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SADDLE VALUES AND INTEGRABILITY
CONDITIONS OF QUADRATIC 

DIFFERENTIAL SYSTEMS

Zh u  D e m in g

Abstract

In the first section of the paper, the first three saddle values R& R%, B3 of the real 
quadratic differential system (QBE) are computed by use of the method with which Poincare 
researchs on Hopf bifurcation. In the second section, by applying the method and results of 
Dulac seeking integrability conditions of QDE it is proved that the system is integrable if 
and only if R i= B s= B8=0, and it is also true when the system is complex. The integrability 
conditions given here can be applied much more easily then Dulac's. In the last part of 
the paper, it is pointed out that iR±, iB2, iBs are the first three focal values of the weak 
focus of the complex system. By the formulae of B%, B2> S 3 and the result in section 2, 
one can easily give the formulae of the focal values for the real QDE with Bautin form 
and give a new proof of Bautin's famous result.

In  this paper, first we compute the first three saddle values jR* * *, B 2l B 3 of weak 
saddle of QBE  with. Poincares method, then, using the method and results of Dulac, 
prove that B i= B z= B s = 0 is the necessary and sufficient condition of integrability 
and it is also true for the complex system. At last, we point out that the formulae 
of the saddle values of real system are different from the formulae of the focal 
values of complex system with the same form only by a pure imaginary factor i„ 
Thus we can give a new proof of Bautin’s famous result.

Eemark In  other paper, we have proved that the real QDE with weak saddle 
has no closed and singular closed orbits which consist of only separatrices and 
saddles when i? i= 0, В 1 + В 1 Ф0.

§ 1. Computation of the Saddle Values

In  this section, we consider the real system with weak saddle
x= x+ ajx2+ ctzxy+ a3y23

11  0 ±)
у = — У+ &t2/2+ Ъ3щЛ- Ъ3х2.

We will seek the polynomial transformation as follows;
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x= u+ a 2oU2+anUv+ao2V2+ ‘-‘—u+  2  ««mV ,

y -v - \-  b2oV2-\~ Ъцуи-\- 6озМ2+ •••=  v-\- 23 &</dV }
(1 .2)

2<s4+̂ <r
where aih bi} are coefficients to be determinated such that (1 .1) is transformed into

u=u+Ctu2y + c2usv2+• • • 4- + 0 ( |w |ft+2»M fc+1) ,
v — — v+dlV2u+ d2vsu2+•^•+dl^iv1l+1uk+ 0 ( \v \ь'i'2̂, |м |й+1)<

(l.S)

D efinition 1 Let R e be the divergence at 0(0 , 0), R i=ki(ci+dl) , where i > 0, k[s 
are proper positive constants. Then 0  is called a weak saddle of order j and R, is the 
j- ih  saddle value of saddle 0  i f  Д =0  fo r any 0^ i < j  and Rj=£ 0,

D efinition % Let Ws (Wu) be a stable (unstable) mam fold of the saddle 0 . I f  
W S=W №, then the loop {0 } U Ws is called the homoclinic loop bifurcation (simply 
by HLB). Moreover, i f  R i= 0  fo r  any Q ^ i< j, Rj*fiO, then this JSLB is o f  order j f 
where Rm+i=Ric and R 2l6 (see [2]). We also say the JSLB is degenerate when j> 0 .

Theorem l  2’33. I f  system (1.1) has a degenerate HLB of order k, then m y  
perturbation o f (1 .1) has at most к lim it cycles m d, for any i ^ k ,  there exists a 
perturbation with exactly i  lim it cycles.

For the proof see [2] .
Now we compute the saddle values of weak saddle 0  of system (1.1).
Differentiate (1.2)

a = м +  (2  GayM,""V) m+  (2  jaifliivl~v) v, 
y= v+  (2  jbijVlui~r)u+  (2  ibijV^u^v.

First substitute (1.2) into the right hand of (1 .1), then substitute (1.1) and 
(1 .8) into (1 .4 ), we have

(w+ 2  ««mV )  +«i(w + 2  atfiiivi) 2+a2(u+'S, a ^ v 1)
(v+ 2  Ъ ^ и 1) +  as (v +  2  ЪахУ) 2 

=  (1 + 2 V )  (u+Cxu2v + c2usv2+  ••• + Сиик+Чк)
+  2  V -1 ( — v + d±v2u + d2v3u2+ • •+ dfc'Ds+1Mft) +  h . o. t.

— (ф+ 2  bijvW) +bi(o) + 2  Ьцх'и1) 2 

+  ba(w+2 %wV) (v+ ^bijvW ) +  &3(w+2 Oj/mV ) 8 

— 2  jbijVW” 1 (u +  CiU2V +  oyu?v2 + •••  +  С ^ +1ФЙ)

+  (1 + 2  ъЪф^и?) (—-?;+di_v2u+ dzv3u2+ °°'+ d^v^u16) +h.o .t.

Comparing the coefficients of two sides, we have

(1.4)

(1 . 5) j

(1 .6);

a2o~a±} an  

bso—

a2) «02— ~

bt, bn — b2, bo2—~bs',
(1 .6)

Ci= 2aiO n+ a2 ( b n + «20) +  2«з&о8*
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: where

$ 1 2  = ■ ~2 ~ [2$i$oa4-$2 ($11 +  620) "b 2$3&n] g 

$03 == —'̂ j- ($2$02 +  2$зЬ2о) 5 

$40 =  "g" [$1 (2$30 "b $20) +  $2 (&03 +  $20602) 4" $3605J .

$31 — 2$1 ($21 +  $20$ll) +  $2 (bl2 +  $30 4~ $20^114“ $11602)

+ 2$3 (&03 +  6026ц) ~  2$3o0i,

$22=  ~  $1 (2$12 +  $11 +  2$20$ог) $2 ( Ь%Х~\~ $214~$ц6ц4" $ 20 ^ 20$02&02)

$s (2&12 4 - &11+2620^02) +  $ n  ( c i 4 -d i ) ,

$13 =* ~  -i- C$1 (2$03 +  2$h $02) +  $2 (630 4“ $12 4" $U&204" $026ц)&
+$з(2& 21+2ЬцЬ2о) ~  2$o2<y,

$04   g - [$1$02 4“ $2 ($03 +  $02&2o) 4~ $3 (620 4  2 630) ]  >

Ca— 2 $i O j i 4 *$2^224 *2aaOas ~  $21 (2 o i4- (6i),

$41 — [2 $ 1^ 14-$2-84 -f-2$30 ,4 — 8 $30Ci] ,

1
$23= — 2" [2$i -̂24-$282+2$30f|—$12 (01+2cZi) ] 8 

$14 =  — [2 $ij4.|+ $ 2 8 14- 2$30 ' i — 3 $озсУ ,

0  а 1 =  $22 +  $u$21 +  $02$30 +  $20$12 ,

О  as “  &22 +  $31 +  $20&21 +  $11&12 +  $02&03 +  $30620 +  $21611+$12602*

О23 =  613 +  620603 4 " 611612 +  602621,

•jd-4 =  $31 +  $20$21 +  $30$11,

84  =  613 +  $40 +  $20612 4~ $3o6ll +  $ц6оЗ 4" $2l6o2,

<7i= 604 4“ 602612 +  бцбоз,
-A| =  $13 4 " $20$03 4 - $11$12 4“ $02$2i,

8 1  =  631+$22 4 - $20630 4 - $116214 - $02612 4 - $03602 4 - $126114 * $21620*

0 1  — 622+  6206124- 6316214- 602630,
.Af =  $04 4 - $02$12 4" $U$03,

8 |  =  640 4- $13+$02621+$11630 4 - $126204- $03641,

0 | =  631+ 611630 4 - 620621,’

$42 =  2$lJ-4 4- $284 +  $3(71 — 8$3lCl — $31(61 — 2 $20$2,

$33 =  — 2 $ iJ .| — $283— 2 $30 | 4 - 2$22 (c i 4 - (6i) 4 - $ u ( c 24-c62)*

624= | - C 6i 0 244- 6 2 8 !  4 -263^ 1 -  6 i 3(3 c i4 -c2i ) - 2 6 02Ca] ,

Os= 2$i<73i 4- $2̂ /32 4“ 2$3С?зз—$32 (З01+  2c6i) — $21 (2ca-{~ da) *

ES>



where A-4 =  aB& -f Й20Й22 4“ ЙЦЙ314-Й02Й40 4* йзой!2 4" Й21Й21/ 2,
B\ — bss 4- a>414- Й20&22+ Фи. bis 4- йоа&о44- «зо&а14- йаi&ia 

4" Й12&03 4-Й4оЬао 4-«ei&ai 4" йаабоа, 
ч 0 1 = 25i4 4-26а0Ьо4 4- 2 &ц&1з 4- 2&0а6аа4- 2&03&ai4- 6|а,

A-з =  Фаз 4- Qiao%3 4- йцйаа4*йоайз! 4- йзойоз 4“ Й21Й12,
В | =  &за 4- йза 4~ йао&з14~ йц&аа+ йоа&1з 4- йзо&зо4~ йа1&а1 

4- йаа&аа 4- йоз&оз 4- йзх&ао 4" Й22&11 4- сц.Фоа,
0 |  == Ьаз 4-&2obi3 4-Ьц&аа4-ЬоаЬз! 4-ЬзоЬоз 4-baibja,
031 =  Йзз4-Й20Й23 4-йцйза 4-Й02Й414-Й30Й13 4-Й21Й22 4-йдаФз14̂  Й03Й40#
0 32 — &33 4" Й42 4“ Й20&82 4" Й11&234" Й02&14 4" йз<)Ьз1 4" Й21&22 4" Й12&13 4" Й0360А

4- Й40&30 +  ®3i^ai 4- Й22&12 4" й̂ з&03 4- Й41&20+ Й32бц+ Й23̂ 02,
0 33 =  &24 4- &ао&14 4" бцбаз 4- &02&32+  630&04 4- &21&1з4- Ьаг&аг4-Ьоз&зз.»

If we denote

J .=  (й!, й2, a f) ,B =  (h , Ъа, 53),
Аъ= (й2о; Фи, й0а, йзо,■••*, йдо, •*•, йоь)|
Bjc= (bzо, Ъ-Ц, &02, •••, &ftO, *•*, &0й), 
о  =  (Cl, Са, Сз), В  =  (4 , da, d8) , 

йу=йу(^., -4ft, В*,, О, D ), Ci= Ci (A, Aje, Вц, G, D)s 
Ьц = Ъц (B) AH) Bjc, G, D) , 

then from (1 .6) ,  it follows that

bf}= —щ (В , Bfy Aft, D, O) , di=Ci{B} Вц, А^} D, О ),
Й4,- =  — Ъц (A, Bft, An, D} G) . (1.7)

Proposition 1. In  the transformation (1 .2 ) , the coefficients Й21, bai, Й32, 632 can be 
chosen arbitrarily.

Proof Compare the coefficients of the same power in two sides of (1 .6), the 
proposition follows immediately.

Proposition 2" .Si, S 2 and S 3 йгс independent o f Й21, &ai, «за й«с? 632.
Proof By (1.7) and the expressions Ci and S i, it is easy to see that S i is 

independent of these four numbers.
Again by (1.7) and by the expressions Ca and S 2, evidently, S 2 does not depend 

on Й32 and 632. Now we show Sa has no relation to йз1 (we can prove that Sa has no 
relation to 621 Sim ilarly).

In  the expression of c2, the coefficient of Й21 is

S i  =  2^ (  —й24-йц) 4-йа(6а4-2й14-&ц) 4-2й3*-̂ -<’2Ьз—(2c i4"di)

4
«= — 2й1й2 4" 2«a&2 4" "д"йз6з—2ci — di =  di, 

and in the expression of d2, the coefficient of йа! is
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F z—2&i5a+&2( —<*2+ 620) +2&3%a 

=  Ъ1Ь2 - а 2Ъ2-  = <h-

So, in the expression of R a, the coefficient of a%1 is zero.
Similarly, we can show R$ is not relevant to the choice of asa, 5a1, «за and 5за. 
By Propositions 1 and 2, we take

$21= bat=  «32 =  5ga= 0. (1 • 8)

If  consider an, et as the functions of A =  (%, a2, «3) and (6*, 5a, 53) :  «у=«« 
(A , В ), Ci=Ci(A, В) ,  then by (1.6), (1.7) and the expressions of an and o{ we obtain

Ъп=(-1У+т ап(В ,А ),с1{= -е< (В ,А ). (1.9)

Using (1.6)—(1.9), we can get an(A,B) ,Ci(A,B) ,di(A ,B) one by one as follows.

«31 =  0,

«i2=-g- «*йз+ |-« Ц - |-  

-jig- «а«з+ -̂ -<*361.

(1 .10)

®03~ l 2

- « i« a+ a  2b 24 --g- ®353,<?1 =

d i= bibs—Й263 —g- «363.
(1 .11)

The following expressions are obtained by using the relations R i= ki (01+di) =0  
and B 2= ks (ca+ d2) =  0.

7 _ _ x. , 1 _ * t  , 1
«40 «1 + 18 86 27

1  1 1  *7 6 "j
«31= «?«a—-̂ diCbsbs+ Y  aa&i+-jj-«2&i53— ~ «I53+ g- «з5а&з -  -jjr «1«з«з*

«22= — 2«i«!+ й^йзЬа+ Й2&2 

«13

19
9

1  1  1
j-g- «1«2«3 ~ -g- «1«з51 — -g-

«а«з5з — 2«3Ь|,

- ^ « 2ЙЗ&2- -^ « |- -? Г  «1&1+ - ^  ^

«04 ~* 4 б <Мз 60
1 . 1  , 8
---  «2«3 ~  -0- «2«3«1— -g- 1  ,2

15 «15а.

2 87 1С2= — 2«1«1+ «1«з5а+ 8«i«|6a4—?г- «1«2«з5з —o' «1«з515з — 2«^«зЬ1 о у о

+ 2«|53 ~ «I&1&3 ~ «|ь2 -  «2«з5аЬз— «|&з+у  «з&1,

2 37 1йа = 2«?«| -  «а5!5з — 3«1« |5а----«1«2«з5з+-g- Й1«з&15з + 2«25:|68

—2«зЫ + «1«з6|  +  «15| +  - «2«з5а5з+ «|51 g - «|5з.

(1.12)

(1 . 13)
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IS
" “ ТВ"

5_
3

2_

3«<11 =  2«i «a у  Й1Й2&2 — -TiT *1«3&3 — «1*263 4“ «i«26|  +  "VT «1*26163

4" 4г  «1*36263 ~  - c T  «I6263£
3

Д
2

■̂ g- «2«з6з4--у «2&I +  -Jg- 3̂&1&3 +  -Jg- «з&1бз*

«32 — 0,
31 1 7 7 77 1
g g - «J«2«3 ̂  g~ « l« 36 i 4- y  «1*2 +  у  % « 16i  ~  - Jg- «1«2«з62 ~  -g- «1«2&1 (1 . 14)

-  у  «i «163 ~ y  «I62 -  y y -  «I«368 -  у  «2*361634- у  «2«3614- у  «36363,

1 2 2 173 2 I 23 , , 1 2,
«14 =  -Jg- «1«3 “  -gyj- «1«2«3 +  у  «i«2«36l +  gQ «1«3&2

+  -3У  «1«з&? . M1  -4t 1 „3«2 + у  «2&1 . 1̂ ,2«2*362
11
24 «16!

+ 'У 2  «2«зЬз +  у  «261— •— - Й36163 — у  «з6|.

4 f =  —2«i«36 |4 - y  «263—у  «26163+^.*,

4* — — -i- «1«2 +  ̂ - «l«26l + y  «1«1б2 +2

— — ff2hz —
2 262 108

64
27 «1«2«з6з

«2*36263‘ 81 «161З̂ З,

= -у- «1«2 -  «161 + -у- «1*262 23 «?«863-30
95
24 2«3

+  " Ж  а1Й2&1&3 +  4 '  ®*°2б1 -  у  «1*36263 -  у  «l6?63 +  у у

~2у0~ «2*363— —  «262 jg g -  «36163
951
360 «з6163,

С ч = у  «162+- у  «f«263 g- «26i63В 2, 1 . 11 -2*2 SSI
6 « |6|- 360 «1*26263

— у  «1«863 +  2«i6|  +  « |63 — — «26163 — у у  «26263

“ -Jgg- «36263 +  *g- 6163 +  у  61,

4 1  — у  «1«2«3 4- 3«i«l 4" у  « i« |6 i 2“ «1*2*362 2~ «1*261 у  «263

169 о
«2*363’ «2*36163 4—х—18 «2«з6|4"-7Г“ «I626336

= 4 1 ( ^ 5 ) ,

Б1= 51(4 , 5 ) = 51(5 , 4 ),

0 3 = 4 | (Б, 4 ) = -  у  «1*2 4- у  «1Й2&2 -  у  «1«163
2 7 134~ у  «1*26163 4" 3«i«26l — -jg- 61*36263 4-- у  «26363

,1 9  ,2 7 ,3 1694- - у  «2«з68- у  «262---gg~ 2«3»36
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1= a ia s b & + ~  a l  

— у  %«26i6s -  a-ia'M -

208 si , 20 2x. i~2|  й!Й20з + - д -  сща̂ ОхОз

299
72 «26263- 1427

270

«20536163+ у  «36!6| + у  «36| + «*,

••&ts
1  4у  «№ -

18
9 «1«2&2" 17 о to_  149 

9 Й1Йаба 270 «1«зб2б8

14
+ -Г 5 - ахацЪ1—- ~  aidsblb18 9 j g  4 b % + ^ a lb J > l

- ■ ^ < ь  6? M ~ |

« 8 8 -------" 2 4 r  a x a za M  -  - 7 Г  «i«|bab8 о У

+ y  «2«зб2+ у у  «1б1б3+е*,

633---- &ss(,B, А) 44
3

7 „зь ь 169 -гг 0526263

| 68- - у -  05i«16i63+ y  Й1Й26163

31
l g -  « 1 « з 6 з + - у  аавзб1б|+ /*.

(1.16)

Неге й205*, «зб*, «i6*, «2/* are symmetric with, respect to A  and B, so by (1.9) and 
the expressions of o3) ds and Rs, R 3 is independent of а*, Ъ*, e* and /*.

^81= у  05l«2«3
78 1 71

h -g g - «1«а05зЬ2+ Y g -  «1«з6з g— Й1Й2Й362 

'з— j g - «263— 2 « 2 6 1 6 3 ^6163

+ - ^ Y "  «з«з6| ~i i j y  «36I63 +  C?3l ,

Оз£ =  - -Ц -  «1«3&2 +  y y  «1«зЬ1+-—  «1«1бз -  -у- «l«|6l68

~ y y  «1«361 -  у  «I6263 - - •3̂ gg1 «2«з6з+ y y  «20536163 

+  - ^ - « з6 ? 6 ! - ^ - « з624+ 0 ^

О33=  у -  «1«2 +  g y  «1«2б2+  -Ц- «1«2б| - й!й36268

+  - т у -  «1«2б| — g y  «1«з6263 — т у  «263 +  - у  «26163 

~  Yg- «26163 —y jr  «262——gg «36I63+ ~ Y  6?614-(7з3,

where aiC31, asPln, a30 l3 are symmetric with respect to A and Л.
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08 “  “  4 - «1«2«3 +  -fi- «l«2«36a +  -fi- C&fafibs —6 18 46 24

-j|g- alalhb3+ -«хйгбз aia|6i&3+-|- %«|6!&3 

137 ^  _ l3 , 647 _ „2г21 7 _4г г 18831

889 , 2, 2 88
-ш а*а*ЬгЪг-Ш ^ ,  m

Ж "  ^ b t b s  ~ y  ~4

2- ^ - в з -

1080 
2

з т

46 Й36163+С*,

^3 =  -g- Й1Й2&163 -  -Ц- ЙЯЙ2&1&3 -  -ЩГ 103 -r -̂ 77— «16526163+ -70I  «2Й36163
(1.16)

24 135

109 «i«2«36l + - ^ -9 ~2~ " 6| — %а\ащ,аф<1-

+ ¥
18831 2, 3
1080 «36263-

9 
739
90 «1«зб1б3

137
18
389
270

'2̂ 3' 547-«i«36l 6l
46

«?«|6а6з

83 ..41 г , 1402 „я „ 7 2 2 _з^2
+ 24 а1Ыг ‘ 135 «2«36|  - 46 «1«§6з — С*,

where cs= 2«iC?31+  С62О32+ 2«з<7 33.
By (1 .11) , (1.13) and (1.16), the formulae Ri, M2, B3 are obtained as follows. 
Theorem %, Bi=6i5a-«i«2,

М2 — «263 (2«3 — 61) («а+ 26i) — «36а (262 — «1) (&аЧ-2«i) ,
М3 = («161+ «а62 -  5«363) t«263 (46f — «1) -  «36а (4«| -  62) ].

Proof By Definition 1 and (1.11), and taking k±=i, we get i?i= 6i 6a — «i«a 
immediately.

By (1.18) and taking #a=3,

72a = 3 (ca+d2) — —QM±(̂ ci2 62 4—g— «363̂  -H «363 (2«2-f- 3«a6i — 26f)

+ 6а«з ( — 261 — 362«i+ 2«!)
= «a63 (2«a -  61) («a+26i) -  a362 (26a -  «1) (62+ 2«i) .

Take кз—24, then B3 — 24 (e3+ d3) . Denote

V — r (-4 , B) = 24«3 ̂  — -g- «i«a 4* «i«a6a — g-  «i«2&! 1̂̂ 36263

9_
2 ^ • « 1«зб1бз-' ^ 528

«36263̂2̂-r i8  ■ 24 —  1 216

9*i=6362(2«! — 3«i62—262) , V2=r±{B, A) — «263(26i—3«26i—2«1).

Then i?2= 0 means r± =  ra. By «i«2=6i62 and the expression of r (̂ 4, B), we have

r{A 3 B) =24«3̂ — «1«а-^-«1Й2б|+-~- «а62+ ^  «2«36263 -  «36I63j

+  24 «i«a -  —  «363)  r i

(
 284 \54«i«a-—g— «363) 9*!.

From (1.16), it follows that
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B z=24 (c3+ d3) = r(A , В) -  r  (В , A)
=  (axbx+a2b2-5 a 3b3) [а2Ъ& (46f -  of) 

Thus we have finished the proof of Theorem 2.
1 -6 1 )]»

§ 2. Saddle Values and Integrability Conditions

In  this section, we apply the method and results of Dulac1-4-1 to prove that Bx= 
B 2^ B 3^ 0  is the necessary and sufficient condition of integrability of system (1 .1) ,  
where the variables and coefficients may be real or complex. Because B±, B 2, B 3 are 
formulated with the coefficients of the same equation, the integrability conditions we 
give here can be applied more conveniently.

T heorem  The system (1.1) (real or complex) has an analytic integral i f  and 
only i f  B%= B2—B3—0.

Proof First we prove the sufficiency.
¥ e  look for the integral of Dulac form of system (1.1)

ф = а я /+ ф з+ ф 4+  ••• (2 . 1 )

where ф\ s are homogeneous polynomials of degree j  of аз, у .
Let Р 2=ахос2+ а2ху+ а3у2, Q2=bx!y2+ b2xy+b3x2. Then

d<f> __ дф дф
dt Уdx dy 

' дф3 , дф±
i У дх дх •) ( * + р 2) + ( * + #

дфх
ду ду *) ( ~ 2/+ Q a) .

By

we have

yP 2+xQ2+ - ^ ~  x- дфв
ду 2/ = 0,

фь= -  ^  Ъ3х2 -  (й!+  b2) х2у +  («а+ 6i) ху2+ -|р а3у \

(2 .2)

(2.3)

We select ф± such that
дфз р _i_ дфз 
Эх

Q2 + x & b . - y M i = 0,

thon

ду ^  дх * ду

^ - =  — (bjb2—«i«2)^ 22/2+h.o .t. at
Thus we have got the first integrability condition of Dulac;

Bx и  b-jb2 a%a2= 0,
According to [4], the coefficients ax and bx are divided into following three 

different cases.
1 . flq&i Ф 0.

Let us introduce the transformation
u=hx, х —куо (2.4)
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Then u —u-b aihu2 +  a2k m + а3Ь~гк2̂ 2,
v= —v+b±kv2 + b2h m + 63Л3£- 1ад8. (2 .6)

I t  is easy to see that if we take Л=«р*, к = hi1, then a ji—bik — l ,  a2k = b2h. So, 
we may as well assume that a±~6i = l ,  «2= 62. Now В 2 — «2(02+ 2) (2«2 — 1) (63 — «3). 
Thus, R 2= 0  exactly is the second condition of mtegrahility (simply denoted by 01) 
of Dulac under the first case (i.e., the first 01 of eq, (A) of [4]).

Moreover, if «3 = 63, or «2 =  0, or «2 =  — 2, then the system (1.1) is integrable (cf..
[4] (A3.) — (A3) ). It is easy to see that we always have B3=0 in these cases. I f  «2=1/2 , 

75then R 3 = -£ -(b 3- a 3) ( l - 4 « 363). When а3ФЪ3, В3 = 0 is equivalent to «363 =  l/4 . By 
o£

[4] (cf. the eq, (А4) ) ,  this is the last condition of integrability under the first case.
2 . 6i = 0, « i^O .

Now i? i=0  means «2—0.
i) If «3=0, then system (1.1) can be rewritten into linear equation of y. 

Evidently, we have R 2 = R 3—0.
ii). If «3=£0, then by (2.4), (2 .5), we may assume « i=«3 =  l .
Because R 2= —b2(2b2 — l)  (6a+ 2) , we see that R 2=0 exactly is the second 0 1  

under the second case (cf. [4], eq. (JB)).
When 62 =  — 2 or b2 — 0, the system (1.1) is integrable (cf. [4] (B2) , (B3) ) and R 3 =  

0. When 62= 1/ 2, Bg =  75 63/ 8. By [4] (7 ) , R 3=0 is the last 0 1  under the second case. 
The case 61 =£0, «1= 62=0 may be discussed similarly.
3. «i =  6i=0.
Now R 2 =  2 («163 — «36!) and B3=  (5«363 — a2b2)R 2/ 2 . By the ОJ  of [4] equation 

(0) , B2 = 0 is the second and last ОI  under the third case.
Thus, the system (1.1) is integrable when B i= B 2 =  B3 =  0.
Now we prove the necessity.
Let ф(я, y ) —o be the general integral of (1.1). By the analyticity of фР 

ф (®, y) may be written as
ф=ах+Ъу+д,х2+еху+  / у 2+ ф 3+ф И — .

we get «=6  =  0, d =  /  =  0. Then by (2 .2), we have e Ф 0, and may assume 6=1. At last„, 
by the proof of sufficiency, we obtain R 1 —R 2 = R 3=0.

The proof of the theorem is competed.

§ 3. The Formulae of Real Saddle Values and the 
Formulae of Cemplex Focal Values

In  the last section, we point out that the formulae <&В1г %R2} iR 3, exactly are the

No. 4 Zhu, D. M. SADDLE VALUES AND INTEGRABILITY CONDITIONS
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formulae of focal values of complex system
Ж = *Ж+Й1Ж2+й!2ЖУ+й!зУ2, ф  ^
у = -  iy + h y 2+ b2xy+ b3x2t

where »2=  — 1 .
First we give a definition of complex focal values.
Under the complex coordinate, (3 .1) may be written as g = fe+ F  (g, i ) .  Then by 

the polynomial transformation
g = m+  2  «tfwV,2<i+j<is

it  becomes
w == Ш+ c±u2v+ c^u3v2+  • • • + Ciiv]c+1,v,c+ h„ 0. t. (3.2)

Definition. The singular point О is a weak focus o f order k and Re (cfc) is the 
k-th focal values, i f  Re(cf) =  •-• =  Re(cfc_i) =0, Re(с^ фО.

Then, by the similarity of the real system (1.1), (1.3) to the complex system 
(3.1) and it's Ротсагё normal form (3.2) respectively, and by the Poincar6 

method we applied in the first section to compute Bi, B 2, Bs, we conclude that the 
formulae Blf B 2, B s of weak saddle 0  of the real system (1.1) and the formulae 
Re(ci), Re(oa), Re(e3) of weak focus 0  of the complex system (3.1) have the same 
form. Moreover, we can conclude that Re (c,-) = ikjRj, where k'jS are proper positive 
constants, because the linear part of (3.1) ((3 .2 )) is different from that of (1.1) 
((1 .3 )) only by a pure imaginary factor i.

Now we give a very simple proof of the corner stone of Bautin’s famous result, 
as a check of the preceding conclusion and an application of the former two sections. 

Write the real QDE with weak focus into Bautin’s form:
<v— — 2/ —Хз*2+ (2Ха+Хб)ж2/+Хз2/2,
у = ж+ Ха*2 +  (2X3+ X4) xy — Ха 2/a.

Then by transformation
u==x+iy, v —x — iy, v= it,

such that (3.3) becomes complex system with the same form of (1 .1):

(3.3)

(3.4)

-7—= и + a±u2+ as!uv+ Й3*2, 
av

“  =  —v+ biv2+b2uv+ b3u2, 
dr

(3.5)

where ai= — (X5+ M i) /4 , a2= (Х3-Х 6)ё /2, a3= (4X2+X6+W&)/4, 
b±= (X5 —Ж ё)/4, b2 — a2, Ь2— (~4Xa—Хб+1\Гё)/4,

Ж =Х з+Х 4 —Xe> ЬГ=ЗХз+Х4+Хз.
Now, by the formulae of B 1} B 2, B 3) we can give the formulae of focal values of 

(3.8) very conveniently.

Let v3 =  imRi, v5 — — m B 2, v7 ■■ 24 oviBB. Then
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v3= ш  (ЪхЪц -  aictz) =  ш а2(Ъ! -  «i) =  -  я;Хб (X3 -  X6) /  4. (3.6)
Evidently, v3 is the first focal value of the weak focus О of (3.3), and when 

0, B3B2Ф0, we have i(X3 — Х6)/2  = а2*=Ь2фО, Xs=0, hence, «i=&i= .
-  1v6= m  [й263 (2«a -  &i) (a2+26i) -  a362 (262 -  «1) (&2+ 2%) ]

=  —- ma>2 (2a2 — «1) («2+ 2«i) (bs—a3)
О

®= — (X3—X3) ( X 3 —X3) i  +-^-Ж&j ® ( X 3 —Xe)&— Ж^ » ( —2X2)

“= nvXsXi (X3 — X8) (X4+ 6X3 — 6Xg) (3 .7)

"“ 6
Я  e  "24 ^  (<*-■$!+a2b2 -  ба353) [й2Ьз (45? -  at) ~щЪ2 (4a2 -51)]

V= ̂  ^02  (»i+ -  б«а&з) (4й? -  «1) (&S “  «3)

«= —Jg-5r(X3 — K&) — Ж2 —4(X3 — Xg)2 — 5(4A,2+17£) ( —4X2+1V&)]

[ —Ж2+ (X3—Xg) 2] • ( — 2X2)

—  g ||g - X2 (X3—Хб) [(Xl+X2+X2+ 2X3X4 —2X3Xe —2ХД.д)

+  (4X3+ 4Xf—8ХзХд) — 80X1 — б (9Х3+ X2+ X2+ 6X3X4 +  6Х3Хд+ 2X4X0) 3
• ( — X2 — 2XsXi+ 2Х4Хб)

“= — .. 0 Х2Х4 (Х3 — Х3) С — ЮХ2—X2 — 7X3Xi — 10Х3Хб — ЗХДе — 20X1]
• ( — Х4 — 2Х3+ 2Хб) •

When В%=В2 —О, В 3 ф 0, Ьу (3 .6) , (3.7), we have Х4+бХ3 — 5Хе=0. It follows that

— — 57-  VCX2X4 (X3 — Хб) 2 (X3X3 2Xi—xl). (3.8)
oA

Evidently, (3.6) — (3.8) exactly are the formulae of focal values (9.40) 
formulated in  [1] .

By section 2, when ?3= r5 =  = 0, system(3.3)is integrable.Then by the Taylor
expansion of the displacement function, we get the lemma 9 .2 of [1]. From this, we 
can obtain Bautin’s famous result ([1] Th 9.3) with no much difficulty.

Remark. At last, we point out that the formulae of focal values W%, W2, W3 of 
the real system

00= - y + a 1x2+ a2xy+ a3y2, 
y= x+  &i2/?+  b^xy+ b3xz

are different from that of saddle values B[, B ’2, B 3 of the real system

x = у + a±x2+ a2xy+ a3y2, 
y^x+ b ^y z+ b2xy +  b3x2

(3.10)
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although the form of (3.9) is similar to that of (3.10), and (3.9) can he transformed 
into (3 .1) through complex transformation (3.4), (3 .10) can be transformed into 
(1 „ 1) through Joyal transformation

ж+ jy, ж= ж -  jy J j 2= 1 (3 .H )
which have a form similar to (3.4). This can be shown by changing R-± into R[ 
through (3.11). Also, we cannot transform R t to F i  or reverse through real 
transformation (3.11). This paper confirm that we can deduce Ri and W% from one 
to one only through complex transformation (3.4) or it’s reverse. But it also needs a 
great deal of computation no less than that we do in section 1 to deduce Ri from Wi. 
This is because: (i) through (3.4), the coefficients ац, 64 in  (3.9) will be the sum of 
Six or four terms; (ii) the complexity of the formulae of Wi, particularly, W  2 (TF3) 
is of degree 6 (degree 8); (iii) it is very difficult to cancel a positive definite quadric 
form factor such that R 2 (R3) is of degree 4 (degree 6) and have a simple form.

The relationship between Wi and Д  shows a deep duality between focus and saddle.
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