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Abstract

In this paper the authors generalize the result of B. R. McDonald, The following result
is obtained.

Let R be a (1, 6)—full ring, or (8, 3)-full ring, or (2, 4)-full ring, and R has the
property T. G is an SLs(R)-normal subgroup of GLy(R). Then there is anideal 4 in B

such that
SC(R, AYSGCSGO(R, 4).

The problem of GL, over full rings was discussed in [1]. In this paper we do
not demand that 2 be a unit and we discuss normal subgroups of GL, over full
rings. We generalize the results of [1, 2, 8].

Suppose R is a commutative ring with 1. U (R) denotes the multiplicative group
of units of R. Suppose m and n are integers and m>1, n>>2. For any mXn mailrix
A= (a;) whose element a;; satisfies the equations

n
Ewin=R’ q‘,=1, o.a, m,

if there exist bE R, w, €U (R), 4=1, «--, m, such that
AL, B, oo, BT = (u, +oe, Un)?,
we call R an (m, n)-full ring,

'We know ¢-surjective rings and Von Neumann regular rings are (m, n)-full
rings for some positive integers m and n. Particularly, primitive rings are (m, n)—
full rings, for any integers m=>1, n>2. If R is an(m, n)—full ring, then it must be
an (s, $)—full ring where 1<Cs<Km, 2<<t<Xn. We know that a (1, 2)—full ring is a ring
of stable range 1%,

GLy(R) denotes mulfiplicative group of all 2X2 inverse matrices over R.
SLy,(R) ={oc €GL(R)|detc=1}.

Suppose A is an ideal of R, ws denotes a natural ring homomorphism from R
into :R/.A. Then the following map

M 0'=< b ) . ?\.A0'=<WM ava>
c d WaC w40
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is a group homomorphism from G'L,(R) into GLy(R/4).
‘When A is a proper ideal of B, denote .
GOy(R, A) ={0 €GLy(R) | Mo € conter of GL;(R/A)},
| SO,(R, A) ={o € SLy(R) |Aso=1}. |
Particalarly, GOs(R, R) =GLy(R), SO:(R, R) =8L,(R) and it is clear that G0y(R,
A) <GL(R), SO (R, A) <IGL(R). |

b | |
If 0‘=< @’ >EGL2(R),,WG call ideal O(¢) = (@ —d) B+ bR+ ¢R the order of o,
c

'We have O(p~top) = 0(0), VpEGL,(R).If G is a subgroup of GLy(R),we call O(G)

= X 0(0) the order of G. The ¢, denotes the 2 X 2 matrix over B where position (3,

aEG
7) is 1, but other positions are all zero, 1<@, j<2. Lot vy(@) =L+aey, 04 j, 1<6, j<
2. We have 7,;(a) ESLy(R), Ya € R, and call 7;;,(a) the transvection. If a CU (R), 4y

denotes the matrix (a _ 1). Obviously, 4,€ESLy(R).

a
Lemma 1. Suppose R is a (1, 2)—full ring, A és ideal of R. G4 denotes SLy(R)~
normal subgroup generated by oll v13(a), Ya € A. Then G4=8Ly(R, 4).

. -1 -1 - -1 -1
Proof If vi9(a) €G4, then 712(“)=< " ) w;}(w)(l- ) €G4. Lot o€

1 +on g

Qa1 1+as
Since (14 ay1) R+ agR = R, there exists # € R such that (14 a11) +2a, €U (R). Lot
1481 big

bay  1-Dag

o1 =21 (14 b11) "ba) [’1721( 1) (1 +b11) "Hb11) 712 (B10) 721 (—~1) ]
| X732 ((L+b12) ™ (Baa— 1))
80 01 €G4 and 8O,(R, 4) ©G. Reverse inclusion is obvious.
Definition. Suppose B is & commutative ring with 1 and w 8 any element of R.

If the SLy(R)-normal subgroup generated by w1z (fw) includes all the 712 (wr), Vr ER
we say that R has property T

80,(R,4). Then there exists a; € A such that a=< ) and det o=1,

o1=713(®)ovs (v) = < > Then 01€80,(R,4),1+b1 €U (R). We have

In [8] we know the full ring which has not property 7' is existent.
Lemma 2. (1) Suppose R is a commutative ring with 1. If each element of R

- oan be denoted by algebrac sum of squares of some units of B, then R has property T.

(2) Suppose {F;|t € A} is a variety consisted of fields Fy. If F,+F,, Fy Vi€,
then driect product R=HA Fy has property 1.
te

Proof Let G, denote SLy(R)-normal subgroup in GL,(R) generated by 715 ().
(1) Tt is clear that every element r of B has the form afd. +a22,cU(R),
4=1, -, n. Thus
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712 (1) = (Lp1v%3 (0) 452) =+ (4,753 () 451) €G.,e .
(2) We take o= (=2, wy, =) € tl;[/1 F;where w; € Fy, t € A Let G-, bo the S Ly (Fy)~

normal subgroup in GIL,(¥;) generated by =is(e;). Then Gw‘:g Gy, From

simple property of PSLy(F;) we can See vig (or) €G,. .
 Corollary. If Risa (1, )—full ring and 2€U(R), then R has pfro'pefrty T,
Proof According to the property of (1, 4)—full rings we can obtain a, € B such
that ra,— o €U (R), V¢ €R. Thus @, r—a, EU(R) and r=a,+ (r—a,). Similarly,
there exists b € R such that a,b+ b3 € U(R), then b, a,,-+bQEU(R) So 2'1b 277,07,
2711 (g +5%) EU(R) and .
=2[(271h 427,512 — (2-1p) — (2"%,6'1) 2,
Similarly,  —a, can be denoted by algebrac sum of squares of some units of B and
S0 can. ¢, ' '
Theorem 1. Suppose R is a (1, 6)~full ring, or (8, 8)~full ring, or (2, 4) =full |
ring, 0 €GLo(R) and 0(c) = B. Then STa(R) 6, whero G, is tho ST, (By-normal, |
subgroup in GLy(R) geneyated by o.

: _
Proof Let o~.=< N P > Wo have (a—d) R+ bR+ cR=R. Thus there exists 2 € B
o . _

such that o - | | | |
: ei=c¢+ (a—d)o—ba’c€U(R). 5

(1 \ 1 -1 @y b\ ;
Let 0‘1-—<m 1>G<w 1> —-<cJl d1>.Then01€Qa.

Since 7= (ci w1> €GL,(R), we have

1

0 —deto
oo=707* =<1 ° > € G,z
1 atd

We can take y € R such that y(y*—1) €U (R). Accordmg 0 the property of full
rings, then

y? 0>
=4 7l= oy
T <(a+d) @ —1)det ot g3) "7

T2 (1) =721 (r (1 —9*) Dowwa r L~y o5 €EvGer™, VreR,
Hence SLy(R) S1G.v™* and SL,(R) ©G..
From now on we always assume that R has the property T'.
Lemma 3., Let R be a (1 2)—full ring, G an S’Lg (R)-normal subgroup of
GLy(R). '
@) If 1a(a) €Q, then SO5(R, aR) CG.
(2) Let {4;|4 € A} be a veriety of ideals of R, A= 2 A;. If 8O (R, .A.g) caG, V3

€4, then
80,(R, 4)C@.
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Proof (1) It can be proved by property T’ and Lemma 1.
(2) It is obvious by (1) of Lemma 8.
Lemma 4. Lei R be a (1 4)~full ring, or (2 8)-one, or (8, 2) -one, If o=

b
<‘: >€G where G is an 8Ly (R)-normal subgroup of GLQ(R), then 80, (R, O(a))

caq. _ _

Proof We can take z € R such that » (2® ~1) €U (R). Since 51a(d*(@*—1)b) =
4,04;%'07* €G and R has property 7, we can see 715(b) €G-

Obviously, 743 (d—a) =075 (d) 0 713(d) €G. The result follows from Lemma 3

a b '
Lemma 8. R and G are both the same as in Lemma 4, 0'=< . d > €@, and there

ewisis y € R such that 1—cy €U(R). Then v1a(ys) €G, i=1, 2, where y1=y (ey—2) [d(1
—oy) 2 —a], y2=o'y* ~ 4c®y®+ 60% —doy.
Proof We take .
_ <1'— oy dy(oy—2)(L—oy)™ )
0 (L—cy)™ °
It is clear that ’

0 dy .
where ay= (1 cy)” bi=y(cy 2 [d{1l—cy)2—a]l, ds= (1—cg)2. Thus dy—ay= (1
—cy) "2 (o*y* — 4c®y® - 6¢°y” — 4cy) . The lemma follows from Lemma 4.

<01 bi) %av'ia ’EG‘,

. b
lemma 8. Let R and G be as in Lemma 4, '0'=(Z d>EG and v12(0) €EG. Then

80;(R, 0(0)) =G ,
Proof According fo the definition of R, there exists & 2 & R such that dy=d-+oz
€U(R). Wo have

b
o1=755 (8) o712 (2) = < 2 di) €a,

where ¢1=c¢.
It is clear by the hypothesis and the property 7' that 7:5(e:di’) €G. Thus
a1 —bioxdrt b 0 -1 0 -1\
az—-—( .o di>=ai<1 o >m<cid;1><1 o ) €q.
8o SO;(R, O(03)) €@ by Lemma 4. But 0(c) =0(03) =0(0a) =cR. Hence SO,(R,
O(0))C@.

. b
Lemma 7. Let R and G be as in Lemma 4. d=<j d>€G and there ewists &

positive imieger n such that via (c.") €G. Then
80, (R, 0(0)) EG.
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Proof The resulb is obviously true when n=1 by Lemma 6. Proceed by
induction on n. Suppose Lemma is true when n=Fk(k>1), Weo observe the o.
Obviously we can suppose d €U (B) under the meaning of oy in Lemma 6, According

o the property of full rings there oxists # € B such that #(s?—1) CU(R). Thus we
have

1+ bous® — abus?
0'1=A¢O'A;10"'1==.< +oous N ua:) G,

cdu 1—bew
‘where . u=(@2=1)detc*cU(R).
Also _ ca=v1s(D o (Dorl= < % > €q,
v _ 62 dy _
‘where @y =1+ cdu -+ o*d*u?+ be’da’u?,
ba= — edu — 2bow’u — bo’daw®u® — b2,
ca=c’d™u?,

da=1— cdu— be*dua?.

If 745 (c"*) €G, then wy3(ck) =v4a{ (¥ *d*u®)c***) €G by the property T'. By the
sﬁpposition of induction we have S0.(R, 0(03)) €G- Since 0(0s) =cR, we have also
713(c) €G. Then 80:(R, 0(¢)) €G by Lemma 6. o ’

Theorem 2. Let R be a (1, 6)~full ring, or (8, 8)—full ring, or (2, 4)—full ring
and have the property T. Let G be an SLg (R)-normal subgtroup of GLs(R). Then there
exists an ideal A of R such that

80:(R, 4) SGCTGO:(R, 4).

@

e . b
Proof Without loss of generality, we can agsuimne cr==< d) €G with deU

¢
(R). It is clear from the definition of the full ring that we can take € R with »(z?
—~1) EU(R). Thus - - |

‘ 1 2 B
R =< + oyum 1 ) cq,
. Oy 1—cw/
where ¢y=cd(z 2~1)det o2, u=>bd2.
b
Also ca=712(2) 04775 (o1 = <w2 d2> €4q,
‘ e ,

where ay=1440}+ 204 (1+eua?), ca=2¢}, da=1—2¢; (1+cyua?).
Obviously we can take ¢y € R such that
y (1 —dcly) (1 —26efy) (1 —2cty+20iy™) €U (R).
Since 1—cay=1—cly €U (R) for o, and
~ 8ely(cly—1) (201y® — 20y +1) = o5y* — 4edy® + 603y® — deay,
we have 715(8¢%) €G by Lemmsa B. But ¢§= (201) 8=80f, then w(c}) €EG by the
property T'. According to Lemma 7 v12(c2) €EG: Since ca=20c]=2¢2d* (w2 —1)2detc™?,
we have 715(20%) €G.
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Take 2 € R such that z(1—¢2) €U (R). By Lemma 5 %1a(c%* — 40%?+6c%2* —4oy)
€q.

Thus 712 (c%) EG.
’The_n T2 (05) €q.

By Lemma 7, we have SO5(R, O(0)) SG.

Take A=0(G). According o Lemma 8, SO,(R, 4) ©@G. Obviously, &G0, (R,
A), the result follows.
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