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AN UPPER BOUND ON AVERAGE TOUCHING
~ NUMBER OF A VORONOI PARTITION

WANG GHENGSHU (17?(&%) *

_Abstraect

A Voronoi partition is decided bythe configurations of N centerepoints in # dimensiona
. Buclidean' space. The total'number of nearest heighbor points for a given centerpoint in the
partxtlon is called its touchmg number. It is shown that the average touching number for al
Apomts ina Voronoi partlﬁon is not greater than then dimensional kxssmg nu.mber, that is, the

' ) mammum uumb91 of umt spheres that can touch a gwen umt sphere without ovellappmg

3

§ 1 Introductlon

The Voronm partltlonu’ in pa.okmcr 'a.nd covermg theory is vndely apphed ir
- ﬁelds of computer smenoe physms chamlstry a.nd so on“2 8,41, ,

) There 1s a‘ set of ﬁmte or enumerable pomts {yi, yz,, = Ym } A Vor
partltlon V(y1, y,, )'- 3 yN, ‘ ) is a sequenoe {Si, Sa, oy 8 | -~} of OODVOX polyt
oovermg R" (n—damenswna.l Euchdea.n 8pa.ca) The parlutlon éa.tlsﬁes the follov
conchtlons o

JUS=m

,.(;S’;ﬂ;S’,) =0 for a.ll fb#j,
~fo|lo~ul<lo-yl, forall jasy,
, where M is: the n—dlmensmnal Eueclidean measurement, [-| is the Huclidean. n
of a vector. S, is ca]_led & Voronoi region or ‘a Voronm polytope, ¥ is called
centerpoint of S;. Clea.rly, a.Voronoi partition of N centerpoints V(yi, g/a, o ¥
decided by the places of the IV points, -

. We define the halfspace H;; by.

Hu {w“la’_yi“<“w yi“ 'l"j 1 2 % N q’+1}r

then . .
S£= ﬂ H “o -
Let L,, denote the bOundary of H;, then =

Ly={a|jz—yl =la=yl, %+9}.
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£ M,_1(Li;NS;) >0,

hen I; is called an effective bounda.ry and g, is called a neighbor point of y; (or s).
o, the number of nelghbor pom’os of a Voronoi Polytope is also the number of its
oundary. faces. Klee® gave the tightost possible upper bound K (n,N (of the number
f the boundary faces for any Voronoi partition with N centerpoints, -

{K(Z, N)=2(3N—6), N>2
KW =2(Y), n>a
@ ) =2(7),

Vhen n>>4, he proved that there exists a 'Voronoi parfition such that each I; is an
ffectlve one. " ' T T :
For- eaoh Vomnm reglon S, the ‘nearest neighbor points.of y; is called touching
>ints of y:, whose riumder is denotied by 4n;, the distance of its touching poinis from
is'denoted by d;. Studymg “the Voronoi parlutlon for a. laptioe™ strucﬁurem is
|nivalent to consuiermg the pa.okmg with congruent sPheres of radms d;/ 2 a.bout
1 centerpoints ;. m=m; is defined as the touohmg number (or klssmg number) of
congruent spheres packing. To: goek the. upper bound of the number is a significant
oblem in packing and covermg theorym [6] studied the upper bound T o ‘the
aximum number of spheres Wl‘bh nonoverla,ppmg mterlors thai; touoh a. glven
here in B They give the known Va.lues on known bounds on 'z.',., the n——d.lmensmnal
ssmg ‘number’ for several values of n. Obvrously, m<r,. From Ta.ble 1 m [6] it

easy to know that there a.re some 1attlces Whose ]nssmg numbers a.mve a,t fa',. when
=1, 2 3 8,24, \ R

§2. Statement of MalnResult

This paper concerns an arbitrary Voronoi parsition. In general, m; and d; may
ffer from one centerpoint to another . Itig simple-to construct a parl;ition in which
¢h point has only one touching point, For exa.rnple"'in‘R1 let ’

y1=0 and yy. =y, +1/k for k=2; 3 -y N—1."

en yk+1 is the unique touching point of ¢, for k=1 2, ---; N =1 and yy_y is the
ique touching point of yy. It is also possible for a’centerpoint to have N -1
1ching points. (Let Yo be the origion and let all remaining N —1 points lie on the
-face of a sphere in R"), We denote the average touching number of ail cenferpoints

a Voronoi partition by m and the tightest lower bound of d; by do. For N enough
ge-and for a fixed dimension n, it is not possible for all centerpoints o simulfa-
—.ously have N—1 touch.mg points, We sha,]l 800 that there is, in faot, an upper

bound on the average touohlng number of a. Voronoi partition .fhat ig J.nLde’Pelldent
of the size N of the partition. L
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A touching point ¢; of a centerpoint y has separation ¢; if ¢; is the minimum
distance between y; and any other touching point y; of y, Thus,
' ¢ Oy=min|y,~y;.
g
L

‘Tvidently, ¢;>>di. The following theorem will be proved. -

Theorem. The average touching number of amy Voronos partstion tn R* ds less
ﬂum or equal o v,, .

This bound appears to be the tightest posgible upper bound for example, wi
n=1 2, 3, 8, 24, there exist optimal congruent sphere packings whose touchi
numbers are equal 0 7,.

§3. Proof of Main Result

Lemmal Ifa cente'rpomt y has touching distance d (ﬂw mxmemum distance
the Voronoi pariition), then éts touclwr»g fmber canmot emcood T,

Proof * Each touching point y; of ¢ cannot have. touoh.mg distance grea.ter thar
since |l¢;—y| =do. Place a sphere of radius do/2 about each touching point g; of
Theneach sphere will touch the sphere ventered at y of radius do/2; also, the sphe
will not overlap sinoce dy is the minimurn distance of the Voron01 partition, Therefc
the touching numder of y oannot exceed 7, or ‘the kissmg number bound'would
violated. . .

Corollary 1. If y has dy do, the mwnemum dwstcmce of ihe VO’I'O’IM’Zv partoli
then each touchmg poq,nt % of y has at most v, touchmg pomts ' 4

' Pvroof Smoe d =do, we ha.ve d,,‘—do, so tha.t Lemma 1 a.pphes to the centerpo
yc- . / .

Lemma 2. If a centerpoint y has touching wumbefr my>7,, then it és necess4
that (a) d,,>czo a»nd that (b) there e:uq,st touch/mg po'z/nts y1 amd Y of yweth I ¥1—¥a [| <
so tha,t V

3, <3y and Gy, <dy.

Proof Ifd,~d,, then my<w, from Lemmal. If condition (b) does nob hc
my >, nonoverlapping spheres of radius d,/2 could be placed about each touch:
point of ¢, violating the klssmg number bound for the sPhere centered aj y
radius dy/2. .0 . - : : S - .

Lemma 3.: G'a/von a centerpoq/nt v. 'wwth touchmg dq,stcmce dy and mth sepamt
ci=>d, for all touching points y,. If y és 'z-tself the touching point of -some centerpoin
with d,>d,, then my<z.—1.

. Proof . From Lemma 2, m,<7,. Suppose tha.t my=17,. Then i} is possible to add
a new eenterpomt w 1o the partition given by :
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7 (- d dy
W=yt

so that |w—y| =d,. By tbe trlangle mequahty, for any touchlng pomt ys of y,
loo—will =y~ z" —w—z|>d.—- (dz dy) =dy,

so that w is a touching point of y and the augmented set of touching ‘points of ¢ hag

separation at leastequal to d,. Then y has 7,+1 touching points, violating Lemma

2. Therefore m,<<z,—1.

Note that there was room to add an extra touo]:ung point “for ¢ because of the
“forbidden zone”.created by z having touching distance d, >d,.

Lemma 4, If a centerpoini y has my>>v,, then ai least m,,—'r;,.+1 of the touching
poinis of y must have separation c;<dy.

Proof If my>w,+1, there exists a tonching point s of y with e;<d, bv Lemma,
2(b). Remove this touoh.mg point, and repeat until there remain exactly 7,+1
touching: points. Then by Lemma. 2(b),, ‘there are at least two touching points with -
touching distance less. than d,. After removing these -two points; we have 7, —1
points remaining out of m,. Thus we haye re.movedd My — T, +1 points with touching
dlstance less than dy.. - . . ; N

_ Lemma b. If a ce«nterr'pcmt y has lc touchmg poq;nts yl, Y3, 100y yk wrbth k>'r,. wnd
sach g, has bis touching poinis separated from.one another: by at least &, the touching
listance of .yg, then the total 'touchfz;mg ndmbefr bf y and dts touching po'mts sa_;té':sﬁes c |

m,+2mi< (k+1) 1,—,.~1

uhefre m; s the toucfw:ng -nwmbe/r of y,

Prroof Of the % touchmg pomts of y at least k 1,.+1 pomts have d,<d by}
semma 4. Since the touehmg points of Ys have a separatlon of at least tl,, m,<1.-,1—1
vy Lemma 3

“The remalmng 7,,—1 ot fower touehmg pomts of y bhave m.<'r,, by Lemma 2.,
'hus m,=Fk and there are at least k— 7,+1 points with m;<v,—1 and at most %,— 1
oints with m;<7.. Henoe ’

- My + B SK+ (K=t 1) (7~ 1) + (7= D7
= (K+1)w,~—1.
'The next Lemma. is a generalization of Lemma 3.

Lemma 8. Given @ centerpoint y with touching distance dy and with |y:—uy;| >4,
w any patr o, y; of 4ts touching points, 4f y os'a touchmg pomt of poinis 2y, Zg, see, 2y,
ith k<=, and du>d, for each &, then : )
My <Tpn—Fk.
Proof From Lemma 2, My <7, Suppose m,>7,—k, Then we show by oonsbruo-
tion that ib is possible jo add % additional points w;, that are touching. pomts of 'y
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‘ 'Wl ith the property that each w; is a distance a} least d, from any other touching pomt
of y. These new pomts lie in the forbidden zone created by the points z,.

~ Let ° " ws=£“7ﬂ’—y+ g:’ %

It is easily seen that _.
- , lo—yl =l —yl =
showing that w; is a touching point of y. From the triangle inequality, for anv
touclung point g of y,
' i~ gl = lyu— 2l — |wi— 2l > o, — (@, —dy) =4y,

so that each of the augmented touching points w; is a distance at least d,, from a.
of the ongmal touching points g; of y. -

We now show that

, | w; — 20 || >cl for 4+4.
Wlthout loss of genera.hty suppose that
lz—yl<lz—yl<lz-=al.

Tien 2 (o) =yl o 2241 < 2 <l

But 2(ws y) (’w, y)— (m y) (z, 28
by dofinition of w, 'w,. ' ' ‘
Thus : 2(wi—y)- . (wy—y) <d?

and .y —wl®= |-yl "+ ;- -yl2— 2w~ ~9) » (wy—y) >d+d~ dj=dj.
Henoce by construction we now have a touohmg number for y that exceeds v, wh
contradicts Lemma 2. Therefore the original touching number, m,, of y must sati
My <Ta— —k. e » ' :

Note that the hypotheses of Lemma 6 cannot be satisfied for k=7, for otherw
we Would oonclude that my=0 and hence the touching distance d, of y wouldbe d

_ mim d,,,. This leads to the following:

Given a Voronoi partition, .we define a directed graph agsociated with
partition in the following manner. Lel each vertex correspond to a particu
centerpoint. A directed edge goes from vertex y to vertex z if z is a touching po
of y. (If y is also a touching point of 2, then there is another directed edge fror
%0.y). Given the N by N distance matrix for the partition, a unique grapk
determined, . : e ‘

Proof of the Theorem Constructa subgraph of the graph of the Voro
pariition ag follows, Pick any vertex y which has more than %, oulgoing ec
(touching number greater than 7,). Include in the subgraph those vertices y; whion
are touching points of y with separation less than d,. We call these poinis the
-descendants of y. By. Lemma 4, the number of descendants is at least my—7.+1,
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where m, is the tonchmg number of y- We oontmue the construction by adding for
sach degcendant y; all touchmg points y,; whose separation is less than d,. The graph
bhen includes all edges from each y; to the newly selected descendants y;;. A vertex z
fo the graph J is an endpoint if all touching points of z have separation 'greater
than or equal to touching dlsta,nce of 2. In this case the touchmg number of z i§ af
mosh v, —1 by Lemma 3.

" First we foous our abtention on a special case denoted iby cage A in brief. That
s, each centerpoint in the subgraph of the case A is a descendant of the only
senterpoint. Since each descendant must have touching distance less than its parent,
' follows that descendant cannot be a centerpoint that already exists in the sub-
sraph. Thus the subgraph is a tree all of whose edges are directed toward descendants.

If y is the touching point of some point z and y has separation less than d,, then
the graph can he extended “nﬁﬁai‘ds”. In other words there exists a larger tree
ontaining ¢ as an internal vertex. A tree is complete if it cannob be extended
tpwards or downwards (all of its roots are endpoints).

'We now show that the average touching humber of a tree in the case A is less
han 7, Let M denote the number of verfices and B deno’oe t$he number of endpoints
n the tree. Consider a point P; of the tree that is nob an endpomt The ‘number of
escending edges of P;, b, is ab least m,;-'v,.+1 ‘

Henoce S m,,,<l;+fr,.-—1

Summ.mg up all M-B pom’os P;, excep’ﬁ the B endpomts the total touchmg '
umber of these points is’ R ‘

CM<(M—-B)wA M =1 (M— E)
noe the total number of descending edges in a graph is equal to M — 1. Sinoe‘ each
adpoint has fouching number at most q,-,.—l the total touching number of the B
adpointy is :
M, <Ez,—E.
hus. - v Myt Ma<Mz,—1,
) the average touching number of a tree ig less than =,. :

Next we note that any centerpoint ¢ in the graph which is not a member of any
o6 that can be congtructed in the above procedure must have touching number
ss than 7, since its touching points have separation greater than d, by Lemma 2.

Begides the case A to complete the proof, it remains to consider the. possibility
ab a.given centerpoint is a memher of more than one tree or one subtree.

If z is an internal point or-an endpoint of % distinet subtrees of the partition,

. en z ig the touching point of & centerpoints ys, ya °:-, 4, and z hasseparation less
than the minimum of the touching distances of each y;. The k subtrees are oontdined
in one tree or more. If z is an endpoint, its touching number is at most 7,.—79 by
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Lerﬁma 6. If z is an internal poin}, the number of edges desoending from 2 is ab
least me— 7o+ k. If the number of vertices in the subiree of z and its descendants is
1, the sum of the touching numbers of these | points is Iv,—k by the same reasoning
used above. Hence we can. congider z equivalent to & separate subtrees starting
from 2z, each subtree hé.ving | points. The total touching number of each subtree ig
lr,—1 so that the average touching number. for the trees includimg the k subtrees
is less than ,.
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