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THE NUMBER OF LIMIT CYCLESOF THE
PLANE AUTONOMOUS SYSTEMS

CHEN YIYUAN(fR—A)*

Abstract

In this paper the author discusses the vector fields satisfying the conditions (Cl) and
(C2) and proves some theorems for the number of limit cycles of the plane autonomous
systems. Some applications of the theorems and lemmas in § 1 are given in § 2.

§1. Basic Theorems

Let X (2) = X3 <w)aLm+X2

o= (@1, 1) € R
be a O* vector field on the zz.—plane,its trajectories are the trajectories of the pla
autonomous system

2 = Xi(e), L= X(a).

‘We now give the theorems, which can ba used 1o obtain the results in {2, 3,
and some new conclusions,

If X, ¥ are 0" vector fields, we define
A=X4[X, Y]~ X.[X, Y]y
B=X,Y,—X,Y,,
where [X, Y] is the Lie bracket of X and T,

(X, Y]=[X, Y11~ +[X Y]n

g _ 3Y1 an_ _ 3X1 _ 3X1
(X, Yli=X, +Xs o, Y, o, Y, F
aY2 aY 4 80X, 29X,
[X, Y]=X, + X, 7 -Y: o -Y, 7T
Lemmal. IfX, Yare 01 vector fields, then

aB 2B

3:1;1 3
Proof We take =X day— X3 das in the following formula™
(XAY, dod>=ZX(Y, 0p—Y<ZX, 0)—<[X, 1], )
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X3+ X,=4+Bdiv X,
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0 obtain Lemma 1.
For O* vecter field X we suppose that there ig a O vector field ¥ such that
(01) 4=0, on whole plane,
(C2) The sets ,
W={x|4=0, € R%}
H={x|B=0, s€ R%}
13ve notwo dimensional subsets, W 1 H has no accumulabion points on plane.

Lemmas 2. Let X be a 0" vecior field with properties (C1), (02), and ICH, be
s segmeni without multéple points. Then functéion B has different signs on the two s%des
f I (n a nedghborhood of I).

Proof 1If B has the same sign on the two sides of I, then B fakes maximal
ralues or minimal values at all points of I.iSo

2B _ 0B

0w 05y
n I and Lemma 1 means 4=0on I, i. o., ICW N H. It contradicts (02) and the
rool is completed,

Lemma 8. ILet X be a O vector field with properiies (C1), (02). Then the set of
he multiple points of the curves im H has no accumulation poimis on plane and the
wmltiple points are the singular point of X.

Proof At the multiple points of the curves in H we have B=0,

8B _ @B

31;1 Ovs
nd so 4=0 (Lemma 1) Hence the seb of the mul’slple pom’vs is contained in W N H
nd (C2) meang the set hag no accumulabion points,

und

=0

Let A bhe a multiple point of the curves in H, Then there is a neighborhood U
f point A such thab there are no other multiple points in U and the curves in H
assing A divide U into several parls, in each part function B does nob ehange its
gn. Lemma 2 means B has different 31gns injtwo adJaoent parts On H we have
Lemma. 1) '

dB oB oB oB
_— = =A>=
dit |x Oy Xa+ Oy Xat Oxq Xy=4=0.

he fact that W H has no accumulation points and the lemma® on page 60 in [2]
10w that in U the trajectories meeting H NU — {4} of X go from the parts in
hich B is negative into the parts in which B is positive. It is easy; to show 4 is a
ngular point of X.

Lemma 4, TLet X be a O* vector ﬁeld with properiies (O1), (02). Then the set of
the isolated points of H has no acoumadation points on plane.

*) The lemma holds if we take segment I, the sides (in a neighborhood) of I instead of the simpls elosed
eurve, the interior and exterior in the lemma respectively.
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i

Proof At the isolated points of H we have B=0,
9B _ 2B _,

ory  Oza
and so 4=0, Honce the set of $he isolated peints of H is contained in WNH and
(C2) means the set has no accumulation points.
Lemma 5. Let X be a O* wector field with properties- (C1), (02). Then the closed
trajectories cannot meet the curves (ewcept the isolated points) én H.
Proof On H we have

dB{ 2B aB
dtx IX—‘ 3.151 X + 3:1;2 XE—A>O.

The faot that W 1 H has no accumulation points and the lemma on page 60 in [
show that the frajectories meeting a curve I in H mugt cross I from the side :
which B is negative to the side in which B is positive. Noticing Lemma 2 az
Lemma 3 we agsert that the oonclusion of Lemma. b ig true. -

Theorem 1. Lot X be a O* vector field with properties (01),(02). Then the fi
cycles of X are in W and the hyperbolic siable (unsiable) cycles of X are in the set

H, ={z|B>0, 2€ R%}
(H-={z|B<0, s€ R%}).

Proof Let I': ¢($) be a closed trajectory with period 7'. I" meets H only at t
isolated points of H (Lemma 5) and the number of the isolated points on I" is fini
(Lemma 5 and the compactness of I"). We suppose that I" contains only one isolat
point A for simplicity and ¢(#) =4, 0<ty <#:1<#2<T. Then we have (Lemma 1)

JP (div X) czt=j: (v X) (¢(9)) ds

- (j:+ f) (div X) (g () dé+ j’lt:(divx (q(®)dt

(Jo D( gfi Xut 8:02 2>/B-A/19)(g(t))u‘tt+
[ @v o @@)a

I BE@) | o [
1n|.ml+jh(dlvx)(9(t))dt

~(J+ [ )carB) @@
[ @vxa= 1im (- ["~[")@/B) @),

ty3—te—>0

where we fake fa—1, sufficiently small and

B(g(t0)) =B(q(#s).

" Hence the sign of .

L (div X)ds



280 CHIN. ANN. OF MATH. Vol. 10 Ber. B

depends on that of 4/B. From Lemma 5 we know B does not change its sign on I" i,
e, B=0on I"or B<O on I and B=0 a}t 4 only, 8o we complete the proof of
Theorem 1 by Theorem 2.3 in [2].

Theorem 2. Suppose that X is a C* vector field with properties (01), (02), H
contains k isolated simple closed curves Ly (8=1, 2, ---) k), surrounding only a singular

point 4 of X ('no other singular poimis of X im the set ij nd Li) and X has no closed
i=1

trajectories im W. Then X has r limit cycles which only surround the singular point 4,
where k—~1<r<k-+1 for k>1 and 0<<r<1 for k=0.

Proof From Theorem 1 we know X has no the fine oycles. .

If 'y, I'» are two adjacent limit cycles of X, which only surround the singular
point A4, D is the open annular region bounded by I'y and f_, then H has curves
(which are not the isolated points of H) in D (Becauss I’y and [y have different
stability, B has different signs on I'y, I's.) and the curves have no multiple points
wnd can not meet I, ¢=1, 2. (X has no singular points in D and Lemma 5). So H
mly has the isolated simple closed curves in D and they are not null-homotopic in
D (Note that a null-homotopic simple closed curve of H surrounds a singular point
f X at least). The following proof shows that H has a unique isolated s.mple closed
mrve in D, which is not null-homotopic in D ,

Let Ly and L, be two adjacent isolated simple closed curves as that in Theorem
Yand # be the open annular region bounded by I and L.. Hence X has no singular
»oints in B and H has no curves (except the isolated points of H) in . Function B

loes not change its sign in K, say B>0 in E and B=0 only at the isolated points of
9. On L; and Ly we have

dB
—_—| =4z
- di ix 420.

o from Lemma 2 and (02) we know the frajectories meeting Iy or L, musb enter ¥

nd X has a elosed trajectory in B at least. Theorem 2 shows the closed trajectory
n F is unique and stable,

The above statement gives the proof of T heorem 2.
Theorem 3. If X isa O* vector field with properties (C1), (C2), then every
“ajectory on ¥ meets a closed trajectory of X at most one poini. :
Proof From Lemma 5 we know that B does not change its sign on a cloged
rajectory I" of X, i.e,, B>0on I" or B<O on I" and B=0 only at the isolated
oints of H. Using the Lemma 4 and the lemma on page 60 in [2] we complete the
roof. '
Theorem 4. If X is a C* vector field with properties (C1), (C2), and X has no
closed trajectories in W, then ¥ (resp. [ X, Y1) has the singular poinis or the closed
irajectories tn the closure of the annular region bounded by two adjacent cycles of X with
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the same (resp. opposite) orientation.

Proof If I'y, I'; ate two adjacent oycles of X with the same (resp. opposite) -
orientation and D is the open annular region bounded by I’y and I';, noting that X
has no the fine oycles we know that function B has different signs‘on I'y and Iy
(resp. 40 on I'y and I'y). From the lemma on page 60 in {2] we obtain the proof,

Theorem 5. If X is a O* vector field with pa‘opeftféeé (C1), (C2), the Y 4n (C1)
and (C2) is a Hamiltontan vector field, then X has no closed trajectories.

Proof Suppose that

oF (z) @ OF () o
¥=- 31;(9) D a.;(i) o5’

then B=2F x [ oF %
6.01 31’2

The Theorem 1.9 in [2] shows that B must change its sign on any closed trajector
cof X. So from Lemma b we assert that X has no closed frajectories.

Remark. (1) If for O* vector field X there is a O* function B satisfying (C.
and (C2), where we define '

4=28 x4 98 v, _pavx,
oz, Zg
then the above Lemmas 1—5 and Theorems 1—2 hold.
(2) If we take 4<<0 instead of 4>0 in (C1), then the above Lemmas 2—5 ar

Theorems 2—35 hold, In the case H, and H_ in Theorem 1 exchange places.

§ 2. Applications

In this section we give some applications of the above lemmas and theorems.
Example L Consider

dw1 = quy+ s —a(x1+39) f,
dt a
‘3’15;2 = —wytazy—a(—z1+a2)f,

where f =22+ o3+ boyws, . the parameters a and b satisfy 0<a<1, |b|<2.

We take
F] P

+Tg——o,

6w1 6172

Y= 1
then

[x, Y] =2a(m1+m2)f7i:+2m(~w1+mg)f 822 )
A=2a(s2+a22) (1—a)f,
_ B=(1—af) (#i+a3).
Noting that >0 and f=0 only at (0, 0), we know that the vector field X given by
(1) satisfies (C1) and (02). H={(0, 0)}UI, where I: 1—af=0, an ellipse
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surrounding (0, 0). X has no closed trajectories in W (W ={(0, 0)}). So (1) has at
most two cycles surrounding (0, 0) (Theorem 2). However, we note that ¥ and
[X, Y] only have singular point (0, 0), Theorem4 means (1) has at most one oycle
surrounding (0, 0),

‘We note that (0, 0) is an unstable focus of (1) and B>0 in the inside of the
ellipse I (B=0 only at (0, 0)) and B<0 in the outside of 7. So all the trajectories
meeting I must enter the inside of 7 and from the above statement of uniqueness
we assery (1) has unique limib cycle ((0, 0) is the unique singular point of (1)),
which is star shaped about (0, 0) (The trajectories of Y are rays and Thearem 3).

Eaoample 2 Consider Liénard system

Z—?=—m2—F(m1), %g_=x1’ )]
where F is a O? function and F(0) =0,
We take
Y =0y -2+ (@0t F (a0) ~ P (2)) 2,
0wy Oz
where “” denotes the derivative. Then

= ~m F" (1) (@2 + F (21)) ‘
B=—(0a+F (z1) —01.F' (21)) (wa+F (@1)) — 3.

H has no closed curves surrounding (0, 0) (the intersection of H and the curve
@3+ F (z1) =0 is (0, 0)). So from Remark (2) and Theorem 2 we have the following
result™, ‘

If . F" (@1) >0 (resp. <§)) and the set {as|F"”(w1) =0} has no accumulation
points, then (2) has at most one limib cycle,

FEaample 3 Consider

& (@) — F (),

®
(222 =g (ml)v

where g, F and ¢ are 0* functions satisfying F(0) =0, o, g(z1) >0 for 140, =
@(w2) >0 for @2%0,
Let G(zy) = L g (@) dws,

D (z2) =Lz o(y)dy.
Suppose that limits

and

exish. We define functions ¥y and Y, as follows
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g for z;#0, '
Yi(wy) = g Q @
Iim = at 4,=0;
71->0 - g
g for z,%0,
Y@=y 7, ~ ®)
lim = ab 2,=0,.
Ty->0 (P

Theorem 6. Under the above conditions, let the functions Y1, ¥, defined tn (4
(B) be O* funciions and the following conditions hold.

1. Fgd¢' —Gfp?=>0 (resp. <0),
where the set in which the equality holds has not any two dimensional regionand X h
~ no closed trajectories in the set. '

2. The set
{a| Pg0y' ~Gf p*=0} 1 {o| <—¢—F>§-G=o}
has no acoumulation poinis.

Then system (3) has at most one limit cycle.
Proof We take

Y= Y1
where ¥y, ¥ are defined in (4), (5).
A= (Fg D¢’ —Gf ¢°) /9%
B=(—¢—F)0/p—-@
So the proof ig completed by Theorem 2 and Remark 2 1mmed1ately.

If (@) =3, 9(w1) =3,
then we have the following result**! from Theorem 6.

+Y2
fUz

1f F' (o) ————-)—>0 (resp. <0)
Eal
for #;+0, and the equality cannot hold in any interval, then system (2) has a$ mc
one limit oyole.
Ezample 4 Consider
D B!
d fl (m2+z2) 3 1

—_— =

di
Taking
@ (%) =23+a}, g(21) =23
F (1) =-%§— ~ a3
in (3) we get (6). It is easy to chock that
Fgdg' — Gfp?<0.



284 ' N CHIN. ANN. OF MATH. Vol 10 Ser. B

.

Hence from Theorem 6, system (6) has at mogst one limit cycle,
FEaample 5 Consider

b o0, gt

where P, Q are C! functions

—p2 %% BQ +Q? gf;
B—PQ
Noting that tho closed trajectories of (7) must meet PQ=0 and Lemma 5, we see
that if P, @ are O functions and "

6Q —=2>0 (resp. <0),

6P
"1y

then gystem (7) has no closed trajectories.

The author expresses his gratitude to Professor Ye Yangian for his instruction,

———>0 (resp. <0),.
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