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GU OVER FULL RINGS
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Abstract

In this paper the authors generalize the result of В. B. McDonald. The following result 
is obtained.

Let В be a (1, 6 )-fu ll ring, or (3, 3 )-fu ll ring, or (2, 4)-fu ll ring, and В has the 
property T. G is an $L2(.R)-normal subgroup of GLS(R).  Then there is an ideal A in В 
such that

The problem of GL2 oyer full rings was discussed in [1]. In this paper we do

rings. We generalize the results of [1, 2, 3].
Suppose R is a commutative ring with 1. U (R) denotes the multiplicative group 

of units of R. Suppose те and n are integers and те>1, «,>2. For any mXu matrix 
А — (а{§) whose element satisfies the equations

we call R an (те, и)-fu ll ring.
We know ф-surjective rings and Von Neumann regular rings are (те, n) -full 

rings for some positive integers те and n. Particularly, primitive rings are (те, n)- 
full rings, for any integers те> 1, n > 2. If R is an (те, n) -fu ll ring, then it must be 
an(s, £)-full ring where 1<я^те, 2 We know that a(l, 2)-full ring is a ring
of stable range 1Ш.

GL2(R) denotes multiplicative group of all 2 x 2  inverse matrices over R„ 
SL2 (R) = {<t £  GL (R) | deter= 1}.

Suppose A is an ideal of R, denotes a natural ring homomorphism from R 
into RjA. Then the following map

SG(R, A)QG^GC(R, A).

not demand that 2 be a unit and we discuss normal subgroups of GL2 over full

П
2 dijR = R, i=lj ••*, те,
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is a group homomorphism from GL2(B) into GL2(R/A)„
When A is a proper ideal of R, denote

G02 (jR, A) =  {cr G GL2 (R) I G center of GL2 (R/A)},
S02(R, A) = {aGSL2(R) |Хдсг =  1}.

Particalarly, GOz(R, R) — GL2(R) , 8 0 2(R, R) =8L2(R) and it is clear that G02{R, 
A )<G L {R ),S02(R ,A)<G L(R ).

If <7 =  ̂  й )  ̂  > we call ideal О (cr) =  (a — d)R+bR+cR  the order of cr„

We have О (p^ap) =  О (cr), Vp G GL2 (R) .I f  6е is a subgroup of $1/2 (R) , we call О ($) 
■«= 2  0(a) the order of G. The % denotes the 2 x 2  matrix over R where position (i,aGG
j ) is 1, but other positions are all zero, 1<£, j< 2 . Let vy(a) = I+ a e y, j, l < i ,
2. We have Vy(a) GSL2(R), \/aGR, and call vi}-(a) the transvection. If a GO(R) , A

denotes the matrix [ Obviously, AaGSL2(R).X a V
Lemma 1. Suppose R is a (1, 2)-fu ll ring, A is ideal of R. GA denotes 8L2(R)~ 

normal subgroup generated by all 2(a), WaGA. Then Ga—SL2(R, A).
' - 1 \ _1 - l 4-1

Proof If vi2(d) GGa, then r12(a)
i  I гЩ х

8 0 2(R,A). Then there exists ayG A such that cr =
/ 1 + ctn Oia 

\  a2i 1+ a22,

GGa. Let crG

and det cr =  1.

Since (1 + an)R+ a2iR =  R, there exists ccGR such that (1 + an) +  «a2i G TJ (R). Let 
/ 1 + 5ц 6i2<rx’='ffA2(x)avi2(x)
\  62i I +622

Then cr-j. G №  (Б ,+), 1 + 6n G U (R). We have

cri= r2i ( (1 +  6n) _162i) [>21 ( - 1 )  r2i ( (1 + bn) ~4n) vn (Pn) W  ( - 1 )  ] 
X<r12 (( l+ 6 n )-1(b i2-6n)).

So o"i G О a and 802(R, A) E $ . Reverse inclusion is obvious.
Definition. Suppose R is a commutative ring with 1 and w is any element of R. 

I f  the SL2(R)-normal subgroup generated by v%2(w) includes all the v12(wr), VrGR, 
we say that R has property T*

In [S] we know the full ring which has not property T is existent.
Lemma 2. (1) Suppose R is a commutative ring with 1. If each element of R

can be denoted by algebrae sum of squares of some units of R, then R has property T.
(2) Suppose {Ft \tGA} is a variety consisted of fields Ft. I f  Ft¥=F2, F3, V#G A

then dried product jR=IJ Ft has property T.
«ел

Proof Let Gw denote SL2 (R) -normal subgroup in GL2 (R) generated by тг1а (со) „ 
(1) It is clear that every element r of R has the form ±a%±"’±ocl}xiGU(R), 

i= l ,  •••, n. Thus
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Viz (wO -  (Atafiis (a>) 4»*) * * • ( 1 2  (a>) 4 j )  GG^
(2) We take <»=(■>"<•, to*, •••) G il  Ft where &>{ GFt, £ £  A  Let 6гш„ be the ЯL2(Ft)-«ел

normal subgroup in GL2(Ft) generated by Vi2(cot). Then (тш= П  From(64
simple property of P8L2(Ft) we can see ri2(co'r) G $w.

Corollary. I f  R is a (1, 4)-full ring and 2 £U(R), then R has ’property T. 
Proof According to the property of (1, 4 )-fu ll rings we can obtain arGR such 

that rar— a2rG.JJ(R), VrGR. Thus ar, r  — aTG.U(R) and r=ctr+ (r — ar) . Similarly, 
there exists bG-й such that afb + bz£TJ(R), then b, ar+ b2£U(R) . So 2-1&, 2~1arb~1i 
2~Ч~1(аг+Ъа) €U(R) and

aT — 2\_(2-1&+ 2~1afb~1) 2 — (2-4) -  (2"Ч6"1) 3] .
Similarly, can be denoted by algebrac sum of squares of some units of R and 
so can <r. '

Theorem 1. Suppose R is a (1, Q)-full ring, or (3, S)-full ring, or (2, 4)-full 
ring, a £ GL2(R) and 0(a) =R. Then 8L2(R)^Ga where Ga is the 8 L2(R)-normal 
subgroup in GL2 (R) geneyated by a.

a b 
c d ,

Proof Let a- We have (a-d)R +bR +eR =R . Thus there exists x£R
such that

Let a%—
1
so

Ci=o+ (a—d)cc-bxa£U(R).

= (  1 j 1'). Then ai(=G<ro 
\ол <k/

Since v — ( 1 ^  ) G GL2 (R), we have

a2 — tav  1;
0 — detoAЛ

,1 . + i ) e , A r t
We can take y £ R  such that y(yi — 1) Gf7(R). According to the property of full 

rings, then

v2± (r) *= r21 (r (1 -  y4) -*) a8T2i (r (1 -  у4) ~1) аз1 G vGW-*, VV G Й.
Hence SL2 (R) &G„r~s and 8L2 (R) C{?ff.

From now on we always assume that R  has the property T.
Lemma 8. Let R be a (1, 2)-full ring, G an 8L2(R)-normal subgroup of 

GL2(R).
(1) I f  *12(0) €G, then S02(R ,a R )^G .
(2) Let {Ai\i(zA} be a reriety of ideals of R, J .= 2  -A I f  802(R, At) £(?, V®

«64

G 4  then
802(R, A)^G.
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Proof (1) It can be proved by property T and Lemma 1„
(2) It is obvious by (1) of Lemma 8.
Lemma 4. Let Rhea  (1, 4)-full ring, or (2, 8)-от, or (3, 2)-one. I f  cr =

( a \б (? , where G is an SL2(R)-normal subgroup of GL2(R), then S02 (R, 0(cr)) 
\o  d j
£<?.

Proof We can take x£R  such that. x (xz — 1) 6  TJ (R). Sine® ^  (dr1 (x2 — 1) 6) =  
AaaAfV -1GG and R has property T, we can see (6) G.G.

Obviously, via(d>—a) =  arji(d)a~1'v12(d) £G. The result follows from Lemma 3.
(a  b \

Lemma 6. R and G are both the same as in Lemma 4, a = , ) 6 $ ,  and there\ c  d )
exists y£ R  suoh that 1 —с у б U(R). Then via(yt) £G, i —1,2, wherey i= y (oy — 2) [d(1 
-  су) “2—a], y2= о V  ~ 4c3y3+ 6c2y2 -  4cy.

Proof We take
ft -  oy dy(ey -  2) (1 -  oy) "a \

v —I

It is clear that
0

(<h &i'
VO

(1 oy) 1 

--vav^a^GG,

where a%= (1 — cy)s, 6 i=y(cy—2) [d(l — су) 2—«], d±= ( l—cy)~s. Thus dt—a±=(i 
—oy) ~z (o4y4—4c8y3+ 6c2y2 -  Асу) , The lemma follows from Lemma 4.

fa  b \
lemma 6; Let R and G be as in Lemma 4, a = [ , 166? and г& (о) 6  G. Then

\c  d j
802(R ,0 (a ))^ G .

Proof According to the definition of R, there exists a e£R  such that di=d+c& 
6  TJ (R). We have

Ci= Tu'(«) cvos (2) = ( ai 1)  E \o i dxj
where ci=c.

It is clear by the hypothesis and the property T that ^(Cidf1) 66?. Thus 
/ao-feiCodr1 ЬЛ /0 - 1 \  /0 - I V *

a‘ - \  0 j - ' i i  o h (eidi)[i  0 )  e e -
So 802(R, 6)(cr2))£ 6 ?  by Lemma 4. But 0(a) = 0(a%) = 0 (a f)—cR. Hence S02(R, 
0(a)) ^G.

Lemma 7. Let R and G be as in Lemma 4• ~c a6  G and there exists a

positive integer n such that (c") 6 $ .  Then
802(R, 0(a)) E6?.
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Proof The result is obviously true when n = 1 by Lemma 6. Proceed by 
induction on n. Suppose Lemma is true when n = k(k> l), We observe the o\ 
Obviously we can suppose d £  17 (R) under the meaning of gi in Lemma 6, According 
to the property of full rings there exists x £ R  such that x(x2 —1) £Z7(I2). Thus we 
have

cra =
, , , ч /1 + beux2 —abux2\

е в ,

where

Also

where

\ee,

\  cdu 1 — bou) 
и =  (а;-2 - 1 )  deter"1 £  U (R) .

cr2 =  r12 (1) crrvTi (1) егГ1 =  (  Й2 ^
\02 d2/

«2 =  1 + cdu+ o2d2u2+ be2dx2u2, 
b2 = — cdu—2 box2u—bo2dx2u2 — 62e W ,  
c2= e W ,

d2= l —cdu—bo2du2x2.
If ri2 (сй+1) £  G, then 1̂2 (c2) =  tfia ( ( c ^ W 11) сй+1) £  в  by the property 2L By the 
supposition of induction we have S02(R, 0(cra)) £(?. Since 0(gr2) =cR, we have also 
V12(c) £ 6r. Then 802(fR, O(cr)) £(? by Lemma 6.

Theorem %. Let R be a (1, 6)-full ring, or(8, 3)-full ring, or (2, 4) -full ring 
•and Time the property T. Let в  be an 8 L2(R)-normal subgroup of GL2(R) . Then there 
mists an ideal A of R such that

802(R, А )Ш в^в02& , A).

Proof Without loss of generality, we can assume cr ==(й \  £(? with cZ£U
\ c  d j

(R). It is clear from the definition of the full ring that we can take x£R  with a?(a;8 
- 1 )  £ ! / ( # ) .  Thus •

/1 + CiUX2
O'! = AtcCrAv 1o- 1 = V Cl

bl W ,
l - C l U j

where Ci=cd (ж-2 —l)det а г, u=bd~1.

Also er2 = Гы  (2) cr tV ii  (2) 0T1 =  |
a2 b2 

. Ca da
\ee,

where a2 =  l + 4 e 2+2ei( l+ciux2) ,  ca==2cf, йа = 1 -2 с 1(1+с1ш 2).
Obviously we can take y e R  such that

y(±-c\y) (1 -2 % ) (l — 2oly+2oiy2) £  17(B).
Since 1 — c2y = 1  -  cly £  U (R) for cr2 and

8o\y (cly - 1) (2c|y2 -  2e\y+1) = c\ŷ  -  4c\y2+ 6cfy2 -  4e2y, 
we have v12 (8c2) £  в  by Lemma 6. But c |=  (2c2) 3=8ci, then ria(c|) £(? by the 
property T. According to Lemma 7 x12 (c2) £ 0 .  Since c2= 2c2 =  2c2d2(aT2—1) Meter-2, 
we have ri2 (2c2) £(?„
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Take «G-& such that z( l  — cg) £TJ(R). By Lemma 5 vyt(с V  — 4cV + 6с2й2—4cy)

By Lemma 7, we have 80а(В, О (or)) £(?.
Take А = 0 ((? ). According to Lemma 3, $02(B, A) С1(У. Obviously, Gt^GOz(B, 

A ), the result follows.
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Then
Thus % (c ¥ )  e&,

Via (c5) £(?,
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