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Abstract -

In this paper, the authors prove fonov&ing result:
Let M~ be a complete Bechner-Kashler submanifold of complex dimension (n>4) in
a complex projective space CP**#(1) of complex dimension n+4-p, endowed with the Fubini~
Study metric of constant holomorphic sectional curvature 1, If the sectional curvature X
of M~ satisfies K< 1, then codimension p of M is not less then n(n+-1)/2.

A4

- § 1. Introduction

Let M* be a compact Kaehler submanifold of complex dimension n, immersed
. the complex projective space CP**? (1) of complex dimension n-+jp, endowed
ith the Fubini-Study metric of constant holomorphio ssctional curvature 1, The
ird conjeeture of K. Ogiue is ag follows™:

If the sectional curvature K of M" is greater than 0 and p<n(n-+1)/2, then M*
1 a totally geodesic submanifold of OP™?(1), i.e., there isa gap in the codimension
M" in OP™?(1),

It is well known™ that M"(n>2) is a totally geodesic submanifold of OP"*#(1),
and only if the sectional curvature of M" satisftes

1/4<K <1,

Therefore, we need only to consider the conjecture in the cage

0<K<1.

In this paper, we will prove the following theorem.,

Theore. Let M" bs a complete Bochner—Kachler submanifold of comples
mension n(=>4) in o comples projecisve space OP**?(1) of comples dimension v+p,
Jowed with the Fubini-Study mesric of constant holomorphic sectional curvature 1,
' the sectional curvature K of M" satisfies

K<i, : @

m codémension p of M" és not less than Miﬂ’
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Namely, in the upper special case, the conjecture of K. Ogiue is correct.

Using this theorem, we can obtain the Theorem 4.2 of [2] at once:

-If OP*(¢) is a Kaehler submanifold immersed in CP*?(1) and if p<n(n--1) /
2, then CP"(c) is totally geodesic in OP"*?(1).

§ 2. Preliminaries

Let M" be a Kaehler submanifold of OP"“”(l) We chooge a local fields

orthonormal frames
81, ***y 64} €ni1y °°*) By el—Jel oy Cn=J 8 ) Crio=J 6,y

in OP***(1) in such a way that restricted to M", e, ---, 6, are thangent to M".

The Fubini-Study metric of constant holomophic sactional curvature 1
OP**?(1) and the induced metric on M" will both be denoted by {  >. The comp
structure of OP"*?(1) and the induced complex structure on M will both be deno
by J. :

In th later, the range of indices is the followmg

a, b, ¢, d,---=1 -, m: 4, B, 0, D, ---=1, +, n, n-+1, «-+, n+p;
LT, =1, e,y 1,
The curvature tensor K of OP"*" @ satlsﬁes

K (X, ?)z-_«y 75X <X, Z>Y+<JY Z5IX — <JX Z5J7

+ (X, JTST D), - | |
where vector fields X, ¥, Z are tangant to OP*?(1), '
M" ig supposed to be a Bochner—Kaehler manifold of OP**?(1) if the curvat
tensor K of M satigfies ' ‘ ‘
KX, V)Z=LY, 2)X~L(X. Z)Y +<{¥, ZYNX —<{X, Z5NY¥
MY, 2)TX —M(X, Z2)JY +{J¥, Z> PX
I X, ZYPY ~2(M (X, Y)JZ+(I X, YSPZ), . '
where ‘

1 N
LX, 7) - et -SXE(X, @)Y, ap el <X We |,

- M(X, Y)=+; L(X, en<JY, ep), ' ' ‘
veoior fields X, ¥, Z--- are tangent to M", NX,PX are defined by _
NX,Y)=LX,Y),<PX, Y>=M(X, Y), ‘
p is the scalar curvatura of M» : ‘
p= —2 <K (em 31)65; er). !

"The Ricei tensor R for a Kaehler manifold satisfied
R(JX,JY)=R(X, 7). ' (8)
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3y @), (6), (8), weshave

L(es, &) = L(el-, o), Li(es ) = —L(Gm ), = 9
M(Ga, 91)) = L(%; ) = ‘L<ea‘; &) = *L<9b) 9&’) = —M(Gb) 3@)) ' (10)
M (edy 61,) =M (80-, eb“)a : (11)

_ M (64, €)= —Li(6s, 6) = — M (60, €5) = —L{er, 6) = — M (e, €5). (12)
*herefore
M(e:, 6)= “M (e 61); L(GI, )= L(e.h er)e (13)
'he eorresponding (Gauss equation of M" are . .
KK(X,Y)Z, Wy=<KK(X, Y)Z, Wy—<o(X, Z), o¥, W)

+<{o (¥, Z), o(X; W)). : (14)
'be second fundamental form ¢ of the immergion satigfies relations '
c(JX,Y)=0(X,JY)=Jc(X,Y). (15)

n the later, we call :
o (er, es) (I; J=1, s, 1y 1% - ““)
‘ootors of the normal eurvature on M",

§3. Pr'o_of of the Theorem

We first prove the following lemma.
Lemma. The n(n+1) local fields of fvectOfrs of normal curvature o (e, é),
o (8q, &) (] <a<<b<<n) are orthogonal.
Proof From Gauss equation (14),
ben X=Z=¢, Y=W=¢, (a+b), we have
o (60 &), (o5 €)>—la(ea &) |°= —1/4+L(es, €5)+ L(ey, 6»), (16)
hen X =Z =g, Y=W=ey,

{0 (6w €2), o (6n, €)>+ o (e )| =%—L(ea, es) —L(es, ). amn
L6) + (17), using (14), gives v
<o (s €s), o (e, 6.)>=0, (18)

lo(es, &) |?=1/4—L(es, 6.) —L(en, ).
Then X =2 = s.,, Y=e, W=e¢4(a, b, d+), we have

—L(ey, €5) = +<0 (05 &), 0 (e, 0)>—~ (0 (o0, 84), 0'(91» ea)>, (19)
hen X =Z=gy Y =eu W=ey,
Then o ' 4
—L(ey, €)= +<o (ea, €), 0 (es, 61)>+<0 (s, €s), (s, €2)). (20)

(19) + (20) gives
{o (6s, €s), (e, 62)>=0, B - (21)
Lo (s, &), o (e, s)>= —L(e, 3). (22)
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‘When X=e, Z=04, Y =6, W=eu(a, b, d%),
L(ey, 85) = —M (&, 86-) = —<0 (64, €0), 0 (n, 62)>+D5 (ens €0), T(la, €5)>; (23)
when X=¢, Z=64, Y =64, W=ey,
Ley, 85) = +M (e, 0,) =<0 (60, €5), (0, €5))+D0(6a, 63), T (00 €)>.  (24)
- (23) +(24) gives
{o (e €s), o (en €)>=0, (25}
Lo (eq, €v), o {es, €3)>=L(en, eq). @@=
From (22), (26), We obtain v
L (e, 03) =0. (
Similarly changing basic vectors of the orthogonal ennuple, we have
L (e, €3)=0., . (&
From (14), when X =7 =e6,, Y =6, W=e6s(a+d), we obbain
o (es €s), o (es 65)>=L(e,, ;) =0; (¢

when X=Z=¢, Y =6, W=g; (a%d),
<O'(64, és), 0'<Jeay 3d)> 0.

In (14), setting X =27 =e,, v= ey W=8p, and X =7 =8, ¥ =6,, W =ey, soparate

- we obtain
| <o (6ar 0), 0 (Jen, €2)>=0,

{o (e €); 0 (Jes 65)>=0.
. Finally, spreading out

<O' (Jeaiea JEa'j:-ec) a.< 6b+ed 6b+ed >>=0
NSNS NSNS

we have
<O'(J6,,, eb)’ 0'<607 ed)>=0 (a) b, ) d_TL')'

(52 el B2
we get {o (64, &), o (&6, €0)>=0 (a, b, ¢, d+),

Similarly from A

(

by (18). (21), (26), (28)---(32) we come to the oconoclusion: All veotors of nor:

curvature o (e,, €), Jo (e, ¢,) are orthogonal.

We begin fo prove the theorem now.

From (14) and (2), the sectional ourvature K (¢, ¢;) and the holomory

sectional curvature H (e;) of M" have the relations regpectively

K (er, 00) =5 (L+3or, Jo2) +<o (en), o e, 0= Cer, e

d
- H(e)=1—2]o(en, o).
By (1)
) K(Ba-, 9@) =1—2"G’(61, 61) n2<1

(
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namely : :
0< o (es, @) |*=lo(Jes, J ea) 2= Hcr(em Ja,) |2 (36)
Sinoe . : :
€518 e,,+e,, 6,,—6;, Ga—ea
vz ) "( ' » =0 (a#d),
we have

[o(ew @) I*=2-(lo (e, @) 12+ (en, ) [ >0, 37)

From (1B), (86), (87), we reach the conolugion: Veotors of normal curvature o (e,
%), Jo (6s €) are non-null. Using the lemma, we know that the n(n--1) vectors of
(e, &), Jo (s, ) are independent, i. e., the theorem are proved.
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