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ON THE ERROR FUNCTION OF THE
SQUARE-FULL INTEGERS

Zuax Tao (B #)*

Abstract

Let L(x) denote the number of square~full integers not exceeding . It is proved in
[1] that

L3/ £(8/3) 30
L(z) 4E) 21/2 4 e) 1/3 a8 peyo0,

where {(s) denotes the Riemann zeta function. Let 4(z) denote the error function in the
asymptotic formula for L(z).It was shown by D. Suryanaryana™ on the Riemann
hypothesis (RH) that N

L% 1405 |at=0catnomy

for every 8>0. In this paper the author proves the following asymptotic formula for
the mean-value of 4(z) under the assumption of R. H.

43¢ :
| Jf W(Fl dt~elog T,
where ¢>0 is a constant. ’

§ 1 . Introduction

A positive integer n is called square—fuldl if p|n implies p?|n, where p is a pri
Let I(n) denote the character fumction of the square-full integers, i, e.,

l(n)={

The error function of the square-full integers is defined by

1, if n is square-full,
0, otherwise,

46) @
It was shown by P. T. Bateman and E. Grosswald that

A(w) =0 (™) .
" (see [1]). Some further results about the behavior of 4(z) were obtained on
agsumption of the Riemann hypothesis (referred fo simply as RH).
Suryanarayana and R, Sita Rama Ohandra Raot® proved on the assumption of -
that

A(w) =L(4v) — C(S/Z) 22 — C(2/3) /8
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J: |E(o+it)*dt~ec(a)T

as T'—co, for o->—;14—, where ¢(o) >0 is constani.

Lemma 6§, If f(1) €L*(—co, ), then the Fourier transform F of f defined
by ' o
' __1 fot
Fla)==—= |" r@e=a

exists and belongs to L2(—o0, ). Also we have

" 1P@1Paa=[" I 12at.
- Lemma 6, Let . _
F@O=Zam™ (s=atii)
be absolutely convergens for a>1. Then
| i M A RO IO

a=1 n® 2wt
fer 8>0, c>max (1, a).
- Lemma ¥, If {a.}isa sequence of complex numbers and
n|a.|? <+ oo,

n_

T =0 (Folel )-

m#n ].Og m/n
Lemma 8%, If we have

then

" @)oo L
L f(@)e ™ dan v G.
as ¥y >0, and f(z) >0 then
ﬁf(w)d:v~cT

as T—)OO'.

- §3. Main Results

‘We first prove a mean value theorem for {(s).
Theorem 1. If we assume the RH, then

r‘ {(o1+24t) { (aa+30¢)
0 C(O’s"l" 6’6‘3)

for oi, 03 03>1/2, as T—>oco, where ¢(01, 03, 03) is a Positive continuous function

2
di~e(o10a, o3)T i

(o1, 02, 03) for o~;>—12—, 1<4<<3.
Proof Let o . R
F (@) =L(o2+2it) L (oa+3it) /L (os+6it),
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F(s) ={(01+25){(02+35) /{ (o5+65).
en - F@t)y=F(%).

- Since

F()="3) aun~*
n=1
vbsolutely convergent for Re s>1 applying Lemma 6, we have
S —S8,—dn . ._ 8w
1.21 @ Do j I'{w—~ s)F(w)S duw, | | (5)
king s=4¢ in(5), we obtain '
—-it -61;
r§1 it 274
ving the contour to Rew= — 0 :
_1 o1—1/2  oa=1/2 03—1/2>
“7‘””1( 5~ 3 6 )"
pass the pole of I'(w—4t) at w=6¢ with residue F (i) =7(3), and the poles of
w) at w=(1—0y)/2 and w= (L —03)/3, with residues O(e4"!), '
Henwe

1 I T I (w—i8) F () 3o (6)

—cgttioo . 7
@)= 3 anter— oL [T i) P@)stanr 0@y, ()
R ,
; us oall the-finst Hwo terms on the right Z; and Z,. Then
—(m+n)d 7 3
245 — = 2,—%n D itlogm/n
I |z'1| a 2 Ia"l +O (l(m#n log m/n e ) /2 ) ®)
plying Lemma, 7 to the O-term in (8) we have
L 1za=L S a0 (S a2,
Let]
= 2 M""fﬁ"’ni " (), €)
trivially have e v
‘ an=0(1).
nce
T 7z 3 T &, 2,- 90 ~2
[ 1Z:la=2 3 [al%r0(9).
us we obtain . , v -
T . . .
L |Zilzdt=T2(8)+0(8“910g ), (10)
ere : -
E(S)-—Elwnlz'% R oan

For Z,, using Holder g inequality, we obtain

. v
Za<co (|| T (w—it) jav ) (f_ | T (i) || F () [a0)
The first integral is 0(1), ‘while for |¢|<T = .
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(jfﬂ; )IF(w—f&t) || F(w) |2 dv

S L e e——

Then for w= —a+1iv,
T 2T T
I lzzlzd#«Sz"‘I : IF'w”d'vI (I (w—~1it) | dt -+ 8%
T/2 —-2T /2
ar R ‘
<« [ | (—atin) v+,
From (») we know that
Fi—20>L 0a—8a>1/2, o5—6a>1/2.
Then by Lemma 3 and Lemma 4 we have
27
— y 2
J-MIF( a-+4v) |?do » |
2T . 1/4 ar - . - \1/4
<<J_2TIC(UI—2a+2%pl8dv) .(J’—2TI§<G2-3‘%+3‘%D) Iaqlv) K

a7 13
([, 1t (os—Gatbin)au) <.
Henoce o ‘
j " | Zs)a< TS,
/2
K | Z5|*di< To%,
We show that ‘ i
él |@a]2< + 00,
Notice that (12) is also true for «=0, we have

j : I (D) | 2@t <T.

So we have o .
ﬁ | 24|28 =T 3(8) +0(3-21og T')
Iy v .
<[lr@ |2dt+.jo Jaa|2di+1
LT+ ToeKT.
Then we get

3@ =3(T %) «, - -
el 3 a| e < (T L
Letting T —> oo we obtain (14). ‘ o .
Lot

0(0'1, Ty 0’85 = g I“r.ulny - (16)
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o=T-73,
rora (7)_(10)_(18), we have

ﬁ [F @) |#dt=0(o4, o, O'a) T+ o5 iog ™

+0(T5%**) +0 (T3*) +0 (T2~ 1ta log T)
=cT+o(T) asT->oco, :
aug (4) follows.

From the proof of (14) it is easy o see that

g}l [aa]?  @u=an(oy, o5 o)
convergent uniformly for - |
c1>1/2+s, 03>1/2+s, 03>1/2+s
r every &>>0. 8o ¢(o1, g2, 03) is continuous for (o1, os, 03) When
o>1/2, i=1, 2, 3.
Now we prove our mean value theorem for 4(z).
Theorem 2. On ths assumption of RH we havs

T A3 ~ :
L = /(5) dé~o1log T {an

T — oo, where ¢.>>0 is a constant.
Proof Using Perron’s sum formula, we deduce from Lemma 1

2o [0 Sa

>0, nonintegral.
Sinoce the integer values of & form a denumerable set, we can ignore the
havlor of the sum—function at these points.

Movmg the contour to Re w= @ We pass the pole at w=1/2 and w=1/3, 3 with
3 residues

L z(?Eﬁ) o ana LG/ e

Q)

pectively, Thus

_ 1~ Z(2a+2i){(8a+36t) o
Aoy == f S F a6 (o — O . (19)

Now we make the substitution w=e¢¥ so that the right side is a Fourier
nsform. Then ' '

oA () = 1 (* £(2a+2i){(3a+3i) g

206 )= ((6a+6it) (aFit) SV
ym Lemma 2 we know that
{Ra-+2it){ (8a+ 3%13) 1-sate
T Gat 638) < lﬂ 1/1Q<a;<1/6,

then
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{ (2a+2it) { (8a-+3it) 2/ _ .
L (6a-r63%) (a+3%) € L}(—o0,), if 1/10<a<1/6,
By Lemma 5, we obtain
r e~ 2442 (") du
=
= 2w {(6a+64t) (a +%t)
% J o |~ C(6a+6it) (@+it) ¢
From the functional equation of {(s),
¢(s) =2'n*~*sin %s Ird-sti-s),
we have E -
 [LQatit) [ ~oa(a) 620 L (L —a—id) | ¢
as [t|—> o0, for 0<a<1.
Now we show
J“ dt C~ C3 ’ <‘
) {(6a+6it) &+ - a—1/10 !
as @ —> —1:—L6-+. ‘
From (22) we know that it is sufficient to prove
J"" {(1—-264+266){(1—8a+3:t) |2 PN ¢
1§00 {(6a-+64t) - a—1/10"° )
Let I (@) denote the above integral, and
181 —2a+2iw){ (1 —8a+3iu) |?
v = j 1 l 7 (6a+6iu) det,
For 1/10<a<4/30, by Theorem 1 we have
I(a)= L ~or G (8)
13
tloa "p(t) l +10 j ;]l.t)ggl dt
=10a °(1 20,180, 50) gy+ 10a ﬁ,‘f} &, ¢
where : ‘ ;
E@®) =¢ () —c(1—2a, 1—8a, 6a)t=0(t), t—> oo,
¢(1—2a, 1—38q, 6a)—>c, a8 a—>1/10,
Hence )
(26)

1
I(a) = 1/10 +°( = 1/10) as a—>g5
(24) follows immediately from (26). '
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0 we have » o .
T
J'_”e A2 (e*) du 1/10, as a—->1/10+, N 27
; i8 easy to see that
0
j e 2442 (¢*) du=0,
'hen L
* ~2(0=1/10),~u/5 (2 4 ~ %]
Le g S )b~ s, a>1/10+, (28)
y Lemma 8, we obtain ' '
T » :
J' e384 () du~e, T.
0
Thence a change of variable ¢§=¢* yields (12).
From Theorem 2 wé immediately ebtain two corollaries,
"Corollary 1. Ou the assumpiion of RH, we have for 0<q<2,
T
7 |, 14@1eas=0@wog Ty#2). (20)
2 pariicular, taking g=1, we have ‘
R ,
7 [} 146 las=0(T2r0og Ty, (30)

Fich 4s better than the result of [2].

Proof Leb
_2 o2
L1,
w9

sing Hoélder’s inequality we have

j | 4(8) |2

S

KT/ (Jog THV2, -
or ¢ = 2 (29) follows trivially from

I |A(t)]”dt<<[ s Mg)ﬁ‘ dt-T6/5<<”fl"§/510gT.

Gorollary 2. On the assumption of RH we have
Az) = Q(4111%),
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