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THE AUTOMORPHISMS OF TWO-DIMENSIONAL
LINEAR GROUPS OVER
- COMMUTATIVE RINGS*
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Abstra.ct

The present paper determmes the form of antommphlsms of E,(R) and GE,(R) over
commitative rings provided 2,.3 and 5 are:units. . .

The automorphlsm problem of linear groups OVer commutative rings hag been
’lved when n>=3. (Refer fo [1, 2]) In case n=2a partloula,r difficulty occurs. From
matrix-theoretio approach it does not provide sufficient off-diagonal positions, or
sometrically, there is not a sufficient number of distinot lines. The present paper
il disouss and determme the automorphlsms of E, (R) and G‘E, (R) under the
ypothesis that 2, 3, and 5 are units.

Throughout this paper B will be a oommuta.tlve fing. Denote by U the mulbi=
licative group of all umts 1n R by max (R) the set of aJl mammal 1deals of R. Let
2(R) be the elementary group generated by all elementary matnces ( i f) and
:; : ) and let GE, (R) be the subgroup of QLy(R) generated by E3(R) and all

lagonal matrices. The order of a matrix <w ) 1s the 1dea,1 genera,ted by b, o,

¢ d
1d e—d.
' Lemma 1 ;S’umose ﬂmt there edisis an element u €U with u*~1€U. Then
1
1) for any = € U the normal subgqjoup H of Ey(R) generated by ( 0 :) is the

hole Ea(R), and .
T 01
2). the normal subgroup of Hy 03] generaied by < - 0) is ;agso E\(R).
Hence the images of thééé matrices under every aufmow_phq}sm of Ea(R) have the

me property. In pafrtfwular, 3 f 2, 3, and 56 U, then 1) and 2) hold
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P'rrloof 1) Sixioe |
m3( e 1 fo The 1)-( 0)

e lf5 2 (2 D))

For any ¢ € R, take b=a(1—u*)"". Then H containg

(62 (0G5

Q0 1\/1 a\/0 -1\ 10\
X Ve . , H=E, .
Furthermore, Ha(_l 0)(0 1><1 0) (~a 1) Thus 2 (R)

o 0 01 30

2) Use the faot [( z u‘ll)' (_1 0>]=<Qg u")' and then prooceed as in {

proof’ of part 1). ' : "
Lemma 2. - Assume that 2, 3, and BEU. Let 4 bo an automorphism of Ea(R

" Then for any M Emax (R) thore és gu € GLy(Ry) such that

a3 D=} Hemam.

'whofre Rx ’bs the localizatson of R with respect to M

_ 1 1 .
Proof Let 4 ( 0 1 ) = (: y) For M Emax (R) we may always assume th
w

YyEM. Indeed, if z¢ M, then we may transform # into the (1_, 2) —position 1}

oon jngatlon If y, zE M, then by Lemma 1, the order of ( Y

) o z w
M . The (1, 2) —en’ory of the con;ugate of < by . ( ‘
z w

) is R, hence z—wi

0 1)1s'w —gy— zQEM

o | o 0
Since y ¢ M, y is invertible in Ry, Take g= < y1 _ 1) Then
‘ vz 1 .

S e e

. S e 01 _ 01 :
Any conjugate of ( '1 ®> which commutes with ( ) ) ig of the form ¢+
=1 v

0
( 1 ) with determ.mant a*+abv+b*=1 and trace 2a+bv=w, It fo]lows that
-1 v

2a=(1-b)v, (1—-b%) (»*—4)=0,
Olaim that v*—4EMRy. Othermse v®~4 ig invertible in Ry, hence 1—5?=
Thus, b= +1 sinoce By is a local ring and 2 is a unis, Moreover, ¢=0 if b=1, ar.

» =1

g=vy if = —1, Therefore, ( 1 'v) .and ( 1 0) are fhe:only conjugates of ( _(1) i)
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01 ' . 11 | 1 4
which commute with ( > On the ether hand, ¢ [ A < )] g g[ A < , >j, g
A\—1w ST : 0 1 01 ‘

01

-1 v

. 01
> which commut owith ( )

-1 9

‘ 1 16 o ' '
and g[/l(o 1)] gf? are con;ugates of <

By Lemma 1, the normal subgroup of B, (R) generabed by ( 1) is Ea(R), so the

dorof A[* 3) B. Tt foll that $he grder of [ (1 4)11(1 '1')'];1.
or 9r0 <O 1 is- oliows & 901’ el'og 0 1 : 0 1 g 9

1 4\7" 11 .
Ry, Heneegq[{@_(o 1)] ‘1#9[11<0 1)] -1, Simila.rly, )

| 14 1 16\7 L1y
A P S M
g[ (o 1>]g 5‘ég[ (0 1)9 TR0 0
0 1\ -
This shows that there are ab least three con]ugates of ( 1 )Whieh -commute Wi‘bh
v

.01
< ‘ 1 ) This is a eontradlehon Therefore, we must have v*—4€ MRy, henee v=
+2 mod M Ry. Now

fa(G D= i)‘—-a”( L)

where a=1—12?, b=v(t?—2). Thus, ¥ —1=15 mod MRy, i. e., b” 1 is mvertlble
Tt follows from (1—5%) (v® —4) =0 that v*=4. Further we derive that v=2 from
the equaliby 2a= (1 b)v.

01 o1 1 11y
Bt g“=< 1 1)9' Theng“[‘/l(o 1)]9“1—(0‘ 1)'

Lemma 8. Assume that 2, 3, and 5EU. Let A be an a/utomorphq,sm of E, (R)
Then for any M € max(R) there és gME GLy(Ry) -such that

~afa(G (G 3)
cofa( g o)]a-(70)

' ’ 01\ /a b ' o a b :
Let A - . |= . X i :
Proof <—l O)_ <c' d‘) By Lemma 1, 1:%19 elder ef <c d) is R. We
0 1)\2 , . o . a b\ - .
gee that’ < 4 0) = —1 belongs to the center of F,(R), se doss ( - d>> . Hence,
-~ ¢

b(a+d) =c(a+d) = (a—d) (a-+d)=0. But (b, ¢; a—d) =R, so > a+d=0, i. 0, d=—a.
Obviously, this property ig invariant under conjugation. S
By Lemama 2, there i8 gu € QL (Ry) such that

i e (2 )
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, 01 x Yy
. A =1 N
Wt w4y o)]w=(7 _2)
(laim that 2 is invertible in R,. Otherwise, 2 € M Ry. Since Ry/M Ry is naturally

igomorphioc to R/M, if we identify Ry/MR,, with R/M, then the followmg diagram

1s commutative:

Ba(R) —A+E<R>+>E2 <Ru>—1“—”‘i>En ()

AN
AN
AN
\u .
By (B/M)—E3(B/M)
where gx i induced by gu under the natural homomorphism BEy—>Ry/MRy=R/]

and ‘the unma.rked arrows in the above diagram are natural group homomorphisn
Denote p=1Int g}y o A. Then p is surjeotive. Since ‘the above diagram is commutativ

11) (1 1) (01) (a; y)s. Ir) ‘o5 with 11
<01 0 1 10 o—w"m°°<o.1 eommuies wi _(o 1

1 r 18 )
asgume 'P( ( - ). Every matrix in H,(R) can be expressed as-a produ

Ba(Ru/ MRy)

Intgly

01 01
1 F 0 1 ) ] . 1 A ‘ ‘
H[( 0 ;)( 10 >], and its image under ¢ is H [a; (0 f)(: ' _:)]' whose (2,

—entry is alwa,ys zero This is contrary %o the surjectivity of ¢. Therefore, 2z must
invertible in Ry. ‘We now have '

(36 0030
GGG TG

0 1\/1 1\FF . S0 1\/1 —A\T
Using_jgheeqr‘;ality'[(” 10 <0 1)] =1, weobtam[( { O)(O 1)] =1,whi

T

0. 1) gM by gM, we complete the proof of t

1emma. e
Set E= TI Ry. Then we have the natural embedding R>R.

Mecmax(R)

Lot g= (g) semaxcry E@La(B) . Since the following dlagram is commutative:
Int
| BB BB By(B) = > E, @

»1' :
-E 2 (-RM) E a (RM)
where the unmarked -arrows.are natural group homomorphisms, by Lemma 3, we

H

have Vi e e e D e D B ]

Intg M
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FEE
(e

Theorem 1. Suppose that 2, 3, and BE U. Let A be an arb@tmry automorphism
of Ey(R). Then there evist gEGLy (B) and a bijection B: R—>R satisfying
B (1) =1, B(z+y) =B(2) +By) for all , yER,

sush that "g[A"((l)'-i>']g-1=<é Bim)> for all s€ R,

oy o)=L o)

Praof The matnx 9= (g,,) Memaxm € GIy(B) has been g1v9n by Lemma 3V

a b /11 11 01\ 01
Wnte g= <cid>.Sineeg (0 1>g A(O l)andg‘l( 1 0>g~A<_1 0)

B ab'dci-

a2
A’ A A'A’a are ele-

belong to Hy (R) it is easy t0 see that 2

ni'eixyté'in R, where Ad=ad—be. It follows that, for any ( v )EEg(.R) the @, 2
z w

' s Y.
and (2, 1)—entries of g( v > g~ are elemeuts in R.
A z w -

® H 1th'1'1)' tht[Al ) |
)oommuesw (O 1 ,Wemaya,ssnm_e 3g (0 1 ]g =

8i L
oo (1

(a(;) /32@;) ﬁhe're a(z) €B, B(z) ER Clearly, &(z-+y) =a(@)a(y) and a(z)?=1,

Henoe a(x) =a 2) (-—1)2 =1 fér‘ any z€ R, 1 e.,

A DG %)

Chis shows that Int g induces an automorphism of E,(R). Evidently, 8: R>R is a

rijection, and 8(1) =1, Blz+y) =B(2) +B®). _
. Remark 1. In fact, B satisfies a stronger condition. For w4, ++-, 2, € R define

P_;=0,
Py=i,”
Py(z1) =24, '
Py (w3, wa) =P1(m1) 23— P,
Py, ) %) =Pp (w1, ***, To1)Wp— P, a(2y, ***, Bu_s).

; oan be proved by induction that

(wl 1) (m 1)_( Pu(myy o @) Paa(m -----,m-,-i))
9—1 0 "—1 0 _.P,t-—'l(w” ore mll) - ,._.)(mﬁ, R w”—i) )
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10
Similarly, [E:(R), Ba(R)] contains < 1) for any « € B. This proves the lemma,
€&

Theorem 2. Suppose that 2, 8, and B5EU. Let A be an arbitrary automorphism

of GEy(R). Then there exist g €GLa(R), a bijection B: R—>R satisfying the condition
(»), and & homomorphism V: U-U, such thai

{4 SN () 20) owancen
L2 = 23)

g[/l(?)) 2)] ’)’()(’8(@) 2) foa‘allpEU.
Proof By Lemma 4, [GE,(R), GEy(R)]=EJ(R), A induces an antomorphism
of Es(R). By Theorem 1 and its corollary, there exist g€GLy(E) and a bijeotion
B: R—>R satisfying (s) such that

o4(o D=6 77)

4(2 o)l (o)
Letg[./l(g 2‘)]9_1=(Z 3) Using the relations (:; g)(; 1>=<3 :)
(Z :) and (; 1)(1 (1)> (1 2)(3 ;_))’ we obtain b=¢=0, a=dB(v), Thus,

o405 D)=ro 75 3)

I+ is easily seen that 7: U—U is a group homomorphism.
"Remark 2. For a bijection 8: R—R satisfying (x), the automorphism B of
E»(R) ocan be extended to an antomorphism of GH,(R) if we define
' ~(v 0\ [B@ O
‘B( 01 ) - ( 0o 1 ) '
Therefore, when 2, 3, and 5E€U. every automorphism A of GE,(R) can be expressed

as A=I" Int g~lo B, where I is a radial automorphism of GE,(R).

Remark 8. If R is an integral domain, by using continued fraciions, the
condition (*) may be simplified™,

Remark 4. If R isuniversal for GH,, i. e., the following relations
" s 1\/ 0 1 y 1 oty 1\
(-1 0)(--1 0)(-1 o.>=—(—1 o)’,
w1\t 1 u 1 u 0
| (—1 0)(-1 0)(-1 0)=_(.0 u-1>’






