Chin. Ann. of Math.
" 10B (1) 1989

ON THE TAYLOR’S JOINT SPECTRUM
OF 2n-TUPLE (L, R»)

Li SHAOKUAN(ZZ%)* JI ‘A’Y;AO (Ex)*

Abstract

Lot A=(4;, -+, 4,) and B={(By, +*+, B,) be double commuting n—tuples of operator:
on Hilbert space H and let Ly, and Rp, derote the left and right multiplications induced bj
A, and B, respectively. The following results are proven: Sp (L4, Ez)=8p(4) xSp(B),
8p(La, Bs)=Sp,(4) % Sp(B) U Sp(4) X Sp,(B).

~ In the operator system theory, people tale more and more interest in elemen
operators, Let A= (44, -, ‘4,) and B= (By, ++-," B,) be commuting n—tuple
operators on a Hilbert space H. Corresponding to A and B, there ig an elem-en

operator 4 on B(H) given by 4(X) =E"A¢X B;. Let L,, and Rp, denote the left
. . =1
right multiplications induced by A4; and B;, respectively. Then A= L, Rs,
=1

(L +*+, L4, Rz, ++- Rp,) is commutalive. It has been proved that, for the elen
tary operator 4, the following is true: o ‘ -
o(4) =8p (4)Sp(B),
_ 0 (4) =8p(4) °Sp,(B) USps(4) °Sp(B).
Obviously, the above results can be concluded from the fovowing conjecture:
8p(La, Bp)=Lp(A) x8p(B),
8pe(Ls, Bp)=8p(4) x8p.(B) USp,(4) xSp(B).

Many people have been striving to prove the conjectrue. The main aim of
paper is trying to solve it. We shall show that if A= (4;, -+, 4,) and B= (B;,
B,) are doubly commuting n—fuples of operators on a Hilbert spaoé H , then the 1
expression of the Taylor’s joint spectrum of 2n—tuple (L., Rg) is true. Let A= (
*++, 4,) be a commuting n~tuple of operators on a Hilbert space H. We define o,
={(Ay, +--, A») | there exists a sequence {f,} in H with |f,|=1 suoh that (A
M) f >0 a8 m—>o0 for k=1, «--, jand (4, —Ay,)*fn—>0 as m—>oo for all I,€ {1,
o3\ {és, ---, 4;}}. From [2], we know that if A= (4, ---; 4,) is doubly commutat:
then Sp(4) =0, (4).

Theorem 1, TLet A= (4;, -+, 4,) and B=(By, -, B.) be two commuting n~
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des of operators on a Hilbert space H, Then we have ‘
0,(4) x0,(B) =8p(Lis, Rp)<8p(4) xSp(B).

Proof The molusmn on the right hand ig obvmus We only need to ‘prove the
slusion on the left hand Next, we will divide the proof into three steps
1o If there exist wo elements, f and g of H with [f]| =1 and |g| =1 such that

A f=0, -+, A, =0, A5, f=0, - Aka'

d Bl,g =0, B,,,g 0,-Bg=0," B, =0,
10re {41, -, ’53}—{1 - ’"'}\{701, -+, 4y} and {l:b oy bp={1, =, n}\{ts, -, b},

en the koszul oomplex assocla.ted with (LA, RB) is no’o exaoct at the < , )th gtage
H) ("”') In fact, 1f we let X —( , Of and §==e‘,/\ /\e,,/\o‘t,/\ /\ oy and
denote X®¢ € B(H) (‘“’) .-then we ha.ve o ' '

d,+s'Zm——>0 as m—)oo
Next we w:.ll prove that if Ran (dj,s41) i closd, then . ) .
lim p(Z,,,, Ran (d;4y 1) )>1 - S ¢ )]

nos

1076 p(Zm, Ran(dsres1)) exprosses the distance between Z,, and Ran- (al,+s ). If
't We can assume i T .
llmp(Z,,,., Ra,n(d;.,.s',,.i)) Z<1 o (2)

1en there exists a sequence {U,} in B (H) <f+"+1)
Up=Y Mer ANé+-+Y ™o, ANE+ Vi'"’cri/\§+ +V<">cr;,/\§+ U,.,
here U/, does not contain the factor £, such that
p(Zm, di+s’+;L Un) <|Zn—dssv1 U] <p(Zm Ran(djzys1)) +m™.
rom (2), we get ],ff, | Zm—dpsvs1 4] =1. And we can choose u, such that [us]<

!(Bjawr+1) M diavsa tml <BY @gs042) 7 if m i8 large enough (since Ran(djys1) is

osed and | Z ) =1), so | Y| <Br(djsys1) ™ and ||V(’"’ | <br(djsy41) . But, on the
her hand, we have

“Z —dﬂ-s'fiu‘m" >11m 1 X AE:Y("') ""—AM'Y(W—VY'")BL —e=V™B,| ,

| . >hm| (X m— ApY {9 = wve = Agy ¥ V(P By e =V By guuf) |

=1,
1en we ha.ve
d,+,,z 0.
-Next, we will prove Z & Ran(d;y,1) (therefore the complex is not exact ab
B (H) (f'l-s ) )
Assume not, i. e, " there exigts an element » in B(H) G “') _
©= Ylek, /\§+ +Y;'3k, ANE+V o, NE+-- +Vs0'zs/\§+u 3
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where u’ does not contain the factor £, such that
7=y gath.
In this case, it must be
ApY st Ay, Y +ViB,,+ AV By,=
On the other hand, we have (X, f) =1 but
((AY 14+ 4, Y y+ViBy+-+VB)g, ) =0.
Thig contradiotion, proves the. above equality. '
29 If there exist two sequences {f,} and | g,,,} in H with || Sl =gal =

at leagh, one is uncompact such that

v Ai, fr—0, -, " A, f w0, Ak, f,,.—>0 A;'cj'f m——>0
and Bugn—0, -+, By, g0, Bi,gn—>0, <+, B;.gn—>0,

then Ran(dj-+s’) is not closed if the complex is exact at B(H) ()
Let us prove 1t. If let X = (-, gn) fm, then | X .| =1 and { X} is noncor

Lot Zn=Xn®¢€B(H) ) Thig contradiots (2).
From(1), we can see that if Ran (d;.y.1) =Ker(d;,s) and s+5 >0, then .
) ’ llIDp(Z,,,, Ker (dﬂ's D) >1

m—Poe

Henoce Ran (d,+,) is not oclosed for {Z,,.} is noncompaot If '+ 4= 0 then Ra,l
B(H). (that is, d, is not onto).

3° If both {f,} and {gn} in case 2° are oompa,ct then we can fmd f anc
H whioh satisfy the hypothes1s of case 1° There_fore we ocan change the ocas
case 1° S '

From 1°, 2° a,nd 3° we get the 1nolusmn

a.(4) xa,(B) <Sp(La. ).
Goroloa.ry 2, For cammutfz'ng ntuple A= (As, -, A,), the following is ta
. (4) =8p(4).

Corolla.fy 3. Let A= (Al, e A . and B= (Bi, «++, B,) be two doubly comn.

n—tumlns of operaiors on H. Then we have '
- 8p(Ls Rp)=Sp(4) xSp(B)

Corollary 4. If A and B are two operators én B(H), then Sp(Ls Rg) =c
o(B).

To study the essential speoti-um Spe(La, Rg), we, at first, introduce the spe:
Gre(A). Lot A=(Ay, -, A) €B(H)" de a commuting n-tuple on H. We
G4s(4) ={(Ay, *-, A) | there exists an uncompact sequence {f,.} in H with | f
for all m such that (4;, —A,)fm—>0 for k=1, «--, 7 and (4, —A\,)*fu—>0 for al
{1,---, n}\ {84, ---, 4;}}.

For the needs in the sequel, we give a lemma. -

Lemma 5. Lei A be a bounded linear opeoator from a Banach space F into another
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ach space F. If there exist an uncompact sequence {fn} SH with | fu]=1 and a
te dimensional subspace NCKer 4, Xer A=N-+M, such that p(fm M) >1 and
«—>0, then the range of A s not closed, ‘

The proof of the lemma can be easily got by the properties of finite dimensional
space. Bo means of thig lemma and the same discusgion as in the proof of Theorem
ve can obtain the following analogous result.

Theorem 6., Let A= (A4, «-+, A,) and B=(By, +++, B,) be commuting n—tuples
H. Then we have ' '

0ve(4) X0,(B) Uo,(4) X4 (B)CSp,(Ls, Rs).
Proof . This proof is similar to that of Theorem 1. First, let either

ﬁ Ker4;, N rj“] KerA,

ﬂ KerB, n ﬂ KerB

infinitedimensional and the other be not {0}. Then, at B(H) G +”) Ker Y
a(dj;¢41) i infinte dimensional, The other case, Ker (d;.s) /Ran (d,,,,.s +1) is finite
1ensiona1,‘ and then Ran(d;sy41) is olosed. Consequently, by Lemma 5 and the
quality (1) in the proof of Theorem 1, we can conclude that Ran(d.s) is not
sed. ' C . ' _

Corollary 7. For doubly commuiing n—tuples A= '(Ai, Am) and B= (By, *+-,
,we have the inclusion | :

- 8p(4) x8p.(B) USp.(4) x8p(B) =8, (LA, Bg).

For a commuting n-tuple A= (4, -+, 4,) on a Banach space E, we can define
(A) ={(Ag, +++, A,) |there exist {fn}E and {fi}CE* satisfying || fm|=|fal=1
3 f(fm) =8 tor some constant §>>0 such that (4, —A;,)fx—0 for k=1, .-, j and
w—Ay,) a0 for all e {1,-++, n}\{éy, -+, 4;}}. Then we have the follow result,

Theorem 8, Lot A= (44, -, 4,) and B= (By, ---, B,) be commuting n—tuples
B. Then o4(4) % 0. (B) C8p(Ly, By). ’ '

Proof If there exist {fn}, {fi}, {gn}, {95} and 8>>0 satistying | ful = |75] =

ol =llgnl =1, fon(fm) >8 and g, (gm) >3
such that

Anfm—0, =, Ay fu—>0, A*,fjﬁ,—>0 vo, A5 fn—>0
d B,,g,,,—)O, ., B,gm—>0, B},gn—>0, «-+, Bi, gn—0,

sn either the complex associa’sed with (L, R3) is not exact at B )] (i) or Ran
i) i8 not closed, In fact, iflet X n=g,, (*)fn €EBH), =6 A-- /\%/\crf./\ * Aoy,

and Zn=XQE€B ¥ | thon d;,,Z,—0.
By the same discussion as in Theorem 1, and notice that f*(X,, ¢g.)=>8" it
follows that if Ran (d;,¢.1) is closed, then
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li,il p(Zm Ran (djys4q)) >0

m-—>o0 N

If Ran (d;;y41) =Ker(d;,y), then R(d;.y) is surely not closed. Now let us prove it,
Agsume it ig false, that is, Ran(d;) is closed. By Open mapping Theorem, there
must be U, € Ker(d;,,) such that _
' | Za—Unl—>0, as m-—>co0, 3
But, on the other hand, we have o
lim | Zp—Unl>lim p(Zn, Ker(d;.s))

H—>o0 m-—»c0

= liEp (Zm, Ran (Biay+1)) <32,

. Hieo

This contradicts (3), so the regult follows.

For commuting n—tuple 4= (4, -+, 4,) on E, we can also define ¢, (4) =
-=+, A,) | there exist uncompact sequences {f,,} C & and {f,}CE* satisfying |
!l =1 and f7,(fm) =08 for some constant & such that (A;,—A,)fm—>0 for k=1
and (4;,—M,)*n—0 forall € {1, -+, n}\{44, -+, 4;}}. Then the following th
is obvious,

Theorem 9. let A=(dy, -, A,) and B=(By, -, B,) be commuting n—tu,
Bamach space E. Then we have

0, (A) X0 (B) Uy (4) X0, (B) CSpe(Lis; BRp).
The proof is similar to that of Theorem 6.
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