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SOME NONLINEAR EVOLUTION EUQATIONS
WITH LAX PAIR OF 3X3 MATRICES™

Tiax CHOU (W #%)*

“Abstract

 For some NEEs with Lax pairs of 3x 3 matrices, the author presents the Bicklund ‘
transformations (in Darbouz form) and the corresponding Modified equations. The method
deriving the Backlund transformations and the Modified equations can be considered as an
extension and development of the mehtod in [1], '

§ 1.

We disouss the Model equation for shallow water waves™: . |
Ut — gt — Sty — Sugwy+ 1, =0 ! 1.1
(w=D—1u, D=- DoD1=DteD= I),
dz’
Theorem 1.1, Suppose Q=M do+ Ndt, where

0o 1 0
M=|0o o 1),
A —(3u—1) 0
L O —3up— Gui—1) Bu—1)) L —L (3w—1)
3A “ ' A 3
_ : _1 _ w
o _1 _ W

(\, w are arbitrary constants). Then
dQ—-QANQ=0 (M;—N,+[M, N]=0)
5f and only &f (1.1) ds established.
Proof M,—N,+[M, N]

o 0 o0 %—(—um—— (Bust) o+t +11) % e —.1?: ”
\ - 4 —Ugs ) — U 0
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—_ 1 —1 7"_¢’ca= _ —- -1/
5 (D2(2=22) ~3p—2Dep) ).  (1.10)
jubstituting (1.8)—(1.10) into (1.7), we obtain

potop+o( hper )t—q)@D‘l(-?—”——;%"‘i‘f—)t—i—%,D‘l (oms) 0. (1.11)

When we change (p, &) to (—@, —A), (1.11) is invariant. Therefore, we
shange (@, A) to (—¢@, —A) in (1.8)—(1.6), they are a Lax pair as well. Suppose’
the eorresponding solution of (1.1) .IS u, then (1 8) is changed to

u——( M= %‘” +3p, gv2+1) ’ 1.12)
Subtracting (1. 8) from (1.12), we obtam 3
 u=—u+2g,, o | (1.13)
Theorem 1.2. Ifu sat@sﬁes @.1), _
U1
V= Va
satisfies equatwns (1 2), p=1va/v4, then
%= u+2@,

is a solution of (1.1) as well. , : :

(1.13) is a Bicklund transformation (m Darboux form) of (1 1). When we
want to obbain a new solution % from a known solution u, we just need fo solve the
squations (1. 2), which are a system of completely mtegrable Pffafian equa,tlons

Theorem 1.2 can be checked dlreetly as well.

Letting A=0 in (1 11) and (1.8), we obtfain the followmg theorem

Theorem 1.3. ¢ satisfies equation .

¢,+¢2¢c—q)m+w+¢w‘l<ﬂ‘-‘f—+¢2) =0, 1.14)
| 2 2 ¢ |
and
u='—%(%§~;+3¢‘,+¢2—1) ~ (1.15)
transforms (1.1) fo (1.14). '
(1.14) is called the modified model equation for sha110w water waves, (1.15) is
similar to Miura tra.nsfo:matlon well known.
If we substitute (1.15) into (1.1), we can obtain
g — Yt — SUthy — St Wy Uy
~%(%— ‘;" +3D+2¢)( Pat PPt — Past + "";"" Lot + p, D (L’%+¢ﬁ)‘).

§ 2.

For the Boussinesq equation
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Uz Ugge—+ Brutig+ Dty =0, 2.1)
we have the following resulis.
Theorem 2.1. Suppose Q=M dz+ N dt, where

0 1 0
. 1
Mo A—u , 0o ~V3
. —_g(ﬁwﬁm) %—%(2u+47u+1) 0
0 ‘ 0 . 1
N— ——-\{Tg-(\/?fw,+u,,)' A @(2u+47\,+1) 0

%(um— Qu+4r+1) (A—u) —:/—1-?— uf,) %(ﬁwt—u,,) i‘l—g(&.—%—l—l)

( 4s an arbitrary constant, we=u), then dQ—QAQ=0ifand only if (2.1) &
established. '

Proof
M;—'N¢+ [M: N]
’ 0 0o 0
_ — U ' 0 0
———43 ('\/_3_'wﬂ+um) \/—2—3 Ut 0
0 : 0 , 0 !
_ ——'43(~/ 8 thy+4g) : : */43 Uy 0
—;—(um, - 2u¢ (7\. —’M) -+ (2'M+ 4?\4 + 1) U — :\/:’-_3—““) % (ﬁ Ug— ua) _'% uE‘
0 | 0 0
V3 1 V3
|~ (e g e 0
3 3 1 V3
-E(h—u)ua, | Z(u“ T?W) s
o 0 0

_ 0 0 0

—%—(wﬂ+um+6uu¢+u¢) 0 0

Therefore, Boussinesq equation can be considered as the completely integrabl
condition of the linear equations on

V=MV, Vi=NV, - 2.2)
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. Suppose @=ba/vy, Y= 1vs/vy; then (2.2) are reduced to the followmg “Rlooa.t "

form: o
~A—u—g~ \/3 tl', (2.3)
o= ——*?(ﬁwma) +8 (D —gh, @.4y
o= —LE Bty + L @urariDo—ph,  (2.5)
= 2 (e Qu+4+1) (=) UtV =) |
+f§;(8x =2u+)P—y2. ' _ - Q.6
From (2 4), (2.5) and (2.6), we have | l» .
| o @1y
u=7‘¢"'¢a—¢2"\7—=D 1¢’h ’ ‘. . (2'8.)’:
e = — QPeg— e ’ 295 :
U= —Q, 247? ﬁ‘?t (2.9) |
Voo™ — Poce— 2PPes— 2P 2*—\/1—— Par , (2.10). .
U= — Put — 2pQ; — \/—D . " | . @.11)

| From (2.5) and (2.6) :
¢;+~/—¢¢,—»(uw—(2u+47‘.+1)<7\. u—@?— \/3 lb) Tu,)

i

-——-u,qo \/_tll(). °%— (P—‘.gl‘b). (2.12):

Substituting (2.7)—(2.11) into (2.12), we obtain

Pot ?ww; —6¢%p,+6Ap,+ D g —24 3 ‘I’ND—I‘Pt: 0. (2.13)

If we change (g, t) to (—@, —%), (2.18) is invariant. Equation (2.1) is invariant

as well when ¢ is changed to —#. Therefore, (2.8)—(2.6) are a Lax pair of (2.1)

when (@, ¢ are changed to (—~¢, —%). Suppose the corresponding solution of (2.1)
is u, then (2.8) is changed to

u=A+@,—¢* —:—/——3—1) o @14
Compairing (2.14) with (2.8), we have ’ '
A=u+2Qe. - (2.15)
Theorem 2.2. If u is a solution of (2.1), o
: o
V=| v,

Va



No. 2 i Tian, C. NONLINEAR EVOLUTION EQUATIONS 195

satdsﬁ6§ equations (2.2), p=va/v4, then
u=u-+2p,
és a solution of (2.2)as well.

(2.15) is a Biicklund fransformation (in Darboux form) of Boussinesq equation
(2.1). We can obtain some solutions of (2.1) different from [3] by using this
Bicklund fransformation and some trivial solutions of (2.1).

Theorem 2.2 canbe checked directly as well.

Letting A=0 in (2.8) and (2.13), we obtain the following theorem.
Theorem 2.3. ¢ satisfies equation

o Pt Pece—bg%po+ D" "pu—27 3 9D g, =0 (2.1
and
U= _(¢¢+¢ +7—:D ) .1
transforms (2.1) to (2.16). . C - :
(2.186) is called the Modified Boussinesq equation, (1.17) ocan be conmdered
the generalized Miura, transformation.

If we substitute (2.17) into (2.1), we can obtain’
Yo+ Upoa + Btitty -+ Dty '

= —(D+2¢+:/1==D‘1De>(¢a+¢m—6¢ 9o+ D gy —2V 3 0. Dp,),
| (D=L,
Theorem 24. If
. _ o
2
. Vs
8 a solution of (2.2) cowésponding to (u, A),-
('01)0
(’”2)0
. ) (vs)o
is a solution of (2.2) corresponding to (4, Ao), Po= (v2)e/ (v2)o, then
. V1= —@y¥1+va ¢

@3 a solution of (2.2) cerresponding to u= u+2(qoo), and M.
Proof From (2.2), SR

('vi) o= Va,

(’Uz)a (7“ u)'”i

\/g- 3y
(@a)¢=‘~'—\/——(~/_wt+u¢) v +\/—

(2u+47‘.+1)’03, .
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ve have
V1= — Po¥1+ Vg,

Ta= (T)e= (h—t= (@0) &) U1 — Polia — j_?,_%
_\/1—3— D(po) t) V1—@PoUa — \/1—3— Vg,

Ta=~8 A=) —~3 (v2)s
= —( (Po)e +£(~/ S+ ‘Mm) >'v1+
‘We need to prove that :
 (Te)a= -—-—(J‘" Wi+ g) By +\/—(2u+4x+1)v2 (2.19)

=(?\;—7\.o+q9§+

(2u+47\.+1) va— (rpo) V3.

nd .
V@, N))e=N (@ WV (G, ).
n fact, it suffices to prove (2.19) and (vy);=w;. It is easy 0 prove that (Ty)s= s
n the following, we prove (2.19). : :
Since '

(po)e= ~{3—<~/§w,+u¢> + L ut 05+ )0~ oD (90,

3 — - o .
= %(2u+ AN+ 01+~ 3 (A —Ro) Pov1+ @oD (o) : V1 — Povs,
re have ‘ _ o
(0s) o=~ 23 Uy (—Po¥1-+V2) +i§(2u+4k+1) B2+~ 3 (A —1o) Pova

+ ‘\/ 3 (A —2o) (Po)os+ ( (po)e D (¢0) £) 'Ui‘HDo (990) V1
2o (g ()ors = 5 (Bt w)n

+Y3 (2u+4?\,+1)f1)2) | | (2.20%

S _"'_/...51(\/ 3 'wt+'u¢) V1 —I——\—/—(2u+47\.+1) Va

NE)
"_"““(\’ ’wt+2‘v @i+ U +2 @) (— ¢o”1+’”z)
+“/f’ (Qu+a0+1)T;

-+ ﬁ (%) z ( (A—u— (‘Po) o) U1— PoVs — j§ Vs }. : -(2 21

We ean see that (2.20) and (2.21) have the same coefficients of the tormsa: ., o4,
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¢ and vz (Noticing )
(Po)e= —-—\/4—3(\/§'wt+uw-) +-—4§(2u+4).0+1)q)o—¢(;D”1(%)‘

and

o= — (@0) as — 200 (Po) o \/1§ (®o)e).

We complete the proof.
In fact, Theorem 2.2 can be congidered as a corollary to Theorem 2.4.
Theorem 2.5, If '
@o(u, o) = (va)o/ (V)0 P (4, A) =va/vy,
(v1)0
“ Vo={ (v3)o
(vs)o

V=| v

are the solutions of (2.2) corresponding to (u, Ao) and (u, N) respectively,

vy
$=52/§17 V= -’52
v3
is a solution of (2.2) corresponding to u=u-+2(po)s and A, then )
a='7\:'—7\-o 1 D *(p—go): . ' @.2

| PErAE AV S
Proof Substituting

3= — @1+ V2
and

1
73

1
Ve

Ez=(7&—?»o+<p%+ D—1<¢O)t) V11— Po Vg — == U3

into p=7s/71, We obtain (2.22).
‘We can obtain the recursion formulas by using Theorem 2.5:
| u(u, Ao) =u+2(Po)a)
%(u, A) =u+2(p)s

— A—No _ 2 [ Dlp—dy),
u+2(¢P—<Po s 38\ o¢-9 ).

and go on.

§3.

‘We digouss the equation
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Ug+ Uy -+ ity + D1ty =0, N (3.1)
[he following Theorems 3.1, 3.2 and 3.3 can be considered as corollaries of the
results in [4]. ' ' ‘ '
Theorem 3.1. Suppose»Q=de+th, where

0 1 0
1
—_— 0 —_—
M- A ~ 73
(«/3fw,—|—u,,) (2u+4?\.) ' %
0 0 1
N— \/3(‘\/—wt+u¢) @(2’““‘4&) @
Na Ne  YBig_2y-3.v3 )
) 16
Nua= (- ut40) (=)t = )+ 5 VT ),

Naz = E (v 3w, —u,) —'3_“/73-(2“ +40)

(A 4s an arbitrary constant). Then dQ2—Q A\ Q=0 if and only 4f (3.1) és establfbshed
Theorem 3.2. Ifuisa solutwn of (3.1),

V1
V= Vs
. ’ ’Ua
satisfies : . R
Ve=MV, V=NV, 3.9
then

u=u+2p, (p=uvs/v4)
is a solutton of (8.1) as well.
Theorem 3.3. ~ ¢ satisfies eguatrwn,

p @i+ Posa— 60702+ D 1';0#"2\/ %D 9,=0, (3.3)
/41

U= —( ¢2+¢2+j—§ D"iq),>
transforms (3.1) o (3.8).
In a way similar to the proofs of Theorems 2.4 and 2.5, we can prove the
following theorems.
Theorem 3.4. If
(w1)o
V= (’Uz)o
(vs)o
gs a solution of (3.2) corresponding t0 (%, Ao),






