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SENTINELS FOR PERIODIC
DISTRIBUTED SYSTEMS

JacqQuEes Louis Lions*

Abstract

For periodic distributed systems the author reduces the “sentinels” problem to a problem

of cont1olla,b111ty type and uses suitable adaptations of HUM (Hllbelt Uniqueness Method)
to gives olutions to the original “gentinels” problem,

§1. Introduction

Let 2 be an open set of R”, bounded or not, with a smooth boundary I".
Let T>O be given.

We consider the periodio (m tlme) system glven ag follows the state equati
isgwenby P : R P

o

| y”-Ay+f<y) -0 in axm, T>, T ¥
where ¢ = gi’, Ay— & y et gﬂ"i and where f (A.) is a non—neoessanly hne

funotion, smooth and suoh that the oondltlons below are satlsﬁed T
We are mterested mtlme periodio solutlons of (1 1), i.e. such that o '
‘ y(O)=y(T), | R
where y(s) stands for the functien a;-—>g/(a7, 5. o
We add now the boundary conditions.” We are mterested in systems n
completely known, where some ‘of the conditions are not enhrely available. In il
presen’ situation We assume that

y=y+vy on Z=Ix (0 T, @.s

where g is known (sufﬁmently smooth) and where 7y denotes the “perturbation” (¢

the unknown part of the data). The function 4 is arbltra,ry and v&R is sma

enough.

We assume that (1.1) (1.2)(1.8) admlts a umque solutlon in a smtable spac
Let ’ -

v D® @

be this solution. - B A ‘
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We denote by g the solution for v=0. We assume that y can be computed
approximately).
‘We now introduce, followmg J. L. Lions™; the notion of “sentinel”,
Let w be an open- set of Q Let ho be a’ gwen funotlon on o (O T), such that
B0, ” hododie1, (1.5)

WX,

‘We introduce the funotioﬁal '

P (7) = H (otwy(dads, (1.6)

wX(0, .’l')

vhere wE€ I?(wx (0, T')) is 10 be determined.

We shall say that (1.6) defines a sentmel (f01 the system (1 1. 2) @a. 3)) if
he two following conditions are satisfied:

= S @) om0 ¥§ : .7

nd

[l L’(wx(o,r)) =minimam, among all w's such that that’ @y holds true (1 8)

Remark 1.1. Of course 11; W111 be neeessa.ry to verlfy tha,t ho+fw$0 on co>< :
0, T):i s R NN RMEL A SN ri TN ‘ Py

Remark 1.2. The notion of “sentinel” as introduced above, followmg the "
‘athor: [3], is eompletely genera.l Wo refer to [3], [4], [9], [10] for ether
ifuabiong;: e T e 3 Uy ;i e 0 T SR

Rema.rk 1 3 Very many sﬂmatlons of the type (1 1) (1 2) (1 3) arise in.
hysiocal SJ.tua.tlens, in partmula.r in natura.l selenees o : ~

Remark 14. In wha.t follows we a,re gomg to construc’o w satlsfymg (1 8),

ssociated 0 any open set  and $o any funetlon ho sa.tlsfymg (. 5) ‘There are a,n
nﬁmte number of sen’olnels for a glven system

§2 Sentlnels and Controllablhty

: A
' Let us 1ntroduoe L

@l b i @y
The funetion?)isgivenby » A o
- " {z} ~dy+f'(5)9=0, - @2
y(0)=y(T), y=§on 3.

‘We suppose that (2.2) admits a unique solutlon It is very mmple to glve
gufficient conditions for this hypothesis to be satisfied. :
Condition (1.7) is equivalent %o
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(ho+w)g}dmdt=0 vy, A (2.8)
s IR o N A SUC G : '
We 1n1;1 oduce g given by the solution of

-q Aq+f’(y)q (h0+w)lw in 20, T).
(=@, N e
‘lg=08ur 3, [
where x«,—oha,ra.otenstm funotion of ©. N ' o
' Multiplying the first equation (2 4) by 9 and mtegrahng by parts glves

g 99
Chot-0) 7.9 o G = —j 28 gardi—— j §aIdt,
mX(o ) / Jxov av

DR PO L AR

where 5—- denotes the norma.l derivative o I‘ d1rected towa.rds the extenor of

Then (2.8) isequivalent to IR A

~,‘f

8q S
5 OonZ‘ | (2

This is now a problem of oontrolla.blhby type
Indeed, let us introduce ¢, and z by

{ _90‘490+f{<§)90=h0x6, 0

70(0) =go(T), go=00n Zyoii0 - = o L edi

{ -—z’—Az+f’(§)z Wyay @

z(O)—-z(T), z OonE N

Then g= qo+z and (2.5) .'LS eqmvalent o

N I T
T e .

We oan now state the problem in the framework 6f 661'11"1(;1'6113;1‘)'i1'i‘1';§’.§ "We want
find a “control” w such that the “state’” z=2z(w) (solution of (2.7)) satisfies (2.
and (1.8) among all w's suoch that (2.8) holds true.

Remark 2.1 Iet us take'an arbitrary funcfion ¢, smooth end‘txghf’ ‘guch

g=?g-= Oon 2, q(O) g(T) and suoh thab g has its support in cox (0 T) We th

compute —g' —Ag+f'(y)g=F =Fy, and we deﬁne w: by
e s do F=hotaw. it PR P A

Then (2.5) is true (by construotlon) Therefore there exists:fanctions 1w sv
that (2.B) is satisfied, in other words: there is controllability. ‘The question is'th
to find the “best’’:possible choice for w; namely such:that :(1.8) holds-true: . . -

Remark 2.2, Condition :(1.8) means “that tho: “sentinel” 'is ‘‘as cloge’
possible”- of a mean value on X (0, T).: We . could: introdude other -norms than
fw] Lsuxca, 1y bub we do not pursue this matter here,~i1. -+ ‘
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§3 Solution of the Probléfnwblfﬁ Exact Controllablhty

IR I SIS ,”“;,3;' 7‘ e s

‘We have 1nt10duoed, ,for ‘Other. purposes, in [5] a.nd We. have developed in
11,.[7], a general method HUM (Hllbert Umqueness Method) for the solution of
oblems of Exaot Controllability of the clagsical type, i e. the questlon of steering
given system from a glven state to another glven stabe in a glven ﬁm’oe JSime,
.-oblems _ i :

This “progfé,id' has been 1mt1a,ted 1n [31. " Atiother sﬂ;ua,tlon has been -
nsidered in [4]. We now mdloa.te how one can solve (2.8) (1. 8) usmg techmques

mewhat associated with’ HUM S S AR
Let o be an arbitrary smooth function given on 2. Let p.be the solutlon of
o' —4dp+f () p=0in Q% (0, T), (3.1)
p(0) ;b'(T)} PIE;G-
We then define { as the solubion;of : | STt Sl o ;
-{'— AZ—i—f’(y)Z px, in .QX (0 T), carial 0 (3.2)

o £(O) =L(T), L ~0 on 2.
_ We then introduce a linear operator M by.

P — _-3_C i . i .
. Mo=Bons © 3.9
If we mul’ﬁlply 3.2y byp and if v we mtagrate by parts, Ye obta,m L e
(Mo, o= j (Ma)adl‘ di= ” o? dar i, (3.4
- ¥ (0,T)

- This ] lea.ds b0, the. followmg We set

ﬂcr!IF=< H 2da;dt> R X
Cped GEXEITYS e i : : .
. We define in, thig .way a prehilberfian semi norm on the sPace of smooth
nebions o on >
" Butin faot prOV1ded f’(y) 1s Smooth enough ‘we have a norm: 1f p =0 on wxg'
), T and if p satisfies (3.1).4hen p=0 96:that =20, o ST
We then denote by F the Hilbert space’ obtained by compleinon of smooth
netions for the norm (3.5) . .. - o e o :
 Remark 8.1.- - Beocause.of the very strong regulanzatlon properties in solvmg
1.1), F will congist of very general ultra distributions (a.ssummg I very smooth\
on 3, A complete characterization of ¥ is an open quegtion. .
Remark 8.2. The space ¥ will in general depend on f and on 7, i. e. in fact

of f'(y)=>b. It would be interesting to find olasses of functions b on Qx (0, T)
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—

giving the same spaces F. . .

Remark 8.3. New spaces necessary for the solution of optimal control
problems in distributed systems are nob unusual. New spaces where introduced for
pointwise control in J. L, Lions™®, a questlon of the type of Remark 3.2 being
solved by Li Tatsien . Other spaces (in very la.rge numbel) have been introduced
in J. L. Liong ©% F1, . . . 0 G o L 0 : ¥

SA e

‘We now observe tha.t for any smooth functions o and &; we have:

(Mo, 65545, Mé>= ” ppdadi (

wiedm s e
(where g is given by (3.1) with & instead of cr) It follows from. (3 6) -and: (¢
(which reads (Mo, o)>=|c|j}) that .

.M ig'an. 1somorph1sm from F onto B o oo e
and . Cedr Do ah L A T n s T BT
M*=M R ¢
Let us now verify:that . ., 3w dee cn o pe il e sdee L
dq0/Ov EF', LT IR ¢
Indeed if we multiply (2. 6) by p We obtam ¥
| 2o car dt ” lpdadt €]
@R(B,Ty 5] R L T e
hence (3.9) follows. ,
Therefore the equation - . ...+, ..., "7 = :
" Mo=ogom c€F e
admits a unique solution; : = . D R T R T ENTC R TE T SR SRS T4 5]
-'We then define = ERER {
o cw=ponoX (0, T), where p ig the solutlon of(3 1), T8,
eorrespond_mg t0:0: given by (3:11). G ey

For this choice of w we have z={ .and.(2.8) is equlvalent to. (3. 11) “We:i
“ verify that the “control” w given by (8.12) minimizes ool Bax(@.y- Indeed le
be any function in L*(wx (0, T)) sa,’olsfymg 2. 8), and let % be the correspond
solution of (2.7). We have to show that" '
0] zpusccor < |0 sxcasccormype: - -+ (3.
We introduce -
and we observe that ' - S
AR — = A+ @)= =) S
PO =¢(@), . mew ﬁ (3.10)
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If we mnltlply (3 15) by P (solutlon of (3 1) which”corr esponds o (3. 11)), we
}ain - ‘ ) T
e JJ (w 'w)fwda;dt O
" e TtV W@,y '
moe (3. 13) follows ST T TSR EE RPNt S
It remains to gee if ho+fw¢0 in wX (0 . Smoe w=p and sincs p satisfies
3.1), it suffices to take o such that:- A R IR A (LI R

o~ Aho+f'(y)ho#=0 inex: (0 T), , T (3.18)
T havmg ho+w=0 in wx (O T).
.* Leb:us takefor instancdi~ 'L .o wiiecdn Dowor L .
ho=T-' (volume w)7.. - JONE (8.17)

-Then (3.186) is saiusﬁed provided f’(y) #0 on:w % (0 T)
Summmg up We assume [ smooth (at least O) and that (1.1)(1.2)(1. 3)
Imits a unique solution. :
Let o bs an arbitrary open sst o f Q and let ho be given with7(1.5) and (3.16).
“Then there evists @ ssnténel - S
(ho—i-rw)yda;dt ST (8.18)

Lo wd(d, T) SRS LV

/wfre w Gs given by (3. 12) and (3. 1. BRI

§4 Varlous Rﬁmarks

Rema.rk 41. Let us assume tha.b the state is-given by. N
o Y — dy+f (y) =vzo L (4.1)
with (1.2) (1.3) ;unch'anged);v where: JcQ,. y,=characterigtio funotion of & anid
here v ig a oontrol variable, For instancs the term vy, can represent some sort of
ollution, 'a‘arising in theregion &, let us:.compute
(ot w) (y y)dw dé.

“wx(o,y

Using ¢ as deﬁned by (2.4) and satlsfymg (2. 5) ‘we have -
(ho+w) (y ydodt

wx(d,m ) it

= [ qawar- ” A7)~ G~ G Dldods.  (4.2)

wX{(0,T) wx(0,T)

F ST

Therefore, if we want t0 let ¥ stay “not too far” from gy, we have t0 maintain

| ” qv dw dtl as small ag pogsible. " 4.3)
wX(0,T) ‘ .

‘We can even fry to do that with several sentinels,
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-

Remark 4.2, Everything which we have introduced here oan be generalizad
or adapted in many directions: systems of equations, periodic problems for coupled
gystems, for hyperbolic -systems, systems ' w;‘th‘ sourges: parbially known. A
systematic account will be presented in [9].- |

Remark 4.8, The method presented here can be uged from a constructive
numerioal view point. But a large number of investigations are still needed in
order to validate the above methods for practioal applications. The method H™
has been tested in the “olassical”, situapion of exact controllability in

(lowinski, C. Li and the Author [1] —Where one has to introduce a number
regular ization prooedures.‘ _ S

L ST E T U S
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