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FREE DEFORMATION RETRACTION IN
INJECTIVE METRIC SPACES
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Abstract

In this paper the authors establish the concept of generalized ball-intersection (GBI)
and prove that an injective metric space is freely contractible to its each GBI, which
generalizes a result of Isbell from a point to a GBI.

Let X and ¥ be metrio spaces. A mapping f: X—Y is a contraction if for an

o, o € X, the distance

dr(f (@), (@) <dz(a o).

Y is called injective if every contraction from a subspace X, of any space X to ]
can be extended to a contraction over X. Injeotive metric spaces have many fin
properties™ 3! due fo the severe requirement of their definition. However, they ar
neither special nor rare. For example, every metric space is a subspace of som
injective metrio sp;.ce ([3, p.71]); and every collapsible polyhedron (particularly
a solid cone on any polyhedron) admit injective metrsio™, eto. So it :
significant to study injective metric space, with which we may further explo:
the staucture of general metric spaces and discover some of their new properties.

On the other hand, deformation retraction is an important and basic concer
in topology. And intuitively, free deformation retraction is readily understooc
Igbell™ proved that an injective metric space is free contractible to each of if
points. However, it seems to us that the proof of Theorem 1.1 in [3] is nc
complete,

In this paper we propose the concept of generelized ball-intersection (GBI) an
prove that an injective metric space is freely contractible to each of its GAI, whic
extends the Isbell’s theorem from a point to a GBI.

Let X be a metrio gspace with a distance funection d. X is convex if any tw
closed balls B(zy, 1, and B(a,, .f)‘z) in X such that r4-+rs>d (24, ©5) have a commo
point. A ocollection E of subsets of X has the binary intersecting property if an
subcollection of B in pairwise intersection has a common point. Denote by B, tt
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collection of all closed balls in X. The following result is well-known.

Lemma 1! 4 conves metricspace is injective if and only if Bo has the binary
gnterseciing property.

Now we define a generahzed ball—mtersectlon (GBI) Let X be an injechive
metric gpase. A connnected subset O of X is oalled a GBI set or a GBI if the
collection of gets {0, lo} has the binary’ “interseoting property. Obviously, balls and
their interseotions are all GBI sets. Begides, the followmg example Pells mws that
there are other GBI sets. o .

Example 1. Let X =1I" n>2, be an n—oube with a metrio

d(‘v: ?/) maxlwi—yil &= (a’lr **% wn)r ?/'—'(yi.-’ ) yﬂ) er,
Whore I=1{0, 1}. (I" d) is then an injective meirio space. Denote by B the collection
of all closed balls in I" and their intersections. Let
Bi={[21, 1] X [#g, ya] X+-- X [?m Ynl | i, ;z/;eI},
where[w;, yi]l = if o>y, V

K= [IX [wa ya] X+ X [, @] lo, 9 €T}
a,nd

B,={0|0 is an intersection of any subeollection of 8 U K}.
Then ib is eagy 1o oheck that By, Bs and B are all oolleo’mons of GBI sets m I, a.nd
BE=EB.&E,.
For a mefrioc spaoe X, a subset O X and a real number rr>0 the olosed ball
in X Wlth the oenter O and the radius r is written as
B0, r) = {z€X|d(a, O)<r}.
Lemma 2. Let O bs a GBI in an injective meiric space X. Then
(i) for every s€ X, ONB(z, d(w, O)) *T;
(ii) for every r=0, B(O, r) is also a GBI.
Proof (i) Since O is a GBI, we have ‘
ONB(w, d(x, 0))=0N (N{B(x, d(z, O)+s)|s>0}) = .
(ii) Take a collection of balls
: E={B(s 7a) |aE A}
in X so that the collection of sets
={& B, n}
meebs pairwise. It suffices to show the members of By have a common point. Let
=B(2g|ratr).
From the property (i), it follows tha,t the collection
={B., a€ A} U{0}
meets pairwise. Since U is a GBI, by the definition, the members of B’ have a
common point y, and then
' d(y, a) <re+71, Vo€ 4.
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Due to convexity of the space X, the collection E"={E, B(y, r)} meets pairwise.,
- Sb there exists ‘

€ N{W|WEB o N{W|WEE},
whioch shows that B0, r) is a GBI.

Lemma 3. Let X be an injective metric space and O a nonempty GBI set. Then
there exists a contraction f: X — O such that for any = and yE X,

d(y, f(@)<max{d(y, 0), d(y, )} m
and

d(=z, f(z))=d(=, O0). ¢
Proof Since (2) follows olearly from (1), it suffices to prove (1). By +
Zermelo’s theorem, the set X — O can be well-ordered with an ordinal number o,
X —O={xo, T4, ***y Ty ***}s
For 0<B<a-+1, let Xy=0U {w,|7<B}. Then Xo=0and X¢+1—X Use transﬁn
induction ([2] p. 116) to construch f as follows:
i) Let f(z) =a for s € Xo=0 :
ii) Suppose that for some ,8<a+1 f bhas been deﬁned on X, for every 7<8, a
(1) holds for € X, and y € X. If the ordinal number B is not a successor, i. e. the
is no last element for all ordinal number smaller thrn 8, than f is automatica]
defined on X, and (1) holds for every o€ X and y€ X. If B is a sucoessor, i.e. t
ordinal mumber 81 exists, set |

Op=0N B(@p1, d(@s—1, O)) N (o< ‘!DB » B(f(@y), d(@y, v5-1))
N (| BG, mex{d(y, 0), dy, aa-D}). | (

Since (1) holds for each #€ X, 3 and y€ X, all of the GBI sets in the right ha
side of (8) meet pairwise. So their intersection Us+ . Take a point ys € Uy and |
f(@s-1) =ys. Then f is defined on X,. By the hypothesis of induction and (3), it
easy to check that f|x, is still a contrac’oidn and (1) holds for each z€ X, a
yeX.

Aocording to the previous #wo steps of transﬁmte induction, we. can fina]
congtruct a contraction f on X4,1=X satisfying the requirement of Lemma 3. TI
completes the proof. '

Theorem 1. Let X be an rmjectwe metric space, and let ¥ =X % [0, o0) k¢
meltic '

dy((@, 8), (¥, 1)) =max {d(z, 9), |s—t|}, (@, ) and (v, HEY.
. Then for any nonempty GBI set O in X, there exists a unique contraction §: ¥ —>
satisfying '

i) P(n, £) =a for i=d(x, O);

ii) §(z, ) €0 for 2€ X;



224 CHIN. ANN. OF MATH. Vol. 10 Ber. B

iii) Yz, 1), 8) =P (=, 8) for s€ X and 0<s<\8..
Pfroof For any two nonnegative integers m and n, let
Ton=n/2™ and Op,=B(0, @u.).
3y Lemma 2 and Lemma 3, there exists a contraction gm.: X-—>O. satisfying
AW, gmn(®)) <max {d(y, ©), ¢(¥, Om)}, Vo and y in X, 4)
3in00 Opyt,2n = COmny WO MAY 12K Jrmytson=Jommy VM, n>0, Lot G, be the composition
if the countable contractions _ '
G o= Grngmins1Imnsa 2 X = Opy,
whioch is well defined on X due to
9an (%) =% and Gn(3) = Imamins1-** Gt (2)
for every s € X and N>max{n, 2"d(z, O)}. By (4), for s and y€ X,
&Y Gue(®)) * Y, JmGFmrni1 (@) _
<max{d(¥, Om), 3% Fmn1(2))}
<max{d(¥, Om), 6% Omn1); 3@ Gmnsa(®@))}.
<--<max {d(y, 2), (¥, Om)}

~max{d@, o), d(y, Om)}. ®
Define maps Yim: ¥ > X, m=0, 1, 2, ---, by
U (@, ) =Gln (@) fOr (3, £) € X X [Tmmy Trognis) ¥ s
Olaim 1, -
& (Pmr1(@, 1), Pulz, £))<2™, O]
In fact, 166 1€ [rmm Tmnss). Then (6) follows from ‘
A (Gmi1,20(2), G (w} )
=d(9mi1,20Fmi1,2051(2) s GrnGlmins1(2))
=3 (P i1, 241 (), IreGmini1(®))
<A (Gmisam1(@); Gppnsa(@))
=d(Gms1, "»+1Gm+1 2042 ("7> G, ngd (‘5) )
<maX{d(Grrns1(8); Opitionia)y F(Gmonsa (‘5) Gm+11 In 2 (@)}
<max{2™7, d(Gmi1,2042(®) ) Fmyns1(0)) } <o
<max{2™, d(Gni1,:0(@), Guy(®@))} (N large enough) =2"m-3,
and

(G mi1,2051(2), Gam())

&G 2041(2) ) Frnzy 20(@)) +3(Fmyr00(3); G (@)

<SG ms1.241(2) 5 ImitsmOmit, 2mpa(®)) +27772

<d>(Gm+1,2n+1 (@), Omst,20) +27771<2™™, Vo€ X,
Since X is complete ([1]), by Claim 1, {{,} converges uniformly to a map
- ¥ —> X ag m—>o0,.and

(@, 1), Pu(a, ) <27, . Q)

Lot us check that the mayp i sabisfies the requirement of Theorem 1, For every
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o, y€ X and 0<\s<<t, 1ot S€ [Ty Tmy101) 804 € [T1nj,Tm, j31) . Then §>4, and
GG ni= G ‘ ®
By (5),
E(Ym(=, 8), Pn(y, )
=8(Fmi (@), Fnj(¥)) =(FniGms (@), Gmi(¥))
<max{d(Gm;¥), Gni(@)), E(Cm;(¥), Om)}
<max{d(z, ¥), Tmi—Tm}<Smax{d(s, y), t—s+27"},
Using (7) and letting m —> oo, one has
A, 9), P D) <d((z 9, @ 9). ¢
So ¢ is a contraction,
- For € X and 0<<s<<3, 10t S€ [Ty Tmyt1)s 1€ [Tmp Tmyipr) . Using (7) and (9
one hag
AW W(m, 9, 8, Pn(Pnls 1), 8)) .
<2 +-d(Y (s, 1), 5), P(Pn(a, 1), 5))
<2744 (P (=, 1), Pulz, 1)) <2773,

By (8),

Ya(Pn (2, 1), 8) =Cnilms(2) =G (3) = (s, 3).
Thus
| A=, 1), 8), Yz, 8))<6.2"">0 ag m—> o,
which implies

Yz, 8, 9 =¢(=, s).
i) and ii) of this theorem easily follow from (7) and the definitions of U
and G, n.
Now we prove the uniqueness of s, Suppose one has another map y/: ¥— X satis
fying the requirement of Theorem 1, Write
Yu(x) =¢(z, t) and P (z)=¢ (s, £).
Given an ¢>0. For any 5 and y€ X with
d(z, y)<s,
and £>0, take an integer number N so that
{z, y} =B(0, t+Ng+s).
By iii) of this theorem '
U, 1) =PaipePoome @), ¥' @, ®) =PidleePlon. @),
Sinoce Y/ and { are contractions,
A (Prsne @), Prene (@)
_ =dPhare (¥), ‘P:;Nsll'tq.m (=)
<d(y: Peywe (@)
= d(’l"+Na+l (y) s Pegne (w)) <max{d (95: y)» 8}<s.
By the same reagon one has
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- dWtswe—sPhine (@), 4‘t+Na-ellft;pNs (®))
<max{d (W 1x: ¥)) Prins (5’7)): gt=s.
nd so on, lastly, one has
@' (w, 1), Yo, 1)) <s. (10
y=u, (10) holds for any 5>0. Hence
Y, 1) =(a, 1),
his complebes the proof of the theorem,

According to [3, p. 66], a free deformation retraction of a topologleal space X
jon a subspace A ig a homotopy - {h;, ¢€ I} on X, which satisfies the condition
@t hy: X—>X is the identity, he: X — X isa retraotion upon A4, and every
mpoéition Foohs = b g = for 0<<s<<i. By Theorem 1, one has the following
\eorem, V

Theorem 2. For an injective meiric space X and a nonempty GBI set O in X,
ore ewists a free deformatfam fref/mctwon {ht, tET} of X upon O such that every hy:

"— X s @ contraction.
Proof Let s be as in Theorem 1. For any s€ X and {€ I, let

h,(ai) _ {1{:(417, tan —;—), 1f O<t<1; ;
: A, o ife=1,
-ig eagy 1o check that such a homotopy {ht, tE I} satigfies the requirement of
heorem 2.
Remark. Since every point of X isa GBI set, Theorem 1.1 of [3] is a speocial
o of Theorem 2 of this paper.
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