bia+ aisbs ER. Thus, we got @aa+b11 ER, @ad1n €
R from (4) and (5). Hence, either @, b1 €R, 0F @22=byy €C\R. If a2, b ER, wo
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got i). If Gaa=0y EC\R, (8) implies (aay+bay) (@sz— diag) =0. Hence agy+bsi=0. We
got ii), 4 |

If am = —bys, bay= —8ys, similarly, we get either gy, by ER, Or @2a=b1 EC\R.
If tos, b1 ER, (8) implies (@1a+b1a) (b11— aas) =0. Then either from by =as we got
ii), or from @is= —b1a=ans Weo get i). If @aa=0bs € C\R, we got ii).

On the other hand, if i) or ii) holds, it is easy to show that W' (¥ —.Z*) =0,

Lemma 2. (Marcus—Wang™), Let 4, €LV)=M,(C), i=1, -, k, 1<bk<n,
Y =4@ @Ay Then WH(ZL ) =0 if and only if there ewisis an & such that A;=0,

I.emma 8. Let A, B,C be 8 %8 non-scalar matrices. Then there ewists @ 38
wmq,tm*y matriw U such that ay, by, cly#0, 4, j=1, 2, 8, where U*AU = (ay), U'BU=
(), U"0U = (¢ly).

Progf Denote

iUy YiUiUs %UnUs

U={wgupts ysustts 2auas |, (6}
TalUsls YsUsUy 2gUsls
where ,  .my=cosf cosa, wa=cos fsina, ws=sinf,

y1=cospsing+sin psin fcosa, yo= —cos¢cosa+sin(p.sin05ind, Ys= —sin<pcost9,

%1 =sin @ sin @~ cos @ sin § cos a, z3== —sin p cosa—cospsin fsina, zg=cospcogd, (7}
?, 0, a€R, wEC, |u| =1, I=1, -, 6, It is easy to verify that U is a unitary matrix
for arbitrary ¢, 8, &, w. :

If the statement does not hold as a polynomial in w;

H (g H w) (bl Hul) (Oa H ) =0,
Therefore there exists ab least a factor bemg ZeTO a8 & polynomml in u; W11shout loss

of generality we only consider the case aliﬂu;——O and the caso bie [[1u;= .

If 0= a’n zH1 W
= [ (@14 082 G c08® i+ @ag 8In? B 8in? 04+ a5 810 20) w1403
+ @193 €08 B COS s Sin oeis + gy €08 B sin O 008 omdug
-+ @19 008? @ COS & 8in owtfug + age €08 6 sin 6 in onryu
~+ @135 €08 B sin 6 008 o3+ arag €08 0 sin O sin onsyu3] ustisis,
we get @;;=0. This is impossible, |
Smilarly, if

6 n
O=ais [Ty
=1
= [a14 008 8 cos o (08  sin a4 sin @ 8in @ cos &) — az3sin @ sin § cos §
+ t92 €08 f 8in ‘(‘— €0 ¢ €08 -+ 8in @ sin 6 sin &) Juguausubug

+ @12 008 6 008 & (— €08 @ COS 01+ 8in  8in 6 8in o) wfuguiug .
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— a3 SIN @ €082 B COS ausauuintg
~+ @21 008 6 8in o (C0s @ 8in o — sin @ in 6 cos &) ufuguduig
— aizg 80 @ c08”  sin onyuFufue
-+ a1 8in 6 (cos @ sin o+ gin @ sin 6 cos &) uiuuug
o+ a2 8in 6 (— cos @ cos o sin @ gin § sin o) wyuiuiiss,
wo get ay=0 ¢4, and ‘ ,
(@11~ @29) €08 @ €08 B 8in s 08 &6+ (@11 CO8? 0t Gag BIN2 o — a1) 8in @ &in G cos § =0,
which implies that @1 = a@ss=das, i. €., A=asI. This is impossible.
Lemma 4, Lt A, B, 0€ M3(C) be non—scalar. Then
Wi (ARQBRO — A*Q@QB*R0O*) =0
of and only ¢f A=adi, B=>bBy, O=c04, where Ai, By, Oy are hermitian and 0+ abe
€R. . A
Proof The “if”” part is clear,
The “only if” part: We may assume that @y, by, cy# 0. Take es= (1, 0, 0)%, ea=
0, 1, 0)%, ¢3= (0, 0, 1), Since
(dey, e1) (Bea, ea) (Oes, 65) = (A", 1) (B*ea, €3) (O%s, €3),
we got ay1b20030= 11D 22633 % 0. Hence ;
W (a3l 4) ® (023 B) @ (053 0) — (e 4) "® (022 B) "® (655 0) ) =0. |
It is enough to show that aiild, b55.B, c340 are hermitian, Thus we may assume that {
@1 =boo=cg3=1. ' | :
First, lot o, y, 2 be the column vectors of the matrix (6), which are 0. n.. Thus
(4w, ) = (01105 + 02905 + G3575) + s Bawas '+ Bara®eutathy ™ + Gro®e@siy g
+ WaaalgUatls ™ + G P1aUT Uy + Aas@a®athz Us.
Similarly we may get the expressions of (By, y), (02, 2), (A*z, %), (B'y, y), (0%, 2).
The following polynomials are equal:
uiuu (4z, @) (By, y) (Oz, 2) ~ubuiui (4*s, @) (B'y, 9) (0%, 2).
Oompaﬁng their coefficients of ubul, ubumd and wiui, we get
\ D1 Lol 1Y 2% 1%2 (@1521021*‘ amgiéaiz) =0, _
L1211 28123 (wzibziési - @12D12015) + L1001y %1% (a1 551021 - 6127;13.(:'12)
+ 1058/ 1/ o120 (@510 2101 — 513512512) =0, (8)
D151y o5 (@21 21098 — B12D 19Ca5) + L0 2y a%a (@a1D2s0ai — 512532512)
- La®aY1Y2R1%2 (@23b21621 "“532512612> =0, :
Substituting in (8) by (7) and noticing that ¢, §, & are arbitrary, we obtain
Q2 521.021 = 5125:2512, @21b31631 = 512'512513, @31D21695 = 512512532-
Secondly it is easy to show that

rllL el (L el T
Qa1 Qa2 b2i 1 Toi Q22 “\bat 1

which implies that @sba;=@12b1a according to (1). Bub asbs #0. Hence o;=cs, 554,
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4, j=1, 2,8, Similarly we can obtain ay=ay, by=>bs, i+J, ¢, j=1, 2, 8.

Finally it is enough to show that @y, by, cu, 9=1, 2, 8, are real. Otherwise, if as
ER, we have by, =aas, according to the proof of Lemma 1, Denote Ay=aztd, By=
b1iB, O,=0. Then it is clear that W (Bs®A:X00a—Ba® A:®03) =b and by =da)s=
¢hs=1. From the foregoing proof, we get bhy = b7ibay=Dbla="01ib1a. Since bs=bis#0,
it implies that by =044, This is absurd and shows that by is real. Similarly we can
prove that other diagonal elements of A, B, O are real, t00, Therefore 4, B, O are
hermitian. . -

Obviously the restrictive condition that A, B, O are not scalar is not necessary
since we have the following more general result.

Lemma §. Let A, B, 0€M;(C). Then ¢ necessary and sufficient condition of
WL (A®BRO - A*@B*®0*") =0 is AQBRO =A*QRB*®0".

Proof It is enough to show that the necessarity holds if O=e¢I. Let A;=¢A4, By
=B, we got WH(A:i®B:R®I—Ai@Bi®I*) =0, which implies that Wi (A;@Bi—

i®B7) =0. Hence 4:®B;=A4i®Bi, according to the wesult proved by B. Y.
Wangh0Tht) T} jg easy to show that ARQBRO =A*RB*®0*,

'§3. Main Results

Theorem 1. Lot 0% A,EM,(C), §=1, -, n, n=>8. Thon
WA @4~ 4i®--® 4;) =0
of and Only ’I/f A;=a,4;, where ecwh A, s hermitian and IIw;E R.

i=1

Proof The “if” part is clear.

The “only if” part: According to Marcus-Wang Theorem (foregoing Lemma 2),
we may assume that yam =1 and prove that each dy= (y@;) is hermitian.

In the cade n=3, the required result may be obtained out of Lemma 5, If the
statement is true in the case n(>8), we consider the case n+1.

Lot Bn1=6nia= (0, ++=, 0, 1)* and 1, «*, %y, @nyz 0. n.. Then we get

| ﬁl (A, @) = ﬁ (4w, @1).

Since ,,+1a,.+1,,.+1—1 it implies that
Wi(4i(n+1|n+1)® @4, (n+1]|n+1) — Al(n+1|n+1)® @4 (n+1]n+1)) =0,
According to the inductive assumption, A;(n+1|n+1)=A4i(n+1|n+1). Similarly
we may get Ay(n|n) =Ai(n|n), 43(n—1|n—1)=4}(@w—1|n—1). Therefors A is
hermitian. Using the same method we may prove that each 4, is hermitian, too.

Theorem 2. ILet 4,€M,(C), i=1, +, n, n>>8. Then W+ (A1® Q4 — AR

®4;) =0 if and only if A1®- @4, =Ai®--RA4;.
. It suffices to point out that if some A;=0, the statement is true obviously.
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Thus we may prove the following result which affirmatively solves the open
question cited by B. Y. Wang.

Theorem 8. Let A,€M,(C)=L{), 4=1, s, n, a=dim¥V >8. L=4;--
®A,. Then L is & hermitian operator on @'V if and only if W-(Z)CR.

Proof Since 2.F=(FL+F*) —i[i(F~F"] and both (£+.£*) and ¢ (¥ —F*)
are hermitian, W+ (%) CR if and only if W (¥~ ¥*) =0. But W (¥~ L") =0 if
and only if % is hermitian according to Theorem 2. The theorem is proved.

" The author is grateful to Professor Zhou Boxun and Associate Professor Tong
Wenting for their comment and help.
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