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THE UPPER BOUND ESTIMATE OF LARGE
" DEVIATION FOR INHOMOGENEOUS
MARKOV PROCESSES™

Lu YunGane (F % &)™

Abstract

In this paper, the Feynmann-Kac formula is extended to the inhomogeneous case.

Using the extended formula, the anthor studies the upper bound estimate of large deviation

. for some class of inhomogenous Markov processes. The results in the paper can beconsidered
as a generalization of the homogeneous ones.

§ 1. Introduction

The large deviation theoi‘y has been studied expansively by M. D. Donsker
8. R. 8. Varadhan. In this paper we study the upper bound estimate of large devia
for inhomogeneous Markov processes. First we study the estimate for a sequenc
independent r. v.s of which the distributions may be diverse; Second we extend
Feynmann-Kao formula o the inhomogeneous case. Then the formula is usec
study the upper bound estimate of large deviation for inhomogeneous Mar
processes,

Throughout this paper, we assume that ¥ is a Polish space. Let Z(E) be
Borel o—field on B, B(E) be the set of all bounded Z(XE)-measurable funotic
O, (H) be the set of all bounded continuous funotions. Finally, denote by .#1(H)
seb of all probability measures on (E, #(E)), on which the weak topolog)
equipped.

§2. The Case of a Sequence of Inde-
pendent Random Variables

Let {X;}i-1 be a sequence of E-valued independent r. v.s on a probabi
space (Q, &, P). We denote by u, the distribution of X; and define a real fanctic
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™ on B(E) as follows

7() =g§jf<w>uk<dw>,fEB<E>. @.1)
Lemma 2.2.
(i) T és a positive functional on B(E), é.e., for each 0<fEB(E), we have
1)=0.

(ii) T és a non-decreasing funcitonal on B(H),i.e., for each f, g€ B(E), f<g,we
ve .
T(f)<T(9). |
(iii) For each o, BER* and f, g€ B(&), T (af+Bg) <ol (f)+ BT (g).
(iv) Let |+| be the uniform norm in B(E). Then T is a bounded continuocs
notsonal on B(E) and
i : . T(1) =1. 2.2)
Proof Every thmg is easy %o see exceph the continuity of T. For this, we fix
, fa€ B(H) and seb s=f1—fa]. Without loss of generality, we may and will
sume that 0<s<1. Let f=(fi—f2)/2, then fi=sf+f, T(fs)=T(e(fitfs)
(=) fa<T(fartfa) + (L~ &)T(f)and 8. T(f) —T(f) <@ (fatfa) ~T(fi) <
Afal-+ 1) s Similarly, T(f2) — T(f)<(@Ifil +1)s, honoe
|7 (fo) =T (fD | <2("f1"+"f2“+1) 1f1=Faf. - - (2.3)
his shows that.T' is a continuous functional. '
Let n be a positive integer. Define L,:
. Q- #4,(H) by

Lo, =2 30 (X)), 4€2@), 0€0, @4

slr-l

1d sef . ,
Q=PoL;% (2.5)
hen, for eaoh posﬂuve mteger , Q,isa m'obabﬂlty measure on .///1 (Z). Finally,
10 fuhotlon I deﬁned by o

= : T —_— f ' .
| ()= sup [[fau—1ogT ()] (2.6)
a convex 1. s. o. funotion on 43 (H).

Theorem 2.7. For each compact subset Kof .#1(H), we have

m l 10g Qu(K) < ~intT (). (2.8)

Pfroof The proof is sumlal to the proof of Lemma. V. 2in [4]. Let f €0,(H),
€ R and set

H.,(5, @ ={ueﬁ1<E>;jfd,,b-logmf)%}.‘ @9

Sinoej fdp~1logT (¢") is a continuous funotional in u, we geb
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0t (S @ ={ wEAL(B); [ du—1og T (¢)>a } (2.10)
First of all, we assume that -
inf I'(u) € (0, o).
HEEK ‘

Given 8 € (0, ]_]e:l£ I(w)), set
»
T'={p € A(H); I(u) <inf I(p)—e},

Then
rero= | {pesum): jfdu—logfr<ef>>mf1<u>—s}
=re%£mth+(f, inf I(u)—s) - - @.

Because K is a compact subset of #1(E), there are fy, fa, - fs €0y(E) suoh -
Ecl H, (f, inf I(g)—e) |
=1 BEK

Hence
Qu(K) =P{w: L(w, ) €K}
<P {co: I.(o, +) EQ’H+ (f;, EE(IMS'_S)}
<ZP(o: Lo, ) EB+(fy 10II(w) o)}
<NP {w: 1 31 (Xa(@)) >log T(e) +inf () —s}
<N exp[-n(og T()+inf Iw) =) ] [T [ @m(da), (.
where f=f,, for some 1<<¢o<<N. Therefore we have

fim X log Qu(K)

<—log T(e) —inf I () +s +hm ~ 3iog j ef“’/.o,.(da;) .
On the other hand, ib is easy to cheek that 4
mm L $iog [ ¢ (da) <log T (),

hence
Tz i log Qu(K) < —1nf () +s. e.

This gives our conclusion for the case of
inf I (w) € (0, o)
MBEK

Now, we need only to consider the case
inf T () =oo.

KeE
For any o>0, set
T~ {p € M:(B) I () <ab.
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‘hen
KcIf%={u€ #i(H):I(w)>a}

~ U et [fap-1007@) >a}

1E€C (D)

= |J int H.(f, &).

FeCulE)

Tence, there exist fi, «+» , fv € 0, (E) such that
b .
K<) H.(fy o).
lo we have

QE)<NP for L 3 (Xy()>og T() +a }

k=1

<N oxp[ —n(log T'(¢’) +0a) ] lc:fIJ @ u, (dw),

vhere f—— fi, for some 1<<4o<XN. Therefore

hmi log Q.(K)

< -logT (&) —o-+Tim— z:logjem (dz).

noe T sl
3y the fact
Lim | "y, (d2) <T (¢"),
ve have
Tim - 311og [ ¢/ (da) <log T(s"),
wnd so

—1 |
Lim = log[ n(K) < —a.

Jur conolusion follows immediately by lefting & 4 <o.

(2.18)

In order %o pass from the case of compaoh sabsets o the oase of closed subsets, we

nake a hypothesison {X;} as follows:

H: There is a compact fanction @ on H(i.e., forany d€R, {»: p(2)<d} isa

Jompact subset of B),which satisfies
(i) 1<p<oo,

(ii) @ = 7161_551 j (o) i, (da) <oo.
Theorem 2,17. For each L>0 and s>0,
T 2+ log Qu{is € Ax(H), u(K:) <13}
< —log pL—log—I—}-,
PL
where pr€ (0, 14 i?}fr' @(z)/P) and

(2.16)
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: K= {: p(z) <LD},
Proof By the definition of @, for any 3>>0, one can choose an N such that

| (@ uu(a0)

5 <1+3, n=N.

Hence

E[q’(Xi);l;;q)(X")] [kf[l E‘P(Xk>](1+a)n—N<M<1+8)n’ (2.18)y

where M is a constant. On the other hand

S 4 (X k)
z§110g 5

= 3 Dtme (X) + (L2 ) X)) og q:(gn) |
>(§XK2 (Xn))log L+ (g (1—xx£‘) (Xk) )log Pz
=”'1°gPL+<k§:;Xxg (X))log-g';- : .

" —nlog pL+n(1og'l'-)L,.(-', K9).

Using the above ‘two inequalities, wé geb

Chocg e WA

[exp( (log—-)L,.( KD | <M (1+5)" exp(—nlog—), T
_——loan{lLbG-/%(E) w(K7)>e}

<log (1+3) —log py~ s log p%' S @
This finishes our proof. |
The proof of the following two oonclusuons are sunﬂar to the ones of Lemm&
and 4.3 in [1], Part IIL -
Tlheorem 2.22. Under the hypothesis H, I is a rate functrwn That is
! 1) I is a comwex 1. s. ¢. function on M1(H);
{ii) for each LER, Ap={w: I(w)<L} is a compact subset of .#1(E).
';‘Pfroof Obviously, (i) follows from the definition of 7. Since I is 1. g. e., 4
closc}’;d for each L € R. Thus, it suffices for us to prove that A, is a tight sabse
A{(E). To this end, note that '

j fau<I+logT(s) ' @

for any € Az, and f €0,(E). On the other hand, since p is an 1, s. o, functmn o
t}here exists a sequence of continuous funotions {p,} such thai

{ pu(@) 1 p(a), =ER,
| p(@>1,  oEE.
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'aking @n=p, A\ instead of g,, from Fatou’s lemma, aﬁd (2.23), we get

Ilog pip<Im j log ¢ < LT Tog T(¢,,) SL+log®, p€An. (2.24)
Ve now have P ‘

ng % du<L, wCAs.
oxt, for each ¢ € R, chooge : :
. K,={z: p(z) <c®}.
learly, K, is a compact subset of Z and
L>(j +IK )log 2@) | (d0)> (log PL)M(K )

r each p € Ay, Henoe, for each u € A, we got ‘

c —IOgPL , ) :
w(KS )<1OgCr o . (2.25)

henever o> pz. Butb . _
.. L-logps _ 0
oo ].Og o —].Og pL
ad s0 Ay iy tight.
Lemma 2.26. Under the hypothesés H, foq' each A <oo, there ewists a tight subset

‘aof M1 (E), such that _‘ , - A
B | Tim l log Qu(E)<—A4. @.27)
Proof Take g1 o, x| 0 and set
_ m—{l-beﬁl(E) w(la) (A~ 81:) for all 70}
Smce I', is a compact subset of B, K o 18 a tight subset of ./4/1(17}) Also, by
2.17), We see that

QAK,,J <3e {ué%(E) w(T) <1 0}
<M"exp( nlogp) Zexp( —nsxlog —) i
- L) | (2.28)

here pE(O 14quu(a:)/d§ and
» %E¢(Xx)<M<°°

v all k.
‘In particular, if we take

1 { A+ M \*
8k=']F) o= ( ) )
and assume that 4:>1, then
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oy M S 1
Q&) T ey : .
oo I nik )
> ___)] =MY[(A+ M) =],  (2.29)
Hoeuce
lim %— log Q.(K &) — 4.
The proof is finished.

Lemma 2.80. Under the hypothesis H, we have.
fim = log @.(C) < —inf I (u) C
me T . BeC

for every closed subset O of )//1(E5 '
Proof By Lemma (2.26), for each A <oco, there exists a subset K, of .

suoh that
hm -1— log @, (K )

p R

Since O i3 a closed, ONK 4 is oompact and ON K,_CO, We have
Tim L log Q. (ONK.) <~ inf I(u)<—inf I(x).
nsoe 70 ) . MWECNEL - ’ {IEU

Hence T

Tim - 1og Qu(0)

="@l%1og{oﬂ<onko+o;<anm>]

<[mm L 1020, @NED ]th_logczﬂ(K )
<(—inf I(u))V (—4).
ueq _
Let A — oo, the proof is finished.

§3. The Case of The Inhomogeneous Markov Precesse
with Dlscrete Parameter

Let {m}}.1 be a sequenoe of Feller transition functions on K. For each z
(2, &, P,) be a probability space and {X;}7- be a Markov process on (Q, &
with trangition functions {;}i-, and J.mtlal condition P, (X o=x) =1,
Finally, we define -

@) @ =@ j F@ma, &) =" @) ) @.1)
for V € B(E), and define sucoesively .
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@+t (Vlr Tty Vn-l-1>f =W"<V11 M Vn) [Wn+1(Vn+1)f]
rn>1 and Vy, +--, V1 €EB(E). Now, we have the following proposition,
Proposition 3.2 For each fC B(E) and V,EB(H), k=1, 2, -, n,

[ (Vs -, P)F1(8) =" F@)exp(Z74(ZD) ).
Proof For n=1, we have:
B [f (X exp(V1(Xo))]

. £ G, dg) = (a1 () = T @)
ppose that

w (Vs oo, VaF @) =B f (Xdexp( 3 Vaua (X )].
1on, we have o : ' |
[@™* (V1 =+ s Vg VasaF1(2)

=[@ [y -, V) (W»+1(Vn+1)f )1(2)

=P [ 7] (E)ep( ], Vaes (X))
-=EP=[exp oia(X2)) (s @exp( 3 S Vea(x )]
~eroxp( 7 ) B Eu0 1 ED]
~[oxp( 3701 () ) E*(F(Xusd) | X, 1, X)]
=EP: [exp(’ %le(x ) )f (Xnsn) ]
Proposition 3 3 For each f € B*(H), set
Vi=log f~Tog mf, k>1,

ore B* (E) ={fEB(H): there is a 8;>0, such that f>>5;}. Then

[m;n (Vifb Tty V{z)f] (93) =f(£U), ‘n’>1.
Proof For every n=>1, we have ’

@@ VD@
—ep 1) [ Fi@n) [ oxp) T4()em
oxp (V5(0h-D) | F @7 @a-s, )
o (ya, dys)wa(ys, dya)w1(e, dys)
el e [ e
L e [r@dm s ag)
wa (ya, dyo) wa(ys, dya) wa(, dys) =f(@).
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'We now need a hypothesis on {m:};Z, as the following:
Hj3: For each f € B*(E),

fm Zof ()=1 3.4

R>m->o W,.f

uniformly in s € K. .
' Proposition 8.5. Under H:, for each € E and f € B*(E),

I - log &% F (X exp(— s 2 "'zilog = (x0)]<o0,

=1 k=

where N(n) >n is @ positive integer satisfying

1V( y
Proof For each s€ (0, 1), by Hj, there exists an M such that

W—a;“%(w) <1+ s, mn=m=M.

n,

Therefore
e F(x)exp( -~ (n) ps ,’;z"llog =] <m>)

=EP'[f(X)exP< N(n)(mG 2 §§+M =

=1 k—- = +1 k=0

CONm)  n-1

§+1 k‘s';l log lvif—f_<Xk) ) .
<(ifiyer [f(Xoexp(.-W e S10g = <X>)]

ey 3, e 2 (X))]

M+l k=M

<( DALY (14 s)(N(")‘")(»-M)/N(n)( ||f | )(”"M"/ N,

-E%[f(zz,.)exp(—ﬂlgf—n)l Stiog Zal (x, >)

+exp (ﬂ%;_M_ :g—:]og _””k_}i_f_ (Xk))

ALY | yn(—m) (B0
<(_3,LI) (1+s) Ya0)

. E”[f(X,.)exp(— 'illog M(Xk) ) '
ot gy e 2 )]

SM4 (n—M)3/ N(n} .
( LAl (Lt ) Wi/ He),

<f(=)

Then, we have.
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Ny n—1

logE""[f(X)eXP( Ngn) > Slog

=1 k=0

hml

“*f (X )]<1og<1_+ 8).

o

et s | 0, the proof is finished.

Set
L (e, A)——ZXA(X;‘(@)),V AG.%’(E) ©€Q, nez+ (3.6)
) me—P °Ln1) ; WEE W€Z+ . (3.7)
I(u)= ~ inf hm—éflog_i}f.-(w)mz),u,e_azfxE), (3.8
feCuE) P =1

here O} (B) =C3(EB) N B*(&). o S
Theorem 8.9. Under Hj, for each compact subset K of M1(E) we have
Tim 2 10g Qoo (K) < —inf I(s).
nse NN BER
Proof

@ e®) =, oxp(n 1 log[ 11 arkf/f”‘”’] "N""(w)ib(dw))

1/N( 5y

oxp (1] (77 /1wt (w)ﬂ(dw))Qm(dM)

Nn)

<exp(n sup1og [([fms Vo ™ @ |

: 1/N< )
f XP( flog fro / H oka
d by Proposition 35 We‘hag,ve '

(&) (o) ) Qe (@)
T - Tog [ oxp ( n [ 10g [f‘,""’ I = ]1’”‘“’ (@n @0 )Q,.;azm

n-rcc

R o 1 o N(n) n—1 W;f
hmzlogfexp( N(n) > Zlog

e = A

(Xk))clP <0,
Sinoe » o
e (BL) @@
sontinuous in u, K is eompaot there is a Mnys € K such tnat .

sup — (n) zjlog—”ﬂf-cwmw)

-5 (n) 2 j log (wef/£) <w>p,.,,(da,),lt -
en

Eil 10g Quo(K) .

<}g ToT 2 | e 1) @k @), (3.10)

Fuarthermore
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i L 1og Q,,.(K)

N{n
< inf lim i Z jlog—"—'(m),u'mf<da;)
feoymn>> (n ) =1

<sup inf hm Jlog W‘f (o) u (do) = —mf I(uwy. | (8.11)

HEER feoicmy P n .__
For passing from the case of compaoct subset o the case of closed subset, we would
give a hypothesis on {X,}7_ 1as follows:
H3: There i a function U and a sequence {u,} <O,(H) suoch that
(1) w(®) =1 n=1, s€E;
(it) sup un(w) <o, sEH;
(i) ;cl_ﬂlhg-; z‘,log *”k = (2) =U (), wGE’

(iv) There exists a constants A € R* such that

sup Iim L zlog “”‘ (a;)<A‘ S (3.1

k@ nee n =1
(v) —U is a compact funoinon on K,
Lemma 8.18. Let {w:}. be a sequence of transition functions satisfying Hi a
. . | o (
" (i) For each LER, {u: I(u) <L} is a tight subset of My(E).
(ii) For each N<oo, thew emsts a tmght subset Ky of M1(E) such that
hm

1im L log Q. (K%) < o a
Proof Take n€.#1(E) and I(w<L. Then ’ 'i |
iim L 353 1og (mif /) (@m(@n) >~ T
for each f €C0F (H). In particuiar

]__1—5% {log—u—"(a;)p,(dw)> —L, k=1, 2--,
i-_-.-

fi—>o0

By Fatou’s lemma and (1v) in H3,

IU(m) w(de)>—IL.
Then, for every h<0,

<jU(m) w(dz) <hpdw: U(z) <h}+ 4.
Therefore

[.b{a: U(a;) <h}< I (L+ A)

|2
Set C
Iy={s: U(z) =R}
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r (v) of H3, Iy is acompact subset of & and ‘
{p: I(w) <LYc{p: p(ID<T+4)/[h|}.

his shows that {u: I ()<L} is a tight subgeb of .///1(E)

For n>1, o €R and s>0 seb
SR ={z: U(2) > —no}, :

Mf..a— {rp((ID) >},
hen, J¢ is a compach subset of F and for EM

[v@u~([_+[,_)o@u@

<Ap(J3) —nou((J7)%) _
= A[1—p((J2)°)] —nou((J)*) <A —sno. (3.14)

On the other hand, by Proposition 8.5 and (i), (11) and (iv) of Hz, for each

>0, when n is large enough, we have
foxp(=n| U(w)p(dw))Qﬂ,,wu)
'jeXP(~ J‘zﬂ{?lﬂl rrN(n) 21:

<[ oxp (—nTm Im 1t "5P10p 2t (w)u(d@)Qﬂ,w(dm

g S <w>p<dw)> Qure (dy)

Krro0 7200 TN(?’I:)

rN(#n) n~1
<Ilim]im'exp( = (n) 2 B ity (X,) Yae,

 <limlim | o j ( _1 gy, ”’*“’f (X ))dP <oem, (3.15)
: o Tores 0"N (n) =1 §=0 g i e .
1ere C ig a constant.By (8. 14) and (3.15), we have ‘
Qoo (M) = Lﬁ 9XP('"7"U.(“°)#(dm))?XP<fm'I U () p(dw) )Qmm(d;b)
<06m(A+ﬂ)6—mnas’ - .
' m large enough. In particular
Qe ML) <Ce™4g™ g™,
is implies
oo . . ” ) 3_"“7-
Quro (L;Jl M#,, )<03 (447 T g (3 .16)
- . ' 1Yn
o Ees(Qane ).
en
K,={p,: p((J3)%) <-i—‘ or all n }
is'a tight subseb of #+(H) and '
(3.1

E% log Q. (KO <A—0-+5.

n~>o0
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W ith the lemma in mind, it is easy fo obtain the following theorem.
Theorem 3,18, Let {m}i., be a sequence of transition funciions satisfying Hy

Tim L 1og Qu,.(0) < —inf I(w), zE€E,
nseo. N peC

for every closed subsei o of M1(E).

§ 4. The Case of the Inhomogeneous Markov Processes
with Contmuous Parameter

Let {p(s, o, 3, dy): 0<s<t<oo} be a family of the standard Feller transit
funotions on E. For s € E, let (2, &, P,) be a probability space and {X (#)}+.0 k
right continuous process on (2, .F, P.), {p(s, , ¥, dy): 0<<s<¢<oo} be the transit

funotions of {X (#) }1»0 and P.(X (0) =z)=1. Seb

to . . |
Lo, A= [ 14(X G )i >0, 0€Q, ACHD), 4
tha:= PUOL;—Iy t>0) | N

@G, F) (@) =I f(zl)P(s» z, 4, dy)rr 333, fECb(E).
It is obvious that for any 0<s<¢<{oo, T'(s, £) is linear operator form 0,, (E) to itse
17 G, t) I<1, T, ¢) is an identity and
T(s, 8)=T(s 6)-T(y t), 0<s<u<i<oco, : (4

D(4) = {fEO,,(E) there exists the limit 4,f alim T_“_Qf_f_ €0,(B) }

tils
“
D*(A,) ={f €D(4,): there exists 3,>0, such that f>5;},
D*(4)= Q D*(4,).
Clearly, D*(4) is not empty.
‘We make a hypothesis on {4,}.0 as the following:
H*: For each f € D*(4) and T'>0

(1) Im [4:f (2) — A,f (€)1 =0 uniformly in € s

(ﬁ) hmgﬁf’—t—)f— =A,f uniformly in s€ [0, T'];

tis
(i) sup |4 f]<oo; . .
(iv) A. f (X ( )) is R-integrablée on [0, T}, “..,
By (iii) of Hi*, we know that for each f ED“ 4) there ex1sts an N () such that
. I‘EE N (&) =0, (4.5)
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here N e—nc @+ SUP " A fD.

4 NG (t)
imply take
| N@ =+ smp 4D

Proposition 4.6. Unde«r HY, for each f ED(A) we have
hmi log &7 | f(X(t))exp( - @ j’"” ( j —F(X(w))dr) ds)<o,

here N(3) satisfies (4.5). ‘ . ~
Proof By Hi" and (4.5), for each g E (0, 1), there exists an M >0 such that

Af (@) — 4A: f (@) <e

13

0

iiformly in s € E and
N(t) = (t-l— sup ||A,f||)/N(t)<s, t>s>M

hen, we obtain

EP- [ F(X@®) exp( O ( ) me (J' A7 (X ('v'))d'r)ds )] '

B [f<X<"))°xP( VO] il J J Ju
+ j‘j;(t) Io + jz(?), j . '_33“1: (X (%)) ds dv >]
<o {1 @@ e~y [ [, ALz @naea)

N@#~M- 'rf o (o
NG JM 7 <X(“’))d'”)

;G#P<—TV_:ET) J:[“. i I

<0 f (X(t))exp( j A f (X(z'))dr)

(-
=0 £(X ®)exp(-
’ j M(X(r))dsdw)

roxp( U/ (2))] —zi<x ()

[ [ S LA cxons)

(N () —8) (t—H) e
<exp< 5 G) g )Os O]

[ (x@exp( [, L x@)ar)].
For each k, n€Z* and f € D*(4), :
T((F~1)¢/n, k&/m)f _ t Ao aesmf | AN
R H] oy L el g, (£)

o (2 (B0 E ¢ Vps8) <t ot i)+ (L),
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=Gl
k=0
is a Markov prooess on (Q, #, P,) and its transition function is {w{"},=;, where
)(m dy) p(k 1 i, », ———t dy)

for k, n€Z*, Therefore, by Propositions (3.2), (3 3) and (ii), (iv) of H;i", we have
e[ £(x @)oxp(~ [, AL (X (@) ae)]

On ‘the other dand,

—E" [f(x(t))hmexp( 2—(Am/f/f)( ( ))]

<t & [ (X @)y~ Si1og L (x( 2 t)))exp(oa))

<) @)
for each >0, Letting »— 0, we have

E""[f(X(t))exp(—r A1 (X (5))az)] < @.

Hence

15 i [rcroym o (4 cxnade)] <o

-Let s | 0, the proof is finished.
Setting v S
1= int T8 L[ ([ 4L @ua) ) as pess®),

1EDHA) toe b
“Wé have the following theorem. .
Theorem 4.7, Under HYY; -

T - 10g @y (K) < —1nf ()

{300

for each compact subset K.of #1(E).

Proof B
Qo) =_exp (5 Nt(t) o (AL @ua Jas)
ety (AL @uw@s )ds)Qt ()
<exp(ggg 75l % Af (w)ﬁb(dm)>ds> -
:‘-E‘P'.[efp(. N@ j”“’(j Af (X ()ar)is )|
@%ﬁﬂ“ﬂ“@wwWO'j
oe [oxp{ - N-l(t.) (] o%f‘(x @)as)as)]
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zere ;€ K, By (4.5)

hmllog Qe <lim Nl( t)j ’A}f (w)m,t(da;))ds

orever
Tim - log @oo(K)

— ¥ ¢ A f
<,ist Tm N(t)[ ( ("")“"f<d”))ds

<SP, h@mf el ﬁi(‘”)"'@“’) )i

<sp it T3 [ Aomaman oo @

In oader to pass from the case of compach subset to the case of closed subset: we

red a hypothesis as the following: HZ*: There is a function U and a sequenoce {u,} €
¥(4) such that -

(i) w(2)>1, n>1, 2€EE,
(ii) sup U, () <oo, s E H,

(i) hmhmlj: st (a;)ds=U(m), 2€ B,

fi~co froo t

(1v) there is B< oo suoh that

1 t' sun
P j % )"KB

(v) -Uisa compaot ‘fanotion on . (4.9)

Lemma 4.10. Under H* and H3Y, f0fr erch LER, {w: I(u)SL} is a tight subset’
M1 (E) and for each N<oo, there exists a tight subset Ky of M+(B) such that
- Im % log Qo (KG< —N. (4.11)

Proof The proof is similar o that of Theorem (3.9). It is enough to show, for
ch 0 and ¢ largh enough, that

IR ICUEICROPLNCE
=I exP( Jlfg ;lgl d J Aiin () u(doy )an (dw)
<[em(~+| EmER j’N‘” A ()11 (@0) ) Qe (01
<t (4] s 7 A0 0 Y

=lim lim [ oxp( - rrN(t)I [, Asu" (X (3)dn) )aP, <o, |

Wxth the lemma, in mind it is eagy to oblain the fo]lowmg theorem,
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Theorem 4.12. Under Hi* and H}*, we have
Bt < Qye(0) < —inf I ()
130 t BEC

for each closed subset O of A1(H).
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