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HARNACK INEQUALITIES FOR FUNCTIONS
IN THE GENERAL DE GIORGI
PARABOLIC CLASS

Wane GuaNeue(E £ ZA)* Liv Zaauso (3] k#)*

Abstract

In this paper the anthors prove that functions in the general De Giorgi parabolic class
satisfy Harnack inequalities and hence extend the results obtained in the 1960 by Moser,
Trudinger and Ladyzenskaja et al. in a sense.

§ 1. Introduction

In this paper we prove that the funotions in the general De Giorgi parabolie
g satisfy Harnack inequalities and hence extend the results of Moser in [1, 2]
. Trudinger in [3] as well as the relevant results of Ladyzenskaja et al, in [4]
. sense. It was only shown thab “solutions of parabolic eqautions in divergenoce
n satisfy Harnack inequalities” (in [1, 2, 3]) and “functions in the general De
rgi parabolic class are Holder continuous” (in [4]). Bub as we shall see the.
tions of parabolio equations in divergence form belong to the general De Giorgi
abolic class, and the fact thatb funobions satisfying the Harnack inequalities are.
»matically Hélder conbinuous is well known;

This work is an extension of [5] where the Harnack inequalities for the general
Jiorgi elliptic class were proved by means of the De Giorgi interation technique

a measure argument used in [6] and [7] respectively. Although the
esponding De Giorgi iteration technique and the measure argument have
ady been established for the parabolio case (of. [4] and [8]), there is still some
ntial difficulty in the extension as can be realized from [1, 2] and [9]. In fact,

0 the measure argument the method of comparison function was used to get a
fusion lemma” (i. e. Lemma 1.3 in [8] and Lemma 3.1 in [10]), but this
hod does not apply to the general De Giorgi parabolic class. In the paper the
fusion lemmas” (i. e. Propositions 3.7 and 3.9) were obtained by combining the
}orgi iteration technique with a method of “double enlargement”,
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Let 2 be an open set in R*, T>0, Qr=0x%x2, T). The pace Vi °Qr) =0I([O, T1,
Ls(92)) N La((0, T), Wi(Q)), the norm of a function u(z, £) in V3°(Qr) is defined
lulor = max ﬂ“(w; t) “2.D+ ||Daul|s.9,

0<t <T

where |. s, 0 and |.] ¢, denote the L, norms over Q and Qr respectively, Dyu=
(u‘" e, u'”).

Definition 1.1. A function u(w, t) is said to belong to the general De Gicri
parabolic dass DG(Qr, N, z, k, Ny), N>0, x>0, £>0, Ny>0, if u(z, £) EVE(
and for any =0 the function w(w, §) = +u(s, ) satisfies the following unalfit?}es

' 'w(k)l 5@-%» T~03T) <N{[ (o 1P) -2+ (o 27) '] | w® " 5,@(,,, 7)
. ]

+ (B + B 57 (b, p, 1)}, ¢

hftﬂggfwllw(”’ (@, ) 2,80 e SN[ w® (2, 1) |2,5,+ N [(o10) 2| w™)E, 001y

a 2
+ (B2 +E%p™"%) ™% @ &, p, 7)1, ¢
|92 &s-rp 7 -0amy < N { [ (0°30) 7+ (03%) 71 |0 ™| 066,
+ @R T (5, p, D), ¢
where ’

u®(z, ) = [u(z, ) —k]*Amax[u(s. §) —Fk, 0], for w=u ]
w®(w, t) = . . "

| max[k—u(w, 1), 01AE—u(=, £)1%, for w= —u,

p and 7 are arbitrary pOsitive numbers, Q(p, 7) and Q(p, v) are arbitrary cyli
belonging to Qr, o1 and as are arbitrary numbers from (0, 1), @(p—aip, 7—
(Q(p1—01p, T—GaT) Tesp,,) is coawial with and has & common wertes with Q(c
@Q(p, v) resp., of the form

Q(’I‘, $) AQ (@, fy, T, 1) = Be(wo) X (f5—s, %y),

Q(r, ) AQ (%o, oy 1) 8) =B (%) X (8, p+5) resp.,)

BAB, (@) = o= (o, -, 2); [33(e'~a)?| <},

Ak, p, ¥ = | {(a, H €Q(p, ©); M (a, 8)>0}],
u &, o, %) =[{(2, 1) €Q(p, 7); w™(z, H>0}.
Here and in the sequel |S| and mes G denote the (n-+1)-dimengional
n~dimengional Lebesgue measure of § and G respectively,
The Harnack type inequaliies that we will establish in this paper are
following theorems, | ‘
" Theorem1.2. Letu(w, t) EDG(Qr N, x, §, Ny) 0, R>0, B.(z) x (%, T+
Qg 6 € (0, 1). Then for any p>>0 there exists a constant 0>>0 such that

- u(a, ’t).<0{<j o [u+]vdmdt)1/p + ];an/s}'

Boa(@X @+ (1~01)aRLI+ORY) Ba(D)XF,14+6R")

where O depends only on p, n, N, x, Ny, o and 8.
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‘We always set

i 'vd:v dt——l——J fvdmdt . _
Theoreml 8. Let u(w, t) €EDG (Qr, N, 3, k, Ny), u(w, £)=0, §, R>0, Bp(z)
%, T+6R?) <Qy, then for any o3, o2€ (0, 1), 0<01<62<6’3<0 there exist positive
stcmts p and O such. that , :
{ER™/2+ inf u(a, t)}>o[’,f u"dwdt] a,

Bou@) K (FE+6; BRI+, RY) Bryx@XETHORY
376 p and O dep@nd only on n, N, %, Ny, 01, 8a, 8, 6, o1 and Ta.

Combining Theoreml.2 and Theorem 1.3 we have the followmg full Harnack
quality.

Theorem1.4. Lot u(w, 1) €DG(Qn N, %, 72 Ny, w(w, t)=0, R, §>0, Bx(z)
t, t+0R® CQr; then foq' any o1, G2€ (0 1), 0<91<02<93<0 theq'e exists a
stant O>0 such that

sup wu(z, 1) <O[ inf u(w, 1) +]$R""/2],

Ba @ XG, i+01RY) Bg,g(i)x(?+9,R’ t4+0,RY)
we O depends only on n, N, x; Ny, 03, 63, 85, 0, o1 and 0. 7

The paper consists of five sections, §2 is mainly devoted to the proof of Theorem
. The “diffusion Jemmas” were obtained in §3. Theorem 1.3 is derived in §4, the
wsuae lemma (Lemma 4. 3) used there appeared orlglna,lly in [11], 1ts proof can
found in [12]. .

This paper can be considered as an extended form of [12], it extends the results
[1 2] from “homogeneous” case to the “general” case, In doing this the main
1cu1ty is the infimum estlma,’r.e (corrospondmg to Lemma 2.4 in [12] and
yposition 3.1 'in [5]), since neither the procedure in [12] nor the one in [5] can
used here. We get the estimate by a variant usage of ’u];e De Giorgi iteration
bniquae. . ' _

For conveniencé, we assume N;=1 in §3 and § 4, 'and then congider the general
in §5. In §5 we also derive a fact that the bounded Tsolutions of the quasilinear
‘abolic equations discussed in [3] belong to the De Giorgi class.

§2. The Max1mum Prmmple For Functlons in-
-DG (QT; N x) k 1)

Lemma 2.1, Assume u(at) €VE(Qr). 6, B>0, O(B, 8RB AQ(zy, £y R, OR?)
Yo. If the inequality (1.1) is valid for w(z, ) =u(=, %), then for any uw€ (0, 1),
r¢ exbsts a positive constant O such that

sup  u(w, 6)< S — [(f ' (u* (2, 1) ); da dt)m] +kRr13
duz, Baney N (A —w)#F™0/% L\ Jgca, 0mn) e : e

where the constant O depends only on, n,N, %, and 8,
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"

e-min{ iy g} |
This lemma can be proved in the same way as in Lemma 2.1 of [12] combining
with the mathods used in pro‘ving Lemma 2.1 of [5]. The details are omitted here,
Proof of Theorem 1.2 By the Holder inequality we only need to consider the
oase p€ (0, 2). Taking o=z, 1°=%+6 R? and setting
O sup u(a, ¥),

Bya(@0) X (to—833R%, ¢ )
by Lemma 2.1 we have, for any t>s with s, $€ [u, 1],

F(s) < __(_7‘_+___ H (u*)*do dt] V2 ERrsagmn,
| (1 _:;L)u WV Joe morarn ‘

Denote by w, the volume of the n~dimensional unit ball and note [(1+ny)/2/s
(n+2) /n, then, for any p€ (0, 2), by the Young Inequality, we have
o Cqua
~>. +\1-p/2 +\p . nx/a
f&= (E—s)Frmo/als g, 1?39233) (%) {j:—m,m- (w*)?dw et} +iR
1 a/p 1 {j‘ +\p } ng/3
| <—Z— f(t) + (2O> —(W Q(R+elz’) (U ) da di +ER %/,
By Lemma 2.3 in [12] (page 10), we then have C
6 j I +\p /e A 11/2}
6(7136?3')”(% << A=y Cranire [[ DY (u™) da:dt] +4R ’
where 0= C’(n, N % », ), which proves the theorem.

§ 3. The Diffusion Properties for Functions
in DG @Qz, N, 2, k; 1) -

Lemma 8.1.. Assume u€ VE*(Qe), (1.2) ds valid for w(a, ) = ~u(a, ). u;
p>0. If ' ‘

mes B, (&) < j[ mes B,

 where M>1, {=ko™'2, then for any £ € (V1/M, 1), there ewist positive numbers €
=0, n, N, 2, M)<’1 b(&)=b(&, n, N, 5, M) <1 such that L
06 B, <b(©)mes By Vi€ L b 057 €
where By, ,(t) ={x€ B,, u(z, t) <k.}.
Proof Taking k={ in (1.2) we have, for ¢4€.(0, 1),

maz L_ € —u(a, t))zdij_ (C—ua, ))* da

tost <totdp? 7.0

N {02 [C-utm )1 dad

Qp,8p?
+(k*‘+§2 ) R 5 (C o 99)}

whers € (0, 1) is a constant fo be determined later. Hence we have
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- 2 af 1 (M ‘d}
L;M,, L ~u(a, £)?dw<l { M+(a;f +O°N)0 mes B,,

where O, depends only on », 8=min{1%f—2&)—, 1}.

On the other hand, for any £€ (0, 1),

(€0 mes Bacpepes D[, [L—u(am Hlda.

T'herefore .
- of 1 N N\
mes B(lff):.p—axp (t) <§ 2{'M—+ (—O_—{—l‘ O°N>9"} mes Bp.
For any £ € (~/1/M, 1) it is obviously possible o select positive numbers oy, 6(¢)
wnd 5(€) so that

w6+ (Zro Bt 0, 1),
['he lemma, is proved

To derive Lemma 3.3 below we need the following lemma which can be proved
n the same way ag in the proof of Inequality (5.5) of Ch, II in [4].

Lemma 8.2. Assume u€ Wi(B,). If mes B; ,<bmes B, b€ (0, 1). Then for
my h<k<n we have

_ - «_Bp
(k—h) mes By ;< 1-b JB-M \Bip

| Do da, (3.2
vhere B is a constant depending only on m,
Lemma 8.8, Let u(z, £) €EV°(Qr), tnequalities (1.2) and (1.3) be valid for

v(w, 1) = —u(w, &), Assume u(z, $)=>0, n>0, mes B;,,(to)<-%f- mes B and M>1,

Hence for any £€ (V1/M, 1), 0=0(&) can be determined by Lemma 3.1. Then for
may? >0 and any 0 € (0, G1, there ewists s=s(&, 7, 8)>0 such thas, for (L—§&)"*n>
;nz/2,

A 1@ m@A=8)* o, 067 |<7]Q(0, 07 |, , 3.3
vhere @~ (%, p, 8p*) ={(z, ¥) €Q(p, 0p™); u(w, 1) <k}, provided Q(2p, 49p*) Q.

Proof By the assumption mes B; (%) <.]:l[7 mes B,, we have
mes(_l—{)‘ﬂ,p(to) <T}I_ mes B,,, ®=O; 1, e, 81,
s to be determined) . Therefore Lemma 3.1 is applicable o 4(x, &) in the Q(p, 6p?)
‘'or the level { = (1—¢§)*n, it guarantees that
: mes BG_ g, (#) <b(§) mes B,
or
tE [toy t0+0p2].'
Let us apply inequality (3.2) to the function u(w, ) and the levels A= (1—~§)*1y, k
= (1—&)*y for $€ [4,, t,+0p7]. This gives
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PR

§(1—£)*n mes Bii—gymg,, () < lDwu (2,t) dw,

Be j
_ 1-b(&) Jaw
where
Di(8) = Bi—pyn,o () — Bl-prn. o ().
We integrate both sides of this inequality with respect to ¢ over [#y, f,1+6p?]; then:
we square both sides, after which we estimate the right hand side by the Cauchy
inequaliby
EA-D1*Q (A&, p, 007 |*

ST Bbz_é)‘)”‘[f:wjg.m |Duldods |

Bz 2 to+0p7 ) to+8p®
S B g b(g)],L. Lw) | Dy dwdtjh mes 2,(8) dt. (3.

For an estimate of the first integral on the ‘right hand side we use inequali
(1.8), choosing for Q(p, 7) the oylinder Q(2p, 40p?), and for Q(p—o1p, T—0s7) t
oylinder Q(p, 8p®). After obvious simplification it gives

“'““‘"L‘m | Dy} * do <O [ (1~ £)"**11| Q(p, 6™ |

to
Oo= N2n+2[ 3‘932‘1 a)f,/(”+2)+ (1+2nz) Wt /(n+2)] .
For 4=0, 1, -+, s—1 from (3.4) and (3.5) it follows that

] O 3 .3 /e tet+0p?
1@ TA=6", p, 0671 1P <~y D Qe 09 7~ ™ mes Du(e)at,
and furthermore _
oH8pt
17 TA-6)n, 0, 05 1< 3 mms 100, 60 1 ™" mes Ductydt.
Let us sum these inequalities with respect to 4 from 0 to s—1. This gives

1@ TA=0, o, 0011 <E G2 Qe 001

from which it ig seen tha.t for

8= 3(5 7,6,)>— 1 0,8*(fw,) 2D

7 SA-u(©]

we will have (3.3).
Lemma 3.4. Assume u€V5°(Qr), w(s, 1) = —u(x, t) satisfies (1.2) and (1.
If u(=z, t) =0, and ' o

I 1
mes B'I:P (to) <T mes Bm

where M>1, n>0, then for any £ € (~/ 1/M , 1), there exists a constant §=0(¢) p
sess'mgthe followwng pa'operty for any 8 € (0, 8] one can find an s*=s"(§, 0) such thai

inf  u(w, §) =My —kp™2,
;p(@:)x('u‘q'l- ﬂp’) »

whoa A=A (€, 6) = (L—£)™*%, provided Q(3p, 496 Q.
Proof Without loss of genterality we may assume Epm 2 (1—£)" 4y, with "
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bo be determined later. (Otherwise the lemma holds automatically,) For any £€
(~/1/M, 1), we can determine =8 (£, M) by Lemma 8.7, For any € (0,7], setp>=
B>r>0, v5;=gR? <,=0r® and denote

Lot Ty
a(k, 7) =L mes Bi. () df,

bk, ¢)=[:u " L;, (h—w)?do ds.

By an argument gimilar $o that in Lemma 2.1, we can get, for any h=0,

b(h, ) <Oula(h, R)]”‘"*Z’{@f—@—z b(h B) + (B WB™) [a(h B)] “<1+x>/<"+’>},
o (3.6)
where U, =432[ (N+4-4N-+168) /8. Notieng, for A>%>0,
B(h, R) =ji°“" jB_ (h—w)*dw di<h?a(h,R),
$04t, " .
b(h, 1) =j ., L (h—1)? do dt= (h—F) a(k,r),"
from (8.6) we have
(h=By%ah 1) <Cslath B> s ot B)
- (2R +- 5% R [a (h, R)]»<1+x>/<~+ﬂ>}, G.7)

Betting k;={(1—&)" 14277 ((1 &)~ A=) ]}n, py=p/2+2°U*Dp, (§=0,1, ---,),
taking in (8.7 h=Fk; k=Fkj,1, 7=pss1, and denoting a;=a(k;, p;), we have
(b= 01,0 < Caay v (1 ) 2%y
-+ [ (1 §) 4(8f+1)7) -+ (1 — 5] )28’ 2] 2nxp—nxa§t(1+z)/(n+2)}’
i.e.

{05! 2/(n+2){ a; ';<1+x(/(n+2) }
@150V i .
' g IQ(P: 0P4> |2/( +2) IQ(p, ep’) |ﬂx/(n+2 )

where 0 =0;2"*5[ (8w,) ¥ - (Bw,) /D] / (1 — £) 3¢, b=2*. Setting

o
ICKZONN
Y ;a<2B¥Yj*, (3.9
By Lemma 3.3, for r= (20)~/*5~¥*, we can determine s*=s(¢, 7, §) such that
lQ~[(1—§)S'y e, 9071 I <;|Q(Pl 0% Iy

» Y, < (20) Ve,
'[‘hen by (3.8) we have ¥ ;—0 as j—>oo, which proves the lemma.
Remark 8.5. Leb w(w, ) = —u(a, ) satisfy (1.2) and (1.8), u(s, £)=0. If
-u(w, §)>n, for any. (s, £) € B,{t=7}, then for any m>1, there exsits f,=08(m)
possessing the following property: for any 0,,€ (0, ,,] one can find a constant A,=
A(m, 8,) such that

we have

i®.
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u(w, )>7\.,,,7]0 k(2mfr)”"” for (=, t) € Bpe (v, 7+0,(m)?).
pr0V1ded QUdmr, On(4mr)?) <Qr. -
Proof Without loss of generailty we may assume 7,>0. For any m>1, there
exists M (m)>1 such that

mes By, —mes B, << s~ mes Bapy,

| oy
hence

mes B, ame (7) < == mes Bagy.

~u ( M(m)
By Lemma 3.4 with £ (m) = —i—[l-i—\/ 1/M (m})],there exists 8, =8 (m) such that f

any 0,€ (0, G,] it is valid that
u(®, ) =Amno—k(@2mr)"2, for (g, £) € Bpe X (7, 7+0pm(mr)?),

 where Am=(1—&(m))*™**=A(m, 8,) with s* determined by Lemma 3.4.

Lemma 3.6. ILet w(w, #)=—u(a ©) satisfy (1.2) and (1.3), u(s, t)>
>0, p>0. Then thers exist constanis d=3(8), hg=Ay(8), such that the inequality
1@~ (n, o, 60" | <3|Q(p, 80| (3.
smplies that : '

u(a, t)i>}‘o77“‘ﬁpnz/2r for (@, ) € Byjax (to-l-gopz/S, t0+90p2/4),
where G,=min[d, 8(1/2)], 6(1/2) és the one in Lemma 3.4 with £=1/3, M=
provided Q(2p, 40p°+800%/8) Qs ‘
Proof Taking §=58(8) =2-°F,82, by (3. 9) we have
1Q= (2% t m, p, Bop?/8) <|Q~(m, p, Bp%) | <3| Q(p, 0p% | _
=83965|Q(p, 800%/8) | <272|Q(p, Bop?/8) |.
Therefore there exists £ € (fy, t,+0,0%/8) such that

3
mes B, (§) < (—i—) mes B,.
By Lemma, 3.4 with £=2-1, M =23, we can find A,=A(f,) such that
V(a;, t) G Bp/zx (5, Z+§0P2/4),

%

u(z, t) =Aon —Ep%”
which implies ‘ '
u(=, t) 27&07]'—13‘0"“3’ ' Y (a, £) € B,yax (ty+800%/8, to+000%/4).

Proposition 8.7. Let w(g, #) = —u(w, ?) satisfy (1.2) and (1.3), ule, =
n>0, 8, R>0.Then for any my>>1, ma>>0, there exist positive constants d=38(F), i
A(myg, mg, 0), Og=0,(my1, ms, 6), such that the inequality

1" B 0RY|<21Q(E, 0B

" émplies that ’

u(, £) >An—O0kR*2, Y (@, t) € Bmg (a®) % (to-l-BR” to+0R:+mJf (msR) %),
provided that Q(4myR?, IR+ (ms~+1)8 (4myR)® C@Qr. .

Proof By Lemma 8.6 there exist =38(8), Ag=2e(8) such that if
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|-, B, 0B {<8]Q(R, 6B" |,
aen

u(a, 1) =Am—ER*/2, ¥ (&, t) € Besa(a®) X (b40%72/8, to+0,0%/4),
‘here f,=min [9, 0 (—1—)] Hence for any m;>>1, we can find 8,,, =0 (2m.) by using

emark 3.5 with m=2my, r=R/2, v=%€ (t,-+0,0%/8, t,+0,0?/4), such that for
m=mmin[f,,, 6] there exists Ay =Am, (M1, O), which guarantees that
(@, ) =An i) —Am bR —F(myr) /2
A~ (L+27%/4mgs/2) ERv/3,
V(@, ) € Bp,z(a) X (£, t+Qn, (msR)),
epeating the above procedure for at most m, times where

R+ m.0 (my R)?
O, (myR)?

mg=the integer part of [ ] +2,
10 can obtain :

(@, £) >ATAGn — (L-+my 20/ 2 32/2) L Ro2/2,
YV (&, £) € Bp,z(a°) X (¢, t,+0R*+maf (msR)?),
hich leads to tha proposition by taking A=A"Ag, and O=1+my(2m,)™2, ‘

Lemma 3.8. Let w(a, ) = —u(a, %) satisfy (1.8) and (1.2), u(s, )0, >0,
\>1e>0, !l’1>To 0, and

u(w, Ty =n, Vz€B,(a°%. .

v Remark 3.5 with m=2, we denote €2=0(m) take 8,€ (0, O] and determine Ag=
2, 6s). If for some kEN we kwve :

Ry=2,, Ty= T0+- (4k ~1) (_- 92%) (8.10).
en .
u(z, ) >n(—£—“-)e - 2f tR3, a=nyg/2,
V(@ %) € Bp,(2°) X (T1 —0.R%/2, Ty),
oo 5=8(8:) = = 22.>0, provided Bus, X (To, T1+156:R) Q.
Proof Sej frf_—_2r¢_1, t;—Tojl—glj ngr., '('z,-l, 2, o, k). _Then one can obtain
w(z, 9) >N§n—72(‘§}(2r,)“'.),}
V (@, 1) € B, (2°) X (T, )
fact, taking v=T,, r=ry; m=2 in Remark 8.5 one has

u(w, 8) Zhan—Kk(4r)®,
V(@ ) € By, (%) X (Lo, Ty+6(2r)%,

(3 A1) _

i e. : o
u(®, ) >rAm—E@2r)®  V(z, ¥) €B, (a°) x (Ty, t1-+0r2/2).
Then by using Remark 3.5 again with r=r;, m=2, v€ (3, {+60,3/2), one has.
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: _u(a;, t) >Aan -k(2¢1)“~k(2¢2) %  Y(z ) €B.(a") X (To, ty+0ar 2/2)
Repeating the above procedure for ¥ times one can obtain (3.11). But from (3.10)
we have

k= —z,,(%g_) / L2, Ti—0,8%2>T,.
Substituting these into (3.11) we conolude the proof of the lemma,
Proposition 8.9. ILet w(w, ) = —u(s, ) satisfy (1.2) and (1.3), u(z, £)=0.
If B=>1o>0, aa>0a>a>0, and '
u(z, ) >n>0, Y(z, t) € B, (a") X {t=1%,+a,R%},

then there eziss constanis -

O=0(xa—0, oty —0i5) >0,

8=28(oy—ay) >0,

O1=01(ma—dy, 03—ay) >0

such that, for a=mny/2,

u(s, )>0(5-) n-0BY, V(s 1) € Ba(@) X (ot-asB ty+anR?,

provided Bgp(2®) X (#R? R+ (8R)?) CQy.
Proof For 8, defined in Lemma 3.8, we take

f=mnin [Ba, 3 (o —0e)/64].
For given R and r,, there exists s fixed 5 €N such that

_ T 1 k-1
(3) <%<@)"-
Set By=2%, T\=t,+0a,R? and T1=k202(2fr1)“+T0. Then if is easy to see thab
. ¢=1 ’

_ T,=160,2(4—1) /3+Ty<ayR?,
Now by Lemma 3.8 we have

u(e, )>(F) 1- g bRs, V(o 1) € Ba,@) x (T1—gaB/2, 1)

Hence

w 9>(3) (%) n— R, V(z, 1) €Ba(a®) x (Ta—0:R%/2, T4),

where s=235(0,) =g(oy—oy). Then applications of Proposition 3.7 lead to
oonolusion,

§4. The Proof of Theorem 1.3

By means of the results in §3, Theorem 1.3 can be proved in the same wa
in [12] by using the measure argument. To do this it is again needed to cons
oubes instead of balls. Denoting . .

Kr(zo) ={a?, -+, a"); . -E‘a;xul‘”""w‘ol =R}, -
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Qr, e AQr,s (@, o) = Kr(ay) X (b, t,+IR?),
ve may rewrite Proposition 3.7 and Proposition 3.9 into the following two lemmas
respectively. :
Lemma 4.1. Assumeu(a, t) EDG(Qr, N, x, 5 1), uls, £)=0, n>0, r>0,
1>0. Then there ewist positive constants w, A and O, depending only on n, z, N and 0,
uch that

[{(z, & eQr,o(E; t); u(s, 1) =0} =p|Qre(z, )|
mplies : -
u(m, B)>hn - Ohr/s Y(a, §) € {Ky (@) X (4072, t+89r)}NQr,

wovided Biavze(a®) X (fo, to+0r7+20 (12 n1r)?) Q.

Lemma 4.2. Assume u(z, 1) €DG(Qrn N, 1, £, 1), u(z, )0, >0, p=¢>0,
2>03>0=>0, Byvi, (o) X (fo+o0?, fo+n(8p)?+as0®) CQp.If

w(z, %R >, Vo€ Ka(ao), |

ven there exist positive constants C, Oy and & depending only on n, N 0y — Gy wnd

—dg and n, N, ay—o respeciively such that

u(w, t)?C’(L)sn——Olkp""’“ ¥ (o, £) € K, (a0) X (to+-aus?, fo-+oap?).

If 0<p<fr, g>1 and qp>7, then the lemma s also valid for O, Oi and s dependfmg
soon q.)

Lemma 4.3. Let 2€Q,,(x," t)AQP be a given measurable set, [Z[#O for

ved u€ (0, 1), denote =3 (L_tj) . {K s (z) X (6-+012, t+8¢9rr2) NQy 12N Qs o(w,t)|

. ;J,IQ,,,(w, ) |}. Then either for 3= 312,11» it holds that | S| =>8"1|2|, or there ewists.
me Qr,.o(To, 1) CQ, such that

> /3
”'o>—{ (!2 )l,.g } IE N Qr,e (2o, o) l =W l Qr,.0 (2, to) !

By covering and changing arguments Theorem 1.3 can he derived from the
llowing theorem,

Theorem 4.4. Assume ulz, t) €EDG(Qr, N, x, k, 1), u(s, )=0, R, 0;>0.
von for any o1, 02€ ©, 1), 0<61<92<03, there exist constants p, 0>0 such that &f

Yaavm +2yoer (%) X (for to+01077 +201677(12+/ 1 R)®) U Baviior(mo) X (b0, o + OB +
8o R)H} =@y c=max{cy, S04}, then

. n i/e
inf u(, t)+kR""/2>O(:f | wrdvdt)
Hon® (Do) X (Lo +03R2, 10 +6;, R2) Kayn(@0) X($o,% 0 +613)

ere p and O degewd only on n, N, x, 1, 03, 0y, 81 and G,

Proof Set gaR=p, 6105%=0. Denote QPAQpa(a;o, o) = Koz (@g) X (o, to—f;91Rz)

=1 (2, t) €Q,; u(w, £)+ (1 —A)"'0%R*=>n}, Vn>0 where A and O, come from
Lemma, 4.1, a=nyx/2.

By the same usage of Lemmas 4,1, 4.2 and 4.3 as in the proof of Theorem 4.4
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in [121, we may derive

Y

PRIbANL g | \
u(z, £) =0 147[%_'[] — OB, V(s ) € Kuin(@o) X (- 0:R?, to+05R7),

' : (4.1)
where 1/ B)log).(log 3)1+3/2>0, and 8 comes from Lemma 4.3 with u being the -
same as in Lemma, 4.1,

Denote
&= inf [u(w, ¥) +OkR". 4

Kon(@e) X (£ 0+92RY, £ o+03 R

Then from (4. 1), taking p€ (0, B), we have
? p-1 = o1
Lp ° d/ﬂdKPL i lqudn+PL 77| 2, |dn

B
Noting (4.2) we thus conclude the proof,

<0 (——1_—p+1)§P|Q,.l.

§5. Remarks

Remark 5.1. Here we consider the case for general N; in (1.2). Observi
the greceding sections we can find that to establish the theorems in §1 we on
need to show the validity of Lemma 3.1, Lemma 3.3, Proposition 3.4 and Rema
3.5 in the present ocase.

By similar arguments as in Temma 3.1 we oan obtain the following lemma.

Lamma 8.1. Assume u(w, t) € V3° Qr), (1.2) és valid for w(z, ) = —u(z,
u(z, t) >0, p>0. If

mes B, (%) < -1%[— mes B,,

where {=ko"/®, M >Ny, then for any § € ~/ Ny , 1 ) there exist positive n numbers @

6(¢, n, N, x, M, No) <1, b(&) =b(¢, n, N, z, M, Ny) <1, such that
mes Bi_sy..(8) <b(§)mes B,,  VEE [ty, to+0p%],.
where By, (1) ={o € B,; u(x, t)<k}.
From Lemma 3.1’ follow the results corresponding to Lemma 3.3, and Lemr
8.4 automatically, : ’
Lemma 8.4'. Assume u(a, 1) € V3°(@Qr), w(w, §) = —u(w, 1) satisfies (1.2) a
- (1.3). If a€ (0.1), u(w, t)=>0 and

mes By . (< 1 = mes B,

where M>1, n>>0, thenfoq' any §€ JNl 0 ), there exists 0=0(¢, n, N, x, M, N

<1 possessing the followmg property: for amy 0E (0, O], one can find an s*=
8*({, %,'N, X M; 6; Nl, a) such that '
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where A(w, %, 2, p) and B(z, %, 2, p) salbisfy the structure conditions indicated in
(1.2) on page 207 of [3]. As pointed out in [3], we may assume wu(w, %) € W3 i
(Qr). Then for any bounded function p(z, #)=0, p€ Wi(@x {#=1}), (0<i<T),
u(w, 3) satisfies '

L {ps+ oA (a, %, 4, Do) —pB (s, 4, u, Dure) Yo di=0.

I |u(=, ¥) | <M, then taking @(w, £) =n(z, £)e** (u—Fk)* with € O¥(B(a,) X {t= M,
0<to~qr<i<to<T, 0<<n<1, we can derive '

o), @B dadi+ [ 7, 1) [(uGa, ) —) )%}

<O [ |, AL@=B* 1Lt nu] + el + el ]+ (o B4 o e 9}

+], 7 =) (@@, to—7) ~B)*1*da, - .
where Bf ,={s€ B,; u(w, t) >k}. Similarly we have, forB; .= {s€ B,; u(, £) <k}
Teky
[, alG-wi2dsdt+| n*Ge, totw) {G—u( b))} o

te

<G|, 7' W {(—u(s, 0))*Pdo

+0 [T A=) 10t ]+ el + [

+ (4B + 52| 00| D) Ydw s, NG
where B,=B,(%,), B,(x,) X (f t+7)CQr, O and O are positive consbai
depending only on u, a,, b, (from (1.2) of [3]) and M.

Choosing suitably the function n(x, %) in (6.1) and (5.2) we can then pr¢
thatu(w, ) belongs to the De Giorgi class,
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