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' COHOMOLOGY OF GRADED LIE ALGEBRAS
OF CARTAN TYPE S, m)**

CrHivu SEN (52 &)*

Abstract

Lot F be an algebraically closed field of characteristic p>3. This paper studies the
eohomology of graded Lie algebras §'(n, m) of Cartan type over F. The author determines
the structures of H(S(3, m), V,), where ¥, is the graded §(3, m)-module which is
induced by an irreducible sl (3)-module V,, the structures of H1(S(3, m), V), where ¥V
is an irreducible §'(3,m)-module, and the structures of the restricted cohomology Hi(S(3,
(1, 1, 1)), V), where V is an irreducible restricted §(3, (1, 1, 1 ))~module.

§0. Introjuction

In [3], Dzhumadil’ daev gave the structure of the cohomology groups H*(W
n), U:;) of Zassenhaus algebra W (1, m). In [2], we gave the structure of
cohomology groups H'(L, V), where L=W (1, m), W (3, m)or H(2, m) and ¥,
a graded I-module, and the structure of the resiricted cohomology groups Hi(L, }
where L=W (2, (1, 1)), W(8, (1,1, 1)) or H(2, 1, 1)) and ¥ is an irreduoi
~ restricted L-module, C o
In this paper we siudy the cohomology of graded Lie algebras §(n, m) of Cari
type. In particular, we defermine the structure of the first cohomology of the ran
graded Lie algebra S (8, m) of Cartan type with coefficients in a graded S(3, n
module ¥, which is constructed from an irreducible s1(8)-module ¥ o(cf.[9]), -
structure of H*(S§(8, m), V'), where V is an arbitrary irreducible §(3, m)—modu
and the struciure of Hi(8(3, (1, 1, 1)), V), where V is an arbitrary irreduei
regtricted S (3, (1, 1, 1))-module. Sinoce W (1, 72) is the only rank one graded ]
algebras of Cartan type, W (2,m) and H (2, m) are the only rank two graded ]
algebras of Cartan type, and W (3, m) and 8 (3, m) are the only rank three grac
Lie alebras of Cartan type of depth 1, the firgt cohomology groups of all rank n:
graded Lie algebra of Cartan type of depth 1 with the above coefficients are obtain
~ In § 1, we shall review the notions and the results in [2]. In §2, we disu
some cohomology properties of S (n, m) and reduce the computation o H*(S(n, n
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70) 10 the computation of H(sl(n), Vo). In §3, we determine the struoture of -
918 (8, m), Vo) (see Theorem 3.1). In § 4, we determine the structure of H*(S (8,
n), V) (see Theorern 4.1) and Hi(S(3, (1, 1, 1)), V) (see Corollary 4.1).

Deep gratitude is due to Professor Shen Guangyu who offered valuable
mggestions and read the maunuseript,

§1. Notational Preliminaries

Let 7 be an algebraically closed field, char F=p>0. All Lie. algebras and
modules treated in the present article are assumed to be finite-dimensional. -A Lie
algebra L is a graded Lie algenbra if

L= ‘('GBZ Ly,
where Ly, are subspaces of L and [Ly, L] CILigsesn. An L-module Vis graded if
V= @ Vi

and L yV,CV.; (We agsume V50 if 750 and ¥, is called the bage space of V).
We now give a brief description of Lie algebras of Cartan type W(n, m) and

8 (n, m), Let A(n) be the get of n~tuples of non-negative integers, For '

| o= (03, **+, 0,) CA(n),

leb [} = ;21 0.

Set 8;= (8, **+, du) EA(n), Let U(n) be the divided power algebra with basis

{o |a € A(n)} and multiplication

- (a+B
o

)am(“""”, «, BEA(n),

a n ai>
()15
for a= (o, *+ , &), B=(By ==, B.) CA(n).
If m= (my, -+ , m,) is an n—tuple of positive integers and
A, m) = {a€ A(m) |a<p™,

then N=U(n, m) ={z?|a € A(n, m) is a subalgebra of U(n). Write = (p™ —1, s,
p™ —1) € A(n, m). Define derivations Dy, =1, -+, m, of U(n, m) by ’

Diw(a) = (%50

(We sob =0 if a¢ A(n)). Then
W =T (o, m):={ 2 Dy | oy €N Gn, ) }
J=1

is a derivation a.lgébra of 1 (n, m). The bracket operation of W (n, m) is

[‘2 o.D;, 2 b.D] =2 Z (a;D;(b;) —b;D;(0s)) Ds. @

where
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Set Uy =<' | |at| =) and Wiy =<a**D;|4'® € Uppyy, j=1, +-+, n). Then
We@Wa

is a graded Lie algebra of depth 1.
The subspace S (n, m) spanned by
Dy (f):=Di(f)Di—=Di(f) D;, f €U(n, m), ¢, j=1, -, m,
is a Lie subalgebra of W (n, m) (see [7]). We have the bracket products
(Di i(H), Dy i(91=D, (D;(f)Di(g) —Di(f) Di(9)), a=
and

[Ds s(f), Dj, x(9)] :
=D, ;(D;(f) Dr(9)) + Dy, 5(Di(£)Ds(9)) + D, +(Di(f) Di(9))
(k#4), d
for f, g EN(n, m) and 4, gy k=1, «-+, n. Let S;z=8(n, m) N Wy;. Then
S8=8(n, m)= 4@1 St '
is a graded Lie algebra of depth 1 and under the linear map a'°D;> By, Sio
isomorphio to sl(n), where K is the matrix whogs (5, I)-component is 8;43;1. Let
be a representation of S in the module Vo and Vo=URV,. If D=ZaD,CS, t
D: =2 D(a) @FB; EURSCo; (s00 [9]). Lot D=3 g@1;, where ¢;€W, I, E S, Def
a linear transformation po(D) of ¥, ’by
Po(D) (f®v) =D(f)@v+2 ¢:f@po(l) v,f €U, v EV .
Then g, is a Tepresentation of §(n, m) in Vo and

Vo=@ V{

>0
‘is a graded S(n, m)-module where V=<2 @V ,||«| =4y and the base épaoe of
is 1 Vo=V, (of. [9, 10, 11]). By [2, Theorems 1, 1 and 1. 2], we have the fc
‘wing theorem.
Theorem 1.1, Let S=S(n, m) and V beé an irreducible S—module. Then
H*(S, V) =0,
where the S-module V is not isomorphic to a graded module or V=V where V, is
érreducible Syo;—module but 4s not an indegral-highest weight modude.

§2. Properties of Cohomology of S(n, m)

Let char F=p>3, §=8(n, m), U=1(n, m) and
S i= g S -
We identify Vo with the subspace 1@V, of ¥o. Suppose that Sy acts trivially on -

Soy—module V. Then we may regard Vo as So—module. Now we generalize Lem
2. 1 in [2] and obtain the following lemma. '

Lemma 2. 1. The relative cohomology H*(S, 8¢z, Vo) 48 a direct summard of
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H*(8, Vo) and - »
H*(8, 81y, Vo) = H*(So, Vo).
Proof We denote the projection from ¥, onto Vo by Pry,. Let 4: 0*(8, Vo) -
o* (So, Vo) be a linear map such that A%=Pry, (@) for 5€0°(S, V) =V, and
APy, -, ) =Pro, (s - 5 &),
for Iy, «-- , 3, €So, where k>-0 and quO”‘ (8, Vo). Weshall show that t e following
diagram is commutative.

0+ (8, 7o)—25 O¥*1(8,70)
AT 4 l £>0.
O“(So. Vo ~2> 0¥¥(8o, Vo)
It is olear that Pry,(I(2)) =Pry,(3)), for 1€8s 2€V,, and I(AP(Ge, f, -)) =
AQW (G, by ), for pEO¥(S, Vo) and 1E€8,. Thus we have
| d Ap=Ady,
We now prove that 4]0°(S, 8.1y, Vo) is injective. By the definition of relative
cohomology and Ann 8, 1;=1@¥ o(sze [10]), we have 0°(S, S.1;, Vo) =T§=V
Thus A]0°(S, S;_1; Vo) is the identity map. For >0, leb € O*(S, Sy Vo) a,nd
Af=0. Assume Pry, (§(-++)) %0, where jy is the smallest positive integer such thab
the mequahty is valid. Since 1;1607‘ (s, /S’,;_u, Vo) , we have

:(4'(11, e lk)) S‘( l){lp(ED:v L1 b, '?'y b, lk):

orly, =+ €Soand §=1, 2, .-, n. Applying Pry _, to the both sides of the equality,
the right side becomes zero, bu’b the left side does not, and we get a contradition,
Thus =0,
Nex} we define a linear map A’ o (So, V)= C*(So, Vo). Thus we set
(4'p) (Digy (@*?), ==+, Doy (21*+7))
— = DB (m(ocm)) oo DB (gla))

1Bty = 5 1Byl 22

®p (D (@), +++ , Dy (99 )

for k>0 and ¢ €O0*(8o, Vo), where oy, Buy EA(n, m), Dy E{D;, 4| j, k=1, 2, +-- ,n}
and let Bwy= (Bi1, -+, Bi), then DA®=Df:... D" and

Alp=vfor 0 €0°(S,, Vo) =V,
It is clear that 4'C* (8o, Vo) SC*(S, Si-1z, Vo). We nead only to show that 44"
0*(So, Vo)—> O*(So, Vo) is the identity map. Then C*(S, Si_1y, Vo) =C*(So, Vo) and
the lemma, is proved. ’

For 1€ 8, it €8y, we write || =4. For r>0 and 5>0, leb
O:(So, Vo) ={pEO*(So, Vo) | if[ls|+ -+ |l %1, then
| (s, -+, b) =0}

Then O%(So, Vo) = r@}-}ﬂ 0% (8, Vp) If p€TE(S,, Vo), then
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e

(49) Dy (@), - , Do (@)
= DB (a;(a(n)) Dﬁ(m (a;(am)) ®¢ (D(i) (a;(ﬁ(n)) ) -D(k) (a;(ﬁ(x))) .

18ty o1 By | 2=
It is obvious that A'p(ly, -+, L) =0 if |l;|+---+{L] <7,
AA'p(ly, -, ) =0 if [l + -+ ] >r, and
ALy -+, b)) =@y, -, b)) if |l 4o+ |G| =
Now we shall reduce the computation of H*(S, V,) to the computation of
H(sL(n), Vo). ,
Lemma 22. (1) IfV, s nontrivial brreducible sl(n)—module with a high

woight, then ‘
‘ H'(S, 70) =~ H*(S, S;-1 Vo).
@) If Vo=F, then
H' (8, W) =B DD @([B»D@Hl(ﬁ’ Seap W),
where 1= 7 (0, -

» m(0 40,9™M=1.0,,0). if j=i,
B:i(Dy) ={ 0, é;fjaéfi/, '

for %, j—%i', v, m, and [B;] is the cohomogy class of Bi.

Proof It is obvious that there is an exact Sequence

0—> H*(S, 8_sj, Vo)~ H (S, Vo) H*(St-1 Vo). @.:
We factor the restriction map from S as follows. :
H (8, Vo)“) H* (80 D8y, Vo— H(Sc_1 70).'
By the cohomology five-~term sequence, we have
0— H* (810, V)~ H*(S:0/®8¢-15, Vo)
~ B (S5, Vo)®— H*(Spp, Vo) —>-ee,

Hence the restriction map H*(S, Vo)—> H*(S._1, Vo) takes values in H(S,_,
V )sz(n)

If Vo=F, then any l—cocyele Y€ Z*(8;_y, N) can be extended to a 1-cocycle o
S via

¥ (Dy; () =Di(HP(D) —D:(HF(Dy), for fEW, 4, j=1, -, n
It implies that the restriction map H*(S, W) — H*(S,.y, W) in (2.1) is surjective
Furthermore we show that H*(S,_1;, 11)%*™=H*(S,_;,,1) and the natural action ¢
Sin=sl(n) on H*(S,_4;, W) is trivial. Hence we have an exact sequence
0—> H*(S, Si-yy W)—> H(S, A)—> H*(S¢y;, )0,
Therefore we have A
7S, N)=H (8-, HDH'(S, Sp-qy, ).
Bince S;_1,=<D,, -+, D,> is oommutative, we can eagily show tnat
H*(Si_g, %) =<L[B1]>D--@<IBI>

(of. [2, Lemma 3.1]). Then the assertion in the case (2) is valid.

If Vo+ F, then



110 : CHIN. ANN. OF MATH. S Vol. 10 Ser. B

B (S -1 7o) 4o = (H* (S A(RV o) %
=H'(8pn, MRV =0,
Henoce the restriotion map H*(S, Vo)—>H* (S5, Vo) is 0. By (2.1), we have
H (S, Vo) = H* (S, Sc_n, Vo).
ThlS completes the proof of the case (1).
Now we shall compute Hl(S , 8ceap Vo). If Vo=F, then by Lemma 2.1, we have

H(S, Sty A) = H*(So, F)=8o/[86, Sol. 2.2)
For n=3, uging (1.2) and (1.8), by direct computation, we have
So/[So, So] =0, (2.3)

Using the cohomology five—term sequence, we have
0— H(sl(n), V§)—> H*(So, Vo)—> H* (81, Vo)¥™—> H2(sl (n),;Vg‘)-)HQ(So, Vo).
o | | @9
Now we shall disouss H*(Ss, Vo)*® for Vo F. This is equal to
Homgym (S1/ (81, 811, Vo) -® Homuwm ¥y Vo), . (2.5)

where Y, is the contribution fo S1/[S1, Si]coming from 8. Let H=<{Bq, -+, Enp
end 4;, =1, --+, n, be linear functions on f) such that A;(E,,) 3., 7\.0—0 and '

EAy, 4= 1

Then hNsl(n) is the Cartan standard subalgebra. of sl (n) and A:|onamy 4=1, «=-, n—1;
is the fundamental weight of si(n).For convenienoe, we still denote it by A;, ¢=0,
1, .-, n—1., If Sy is regarded as an sl (n)-module, then we can now prove the
following lemma. .
Lemma 2.3. Let V' (A) be an irréducible (frestfrwteol) st (n) -module with a hq,ghest
weight A. Then ;
Seu =V (2M+2na).
Pyroof We ean easily x}erify that the linear map - :
D.;(f)> Di(H®Di—D(f)RDy, fEY, 4, j=1, =, m,
is an sl(n)-module isomorphism of Sy into Y.®S; 1. As sl(n)~modules we have
W=V (2Ay) and Sp_yy= V(?\.,,_i), If p=2Mi+A,_1+ 8, 0f>=n-+2, where d equals half
the sum of positive roots and o= e;-os+++--+a,_; is the highest root, then the Weyl
modules ¥V (2A1+A,.1) and ¥V (A1) are simple. Hence we have
9«[,:236()3 1= 14 (2%1'}'7\‘,._1) (‘BV (7\,1) K
Sinoe dim ¥ (Ay) =n (see [6, Ex. 21, 11]), we have
dim V(27\,1+)\,,,_1) = (n+n(n— 1)/2)n—'n.—n3/2+ 2/2 —n=dim Sy.
It foroes Sy =V (2h1+An-1).
By Lemma 2.3, we have
Hom, ) (Sea, Vo) 9‘-{ 7, i Vo=V @hatho-o),

2.6 .
0, otherwige. @.6
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g Then by (2.4), (2.5) and (2.6), we may reduce the computation of H* (So,
Vo to the computation of H*(st(n), Vo)and 1/ [Sy, Si]. By (1.2), (L.8) and Lucas
theorem, that ig

> bup” ‘ '
B0 t b P .
> () e,
Ma, p* =0\ Gy _
=0 -
' £ : :
where 20 b, p* and g a,p’ are the p-adio expressions, we can directly verify the* ¢
w3 y= . > .
n=3, then -

Si/ [;Sliy Sl] =§;1]gst?-]v ' )
where the congruent classes moduae [S’_;, S1] are denoted by the bars.

§3. H(3, m), 7y

- Let § be § (8, m) over an algebraically closed field F, char F=p>3. In -
seotion we determine the structure of H*(S (3, m), ¥,), where V, is an irreduc

So;—module. Thanks to Theorem 1.1, we need 16 consider only the cases where ¥

an irreducible highest weight madule of S,.
Now we shall compute H? (sl (3), Vo), where V, is ureduclble a.nd restnoted

"[6, p.b75],we have .

H' (s (3) y Vo) gH 1($I(3), Vo). @

Let @ be the algebraio group SL (3) over F and G the first Frobenius kernel o

Fix a Borel subgroup B in @ and a maximal forus T in B. Let U be the unipoi

radical of B. Let 4={ay, -+, a,} be the set of simple roots, X (T) the lattice of
weoights of T', X (T')* the set of dominant weights in X(T'), and
Xy ={AEX (T)*| 0<A, ad<p for all a€ 4}.

More precisely we need to replace X3 by X (T')/pX(T). Then X is the seb of

- weights for s1(3). Let &* and W he the set of the positive roots and the Weyl gr¢

respectively. By [6, Ex. 23.4] and [3, Theorem 3], we have
H*(s1(8), ¥ (A)) =0, for A€ Xy and A¢ W.'0, - (3

where ¥ (A) is an irreducible (resta.lcted) st (8)-module with a highest welght A

w € W has length I(w) and A€ X (T)* with w. 0+p7LEX(T)"' then by [1, Coroll
5.5)] we have

HO (S 1072 (%) @A) if §{w)==1 mod 2,
Hl(Gly H°(w. 0+P}.))~{ ( ( )® )1 (w) mo

0, otherwise,
where S (4*) is the symmetrio algebraon u* = (Lie U)*.
Let Xi={aiM+ aaha|a1+a>p—2 and 0<ay, Ga<p—1},

and Xy={a1h+aada|a1+aa<p—2 and 0<ay, aa<p—1}.
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scall that if A € Xy then H® (?\.) V() and if A= a1x1+w2k2€X, then we have a
ort exact sequence. = . . - ‘
0-—>V(7\,.)—>H°(7«.)—>V(?»')—>O, U .A._(3.5),

1010 A= (p—2—ag) M+ (p—2—a3) A € X3. Lot ¥ (A) be an irreducible (restricted)
8)-module with a highest weight A€ X 4. Then by (3.2)—(3.5) we have
c HO(A) @, if A= (p—2)A1+2Ag,
H°(M)®, if A=+ (p—2) A,
F, if A= (p—2) (M+ha),
\ 0, othervvlse
y(2.4), (2. 6), (2 7) and (3 6), ‘we have -
Ho()®, if A= (p—DAithay
HO(A)®, if A=A+ (p—2)Ag
F, if a=2A3+2a o1 (p—2) (AM1+Aa),y
Lo, otherwise, ;
y Lemmas 2.1 and 2.2, (2.2)—(2.6)- and the remark at the begmnmg of this sec-
on, we have the following theorem., . SRR : : o

- ‘Theorem 8. 1. Suppose char F= p>3 ‘Let Vo be an Wfredfbmble st (3) —mocuule
ith a hfbghest weight. Tken

' L[B1>DC [,32] >ED< [/3‘] > if Vo =F,
HOA)®, if Vo= V((p—9>K1+lg), L
Hl('g(s m): Vo= H—o(%s)(l) if Vo=V (A+(p~2)A1),
e F,if Vo=V (2Mi-+ 1) oF V((p -2) (7\.1+}\.2)),
t 0, therwiseo. -

©HA(S(3), T (A)) e " (3.6)

H* (8o, V(M) =

§4 HI(S(3 m) V) and HI(S(] 1 1)) V)

- In thjs section we determine the structure of H'(S (3 m) V') where ¥ is an
sreducible S (3, m)-module and the structure of H3(S(8, (1, 1, 1), V) where V is
n irreducible restricted S (8, (1, 1, 1))-module All irreducible graded modules of
'(n, m) (=8) are determmed in [11] We have (ef 9, 10, 11]) the following
roposifion, - ' ‘

Proposition 4. 1. (1) IfV dis an irreducible graded module_, then V Vo q'}s,
P to somorphism, a bijective map of the class of wrreducidle graded S~modules onto the
lass of srreducible Sgy-modules. (2) If Vo is Spyirreducible, then Vo ds S-
rreducible unless Vo 4s trivial or a highest weight module with a fundamental weight
" as its highest weight, that és, unless Vo=V (), 6=0, 1, =+, a—1. (8) If Vo is an
drreducible Swy-module, then the érreducible graded S-module with base space Vo
gsomorphic to the (unique) minimum submodule (Vo)um of Ve. (4) If m=(1, 1, -,
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1), é.6. , S is resiricied, then every irreducible restricted S-module V is graded and
V-V s, up to tsomorphism, a bijective map of the class of irreducible restricted So-
modules onto the class of irreducible resiricted Sy—modules such that (Vo) mn 45 the
unigque érreducible restricted S—module whose base space is 4somorphic to V.

For convenience, denote ¥ (A) and (¥ (A))mn by Vi and M, respectively, ¢=0,
1, --, n=1. By [11, Theorem 2.2, Proposition 2.1 and Lemma 2.1], we have exact

gequences
0>F>Vi->Mi—0,

0> F 5T/ My~ My—>0, _ ¢

0>F© T/ My Miy—0, i>1,
where Vi= @ ¥V (A);and M,=0.

EASIEA .
Let char F =p>3 and §=8(3, m). Now we shall compute H (S, M,).i=1, 2.
the exaot sequenoe 0>M;—->V,—>V/M;—0, we have the long exact sequences
H°(S, V)—->HS, Vi/M)— HX(S, M)—>H* (S, V), i=1, 2. (4
By Theorem 3.1, we have H(S, V,) =0, 4=1, 2. Then by(4.1) and (4.2), we b
Fe, if4=1,
F3, if4=2,
By Propogition 4.1, Theorem 3.1 and (4.3), we have the following theorem
Theorem 4.1, Suppose char F=p>3. Let V be an irrducible S (3, m)-modu
Then

a8, M)=HS, V./M,) ;{ (4

cHO(A)D, if V=V ((p—2)A1+Aa),
H°(A)®, if V=V (ha+ (p—~2) 1),

F,if V=V (2M+L) or V((p—2))M+Aa)),
F4af V=V (M) min

P2 if V=V (A)) niw

L0, otherwise.

H'(S(3, m), V) ={

By [5, p. B75], we have the following corollary.
Corolary 4.1. Suppose char F=p>3. Let V be an irreducibe restricted S (3,

1, 1))-moduls. Then
CHO(A) @, if V=0 ((p—2)As+tAa),

H(M)D, 6f V=0 (t (p—2) M),

F,if V=V (2h+2a) or V((p—2) (Aa+42)),
Faf V=V (1)) min,

Fsr o V= (V(h‘a))mim

L0, otherawise.

HiS, G, 14,1, 1), V=
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