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ON THE UPPER BOUND OF THE NUMBER OF 
PRINES IN ARITHMETIC PROGRESSION

Y io  Qi (* * *  MO *

Abstract

Let a and q be relatively prime positive integers and яг(а;; q,a) stand for the number of 
primes congruent to a and q. H. Iwanice proved that

S _3 3
for any e> 0 , x> xa (e) and q ^ x яг , where B=w q-ъ.

The author applies an improved estimation of the error term in the linear sieve, proves
js__e

that for any e> 0 , x> xQ (e) and q ^ x 11 , (1) is true.

1. Introduction

Let a and q be relatively prime positive integers and % (x; q, a) stand for the. 
number of primes p<,x congruent to a mod q.

In  1930 E. 0. Titchmarshl^used B ran’s sieve to prove that if q< xl~* then

vc(x; q, a )< —т-Л------.
a <P($)log a?

Recently, H. Iwaniec1-2-1 proved that
г \ ^  (2+в)ж

I D
у—3/8for any e> 0 , x> x0(s) and. д'<ж9/20_е, where D = xq~

In  this paper we have the following theorem:
Theorem. For any e> 0 , x> x0(s) and q<,x5/11~e, (1) is true.

(1)

§ 2. A Character Soms Approach

Lemma S.l(Burguss). For any s> 0 , there exists 8 = 5(e) > 0  such that

2  *00 « i « r e .U.L
for all non-principal char actors %(mod q) and all L ^ q S/S+e, where q i$ any positive 
integer. ■ --

Given q<  x we consider the sequence
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^ 3={£<ж; Z=o(mod g)}
and for (d, q) =  1 we denote

r ( s / 9, d) =  | { l6 Z=0(mod g)}| —x/qd.
An application of sieve method leads to (see [3, 4]) the following Lemmae 

L em m a 2.2 For any positive number s, x> x0(s) we have

where c is an absolute constant and
R W * , D) = 2 2' °(D) (?> s) 2 r ( j/ ]

U>) v<D* D,Kpt <Dl*s

where (D) denotes a set of all subsequences of {Dsaa+6,)”, №>0} including the empty 
subsequence, for which and

( 0 < r < - |  (Z - l) ) ,

Si is a suitable constant. Moreover 2 ' indicates that v and (1 <Z) are respected
by the conditions

И -P O O , P.I
P inally  the coefficients Оф) (у, e) depend at most on (D), p, s and satisfy

I @т (p> s) I ^1*
By Lemma 2 .2  the proof of Theorem reduces to showing that

R { s f q\ D )<
Xi-6

<р(я)
Let

where

Д»(«; R) I  2  От (v, e) s  t « ъ ( ® ;
v=De Di<pi<D1+e

1 <i<l

я?тс(х; d)

Ги(as; d) = ji/h(x; d) - x/qd ,
1

J=ffl(mod a), l=o (mod 0

We deduce from (2.5) in [2] the foil wing implication:

(1о*т) •

if E tc (x ; D) < хг~а/ <p (q), then JSfc_i (a:; D )  « a?1 /̂q> (q). 

Therefore the proof of (2.1) reduces to showing that

(2Д)

Biix) D ) ^ 1 V(p(q), (2.2)

subject to {Д } £  (-D) with any s > 0  and some 8 = 8 (s)> 0 . By the orthogonality 
•of characters we have for (d, q )= l

п(*; d) - Щ )  А > * (а) m  & m ( ^ y +0 (t )-
ХФХ 0

The series {Dj., Д} can divide into j  parts, their multiples are Mlt •"«, M} 
respectively. Hence letting L = x/M 1} •••, Mj

£ ( « , * ) - § * ( 1) ! - ,  Mf y . x ) 2
М,<т<2Ы<

a(mX (ui) m  *, i<,j„
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if  Ж{= Д , ••«, Dm, К i, •••, &*,<?,
2  (2-3)

P n -P ir= > ri

How the proof of (2.2) reduces to estimating that

- &  f T E S T  2  *)•>•*,(., *)*■J S <p(C[) ХФХо

I t  is sufficient to show that
2  \B(s, х )-М ;(* , X) | « | s | V / a-3. (2.4)

ХФХс

W e have trivial estimate
|S (s, *) \< 3 W -t \M t(s, x) | < ^ 1/2

thus the characters хФ%а for which one of the above bounds is less than (p (q) ж5) -1 
can be neglected. The set of remaining character Z'AZo can be classified into<^ (logic)J+1 
subsets 8(U i, Uj, W) of characters satisfying simultaneous conditions 

F <  |B(s, %) j <2W; TJ{< \M {(s, x) | <2Uh i< j.  
where F = 2г~иЬ1'й, Ut= 2 ~VtM \12, и, щ - 1 ,  2 , —, [21og <*].
I t  is, therefore, sufficient to show that for every Hi, Ж in question

W U r~U t\S (P i, Uh W) | « [ s |V /2-*. (2.5)
Here | s [ stands for the cardinality of 8 . By the mean-square theorem we deduce that 
{see [2])

\8(U t, Uh W ) \< M iUrs+qUTs, (2.6)
\8(U1} 17/, F )  \<qW~*\s\ (log qL\s\)*, (2.7)

18(Th, - ,  V h W) [ « i f 417r2+ g 1+eW r 6( l < i < i ) ,  (2.8)
10(17*, 17/, F )  | «  ( i aF - 4+ ?1+eW 12) (log I ) 6. (2.9)

By partial summation we deduce that, unless $(77*, •••, 17/, F ) i s  empty,
F «  | * | L1/2aT8s, 8= 8  (s) > 0 , (2.10)

mbject to L > q 8/8+B.

§3. Proof of Theorem

Let to5*log g/log ®+e', 9 /2 0 - s < t0< 5 / l l .  e, s ' are the suitable positive 
•constants.

L em m a 3.1 7 / j= 2 , Zef L > q 1/2*s, Mt>q, M 2> q1/2. Then (2.5) is true.
The series A , If} divides into j+ 1  parts, their multiples are M1} •••, Mh

L q, respectively. If  L0<!q1/2, by (2.6) we deduce that

\8(Ui, - ,  Uj, F )  | « Ж - 4да+<7)<Г« F - *

Therefore we agree I 0<2'1/2-
L em m a 3.2. I / j= 2 ,  Zef M t> q, Ma>q, L0> qe. Then (2.5) is true.
L em m a 3.3. I / j= 2 ,  we have
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R ( ^ « , D ) « X + *  v  
<р(я) <р(я)

(3.1)

where a= lo g  M-i/log x, 6 =  log Жа/log x, <r =  l  — a — b, o-0=log L0/log xy

1 .
- ^ - p ,  i f  a > b > t u (3.2)

h (a, b) =  * A , i f  a > t0> b , (3.8>
. B , i f  t0> a > b . (3.4)

p is  a suitable positive constant,

. J  to/2 + a / 2 + min{ 5/Ак, (<x/6+&/12&)}, i f  cr<i0/k, k >  2, 
[i0/2+a/2+m in{b/8^ (a-/6+b/24)}, i f  k < 2.

(3.5)
(3.6>

\B = i0+'min{'6/8., сг/б+6/24}.

Let $i= log Д /log x, d= log  D/log x. Let be maximum and minimun of
a  if j  =  2, <t = o-'6 and (2.5) is true. Let {Д }  6  (Д) be ^-admissible if there exists a. 
combination of {Д }  that satisfies (2.5).

Lem m a 3.4. I f  there exist i0 and к (1<®0<Z, 1 —{<>) such that 9(,< t 0/2,.
г

в(<,+к<М в{<1—твн and let g be the sum of some numbers in { 1 - 2  @h such,
•̂=1l

that д < М в(, and g +  2  9 { > т ва, we have {Д }  is q-admissible.
j

Now we are ready to prove Theorem. It is sufficient to show that all of {Д } £  
(Z>) are ^-admissible.

It follows that {Д }  is ^-admissible if 2  #4< 1  —f0/2 by Lemmas 3.1 and 3.3*.
{»1l

Therefore we suppose 2  9 i> l  — t0/2  and consider four cases.
5

Case 1. 2  в i< t0. In this case 95<.М в, —т вб) we get {Д }  is ^-admissible.
i=i

60 5yrr-10. Let a = 2 ^ o  o- =  0e- we have {Д }  is д'-admissible. 
Ы  «=i

Case 2.
{si ±Ай

by Lemma 3.3.
11 к «л  5 5

Case 3. # o < 2 9 i< l/2 .  Let « = 2  Q’==97 we get 97< t 0/5  and then
1.4 *  o l  { s i  { s i

{Д }  is ^-admissible.

Case 4; 2  1/2. We only discuss the case of 2  #<>1/2  and 2  #<>-7---- —I~' «=1 <=i <=i 4 о A
d. The other cases follow from Lemmas 3 .3  and 3.4. We consider four cases.

Case 4.1 9 i+ 9 2< ~ g - to -  I f 96< M 0l — me„  we take a0 =  3 and ^ = ^ i+ ^ 2- By
2 sLemma 3.4 we obtain {Д } is д'-admissible. If 95'^М в, —т ва, we have # i+ $ a> — 2  9k
о <=?

and then 9x+9&+9z>m 0!i. It is enough to consider that 9х+92+ 9 5'>Мвг. Let a'=9%Jr9% 
+  #5 and cr —#6. Therefore we obtain {Д }  is д'-admissible by Lemma 3.3.
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0ase4.2. to< 0 i+ 0 a< J -  h ~ ~  <2. If 03< *o/5, let g - e x+ 6 a. By

Lemma 3.4 we have {Д }  is ^-admissible. If 03>£о/5, the result follows from Lemma 
3.3.

Case 4.3. -i->0 i +0a  —I* ^ (>^o)• We have {D(}  is g-admissible
A 10 5  10

by Lemma 3.3.
Case 4.4. 0t+  в *>  1/2. Let i' =  - |£- <2-Ц - *>. If 0a< t ,  let g = 0 a+  (1 ■ -2  0<).

У 27 lo  <=i

We have {D{}  is ^-admissible by Lemma 3.4. If 0a> t '  and 04, < f ,  we have { Д }  is q~ 
admissible in the same way. I f #3>tf' and we have #5<£' and then 0*-}-0з + 04<  
J f e,. Therefore we obtain {Dt}  is g-admissible by Lemma 3.4.

The Theorem follows.
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