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A NOTE ON FULLER’S THEOREM
ZHU SHENGLIN (%) H4k)*

Abstract

In 1972, Fuller proved that a complete additive subcategory zC of R-Mod isequivalent
to amodule category 4-Mod if and only if z0=Gen{(gl)for some éuasiprogenerator U and
4=FEnd U canonically. In this note the anthor gives a characterization of . which makes
#U a projective R—module in the case when R is a right perfect ring with identity, and
shows that E-Mod is the unique complete additive subcategory of B~-Mod which is equiva-
lent to R-Mod for a left Artinian ring B.

In 1972, Fuller™ proved that a complete addiive subcategory xC0 of B-Mod is
equivalent to a module category 4-Mod if and only if zC=Gen (RU) for some
quasiprogenerator U and 4=EndgU canonically. In this note we give a
characterization of R0 which makes zUa projective module in the case when R is a
right perfect ring with identity, and show that R-Mod is the unique complete
additive subcategory which is equivalent to .R-Mod provided that R is leff
Artinian. '

Throughout this note all rings are associative with identity, and all modules are
unital. Each endomorphism will be written on the other side of the module, We :
write E-Mod for the category of all left E—modules. A full subeategory of R-Mod is
called complete additive™ if it is closed under taking submodules, epimorphic images
and direct sums., A left R-module gUU is a quasiprogenerator if pU is finitely
generated quasiprojective and pU generates each of its submodules. A ring R is
semiperfect if every finitely generated left R—-module has a projective cover, and R
ig Tight perfect if and only if R is semiperfect and leffi semiartinian (Theorem 27.6
in [2]; p. 151 in [3]).

Proposition 1. Let R and 4 be rings. Let xC be a complete additive subcategory
of R-Mod and assume that T: &~Mod—> 3O is a (additive)category equivatence. Lot zU
be the canonical left R—module U =T (4). Then the following are equinvalent

(a) zC=Qen(gP) for some projective module pP;

(b) zC=Gen(xP) for some finitely generated projective R—module pP;

(o) U is a projective lofé R-module;

(d) There exists a ring 4" and a Morita equivalence T': 4'-Mod—> 4 Mod such that
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P=T.T'(&) is projective.

Proof Obviously.

Given a ring R, let Q2 denote the set of isomorphism classes of simple leff
R-modules, If 2, is a subset of Q, then a hereditary torsion radical Sg, can be
construoted as follows: for a module oM, the £2;—soole socg, (M) of M is thesum of all
simple submodules of M with isomorphism classes in Qy; let

$0, (M) =0,
5, (M) /571 (M) =soco, (M/s57* (M),
5,030 = 3, 55,(30)
when « is a limit ordinal, - ]
So, (M) =5,(M)
where & is the first ordinal for which
$5. (M) =s3;* (M),
Then Sg (M) =M if and only if socg, (M /L) 0 for every proper submodule L of
(Prop. 3.1, VIII in [4]). .

Theorem 2. Let R, 4, 30 be as in Proposition 1. If pU és projective, then
satisfies the following

(1) 20 is closed under ewtension;

(2) Let S, 8’ be simple left R-modules with S€ 0. If Exth(S, 8)+0, ¢
S'cx0.

Moreover,if R is right perfect with each simple modules in pO being finitely p1
ented (6.9. »J (R)is finitely gemerated), then the converse holds (¢. e., pU is projectia

Proof If zU is projective, (1) is obvious by O=Gen(zU). To see (2), let S.
be simple R-modules with S€z0 and Extkh(S, §') #0. Then there exish
nonsplitting exact sequence

0> 8" = xN— 8§ >0
and N is uniform with minimal submodule pS8’. Since S€GQen(zU), and U
‘projective, we have Tracey U+0, hence §'€ Gen RU) =z0.

To see the converse, let R be a right perfect ring with each simple module in
finitely presented. Let S, Sa, +-+, S, be a representive set of all simple R—module
r0, andset ;= {[S84], [Sal,+--, [Sn]}; Q2= Q~ Q4. Denote the projective cover of S,

P, —i‘—> S;— 0, then P; is a local module with largest submodule K, =ker ;.
Set P} =38y, (P:), we will show that P}{=P,, If it it not the case, then P} C .
Since P,/P}/K,/P}=S,; and [S;] € 2y, we have 8o,(P,/P})+P,/PL. Let
i/ Pi=8c,(P:/ P}),

- then soog, (P,/P?) —0, Since P, is semiartinian, we have a submodule P} of P; such

that P} 32P? and P}/P;=S with [S]1€ 2,. But § is finitely presented, the functor



274 : CHIN. ANN. OF MATH. Veol. 10 Ser. B

Bxt;(S, —) commutes with direct limits, By BExt%(S, §)=0 for any simpls
R-module 8’ with [§’, € Q;, we have Ext;(S, P;/P}) =0, Thus the exact sequence
0— P}/P:—> P}/P}— P}/Pi=8 -0

splits. Hence there exist; a submodule P of P} such thab

i/ Ptz P3 /PS8,
This contradicts
=8a0.(Py).
Henoce
' Pi=Sﬂx(Pi)1

and condition (1) gives that P, &€ ;0.
Let P =é—) P;, then P is a projsetive R-module in U which generates each
=1
simple objects (modules) of O, Henos zO=Gen {zP). By Prop. 1, we have that zU

- .

Ezample 3. Let
where § is the localization of Z at 2Z, then R is semiperfect but R is not right

perfec.t Let
0 0]
~{(° °)|avea)
o 9 49

tnen T is an ideal of R. ;U =R/I is a quasiprogenerator such that 0=Gen (;U)
satisfies (1), (2) of Theorem 2, Moreover, J (R) is a finitely generated left ideal,
But g/ is not a projective B—module, '

Egzample 4. Lot § be the ring of all the ¥y-square upper triangular matrices
over a field F that are constant on the diagonal and have only finitely many
nonzero entries off the diagonal, Then § is a right perfect ring (Ex, 28.2 in [2]).
Let M be all the ¥o-square matrices with finitely many nonzero entries, then M can
be seen as an §-S-bimodule canonically, and MJ (S) =M. Let

8§ o0
R=(M S)

then R ig a right perfect ring, Leb

_(° 0)
—<M s/

then 7 is an ideal of R. U = R/I is a quasiprogenerator and 50 =Gen (zU) satisfies:
(1) and (2) of Theorem 2, But gU is not projective. In this example the unly simple
" R-module in U is not finitely presented.
Theorem 5. Let R be a loft Ariinian ring, and let 50 be a complete addfbtfl/ve‘
subcategory of R-Mod. If rO is category equivalent to R—Mod, then 0= R-Mod. = .
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Proof Let T: R-Mod— xO denote the category equivalence. Let Sy, 83 -+, S
be a set of representitives of all nonisomorphie simple R-modules. As z0 is complete
additive, we have zT(S,) =8, for a permutation o on {1, 2, ---, n}.

Let P, —=> 8,0 be a projective cover in R-Mod, then P; is finitely generated

T
(hencs hag finite length) . Since 7 is a category equivalence, we see that T'(P;) ﬂl

T(8y) =0 is a projective cover of 7'(S;) in gC. As in the category R-Mod, we have
a commutative diagram

0 = ker T(m;) — T(P) —=2 1(8,) -0

Ji U
Pow 4 oy —> 0.

Since ker T'(m;) is small in T(P,) (also in the category R-Mod), f: is
epimorphism. If we denote the length of a module zM by Ith(M), then

Wh(T(P;)) <Wh(Pos).
On the other hand, there ig a lattice isomorphism 7'

Lat(xP;) — Lat(GT(P)),

thus Ih(T(P,)) =lth(P;).

~ While 25 Wh(T(P)) <§1‘, Ith(Pocs) =‘§"; Ith(P,) =§1: 1th(T(PY),
we got Ith (T (P,)) =lth(Py)), henoe f; are isomorphisms, ¢=1, 2, -+, n; and P;€
Sinece @ P, ig a generator of R—Mod, we have 0= R-Mod.

In Theorem b the Artinian condition cannot be replaced by right perfec’o n

Ezample 6. Let R be the ring § in Example 4. Let I ={s€ R|all the ent
of & except the first row equal to zero}, then I is an ideal of R and gU=R/I
quasiprogenerator which is not a generator of R-Mod. Moreover, End zU = R. He
the complete additive subecategory Gen (gl/) is a proper subcategory of R—Mod w1
is equivalent to R-Mod,

Proposition 7. Let R, 4 be rings and gC by a complete additive subcategor
R-Mod such that gO=4-Mod. Then 4 is (semi)— perfect whenever R is. When .
local, 4 always has the form M (R/I), for some ideal I of R and nEZ*.

Proof Let T: 4-Mod — zO be the category equivalence and zU=T(4), 1
gU is finitely generated quasiprojective and 4=EndzU.

Let P —> 5T —> 0 be the projective cover of zU, then P is a finitely gener:
projeoﬁve B-module and ker & is' fully invariant in P. Hence there exis’
eanonical ring surjection EndzP — EndzU, setting f€ End.P to

FEEndgU: (a-+ker %) f = (z) f+ker m,
When R is (semiperfeot) left perfect, End zP is (semiperfect) left perlect, and so
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s End U= 4.

Let R be a local ring with largest left ideal J. Then all simple R-modules are
somorphic (to §=R/J). Thus all simple objects of 0 are' isomorphie, and so is

LMod. Let ,Q AN 48’ —> 0be a projective cover of a simple 4-module 4,5/, then ,Q
s a progenerator of 4-Mod and 7'(,Q)— T (,8")—>0 is a projective cover of T'(,8") in
0, U =T(,Q) is a progenerator of zO. As in the categofy R-Mod, we have the
llowing commutative diagram '
0 — ker T'(w) —> U’ — gT(45) -0 -
I U
R—>R/J—0 .
is an epimorphism, hence pU’'=R/I, for some left ideal T of R. From the
nasiprojectivity we see that I ig an ideal of B, 4 and R/I=End,(R/I) are Morita
juivalent, and gince R/T ig local, we have A= M,(R/I) for some n& Z*.

The author wishes to thank Prof, Xu Yonghua for many instructive and
slpful suggestions.

References

L] Fuller, K. R., Density and Equivalence J. Algebra, 29 (1974), 528—550.
H

1 Anderson, F. W. & Fuller, K. R., Rings and categories of modules, Springer-Verlag, Berlin and New
York, 1974, 301—321. '

3] TFaith, C., Algebra IT Ring Theory, Springer-Verlag, Berlin Heidelberg New York, 1976, Chapter 22.
t] Stenstrém, B,, Ring of Quotienis, Springer-Verlag, Berlin Heidelberg New York, 1975, 182—194.



