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ON COMPLETENESS OF MUSIELAK
—ORLICZ SPACES o

MARE’K’WELA*' Pl

R Abstract Lo

The paper deals Wxth completeness theorems on Musxelak—Orhcz spaces of vector
valued functions, Generally speaking, those spaces are not assumed fo be Ioca,lly convex.,
There are given sufficient conditions for the Musxelak—Orhez space to be complete in terms
ot the function &.

At

Tt i 'niscessary to know whebher the investigated space is complete in many
athematmal P‘problems concermng t0pologlea.1 “veotor - spaces. - Non—complete
pologloa.l vector spaces are very “often repla.oed byjthen' eompletlons However,
o igtracturé of the spa,ee ‘ban’ ehange
mations. So, the theorems r

‘and“tha.t can: be inconvenient in’ many

lportant

This paper deals with oompleteness theorems of a la.rge olass of funotlon spacee-
called Musmlak—Orhez spaces—which dontains the spaces like I#(0<<p<<oo). These
aces (locally convex or not) are very useful tool in invesbigating various
oblems of functional analysis (of. [2, 10]). Moreover, they are very interesting
emselves and their properties are intensively studied by many mathematioians.
lthough the case of Mugielak-Orliocz space heing a normed space is well known and
o completeness theorems concerning them ocan be found in Krasnosielskii-Rutickii
;] or Kozek [3], the authors have not determined which property of the function
yielbding the Musielak-Orlicz space ig sufficient for it to be complete. And that is
1e main purpose of this paper.

§1. Preliminaries

Throughout the paper, by (T, 2, u) we shall denote a measure space with a
nonnegative, complete, atomless and o—finite measure .
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(X, %)will be a real topological vector space (£, v. §.), #——zthe o—algebra of
all Borel subgets of X and ¥——an'arbitrary base of closed neighbourhoods of O.
Further, (T, X) will be the set of all Borel measurale functions f:T—> X, i. e
functions satisfying f~*(U) €3 for every set UE€ Hx. By M(T, X) (or shortly M)
we shall denote an arbitrary linear subset of (7', X). Asusual, f=g means that
f(#) =g(2) for almos} every (a. e.) t€T.  .\. i

Definition1.1. A4 Sfunction D: X xTé[O +o0] s sa@.d to be a @-funct@ovb of
there is a set Ty of measure zero such that

a) @ is HBxx SZ-measurable,

b) @ is lower semicontinuous on X for 1Ty, i. o. for every t&To, a>0, &
such that a<®(w, t) there is a nesghbourhood y of @ such that a<<15(y, t) for every

¢) ©(0, £) =0, B(, t) =D(—w,t) For every s € X, (& Ty,

d) @(ua;—l—fuy, ) <P(w, 1) +D(y, t)for ever)‘y u, v=20, u+v=1, o, y€EX and
T,, SEERPEN i

) hm@(uw, t) Ofoo' e'vefry mEX and éTo

If, moreover, the func'dons P(«, t) arre\cont'muaus on {mEX !D(m, t)<+oo}
G Ty then ®.is called a continuous D—funcigon: - #avsisnll o (0 £0mit &
Remarks. 1.2. Condition a) .of the above: defirition ‘is" neoessary for
compogition D (f (t), )5 fEMM(T; X); being measurable: However: (6f: [6]),; i
is the Euclidean space R, then instead of a) and' b) ‘We'can assume the Carathéo.

oconditionsg: ' R AL\ LT ,’:
a;) @(s, t)is left—continuous on -[0; —I:oo] forchETo, oL
o ag) @(w,+) is Z<meagurable for all a;EX R W IR T TR TR

Note that @ fulfils d) iff & (0, #) is nordecreasing on’ [0 +06)- for inTo S
In the following, the symbol & will:be: used only for funotions which are
functions at least. ‘

By I we shall denote the fu.nctlonal from SJR(T X ) into [0 +oo] daﬁne(

I(f) J @(f(t), t)dy, Then I|M is a pseudomodnlar on M= M(T X) in the s
of [7] and [9]. T

Definition 1.3, By Musfbelala—Orlmcz space 'L2 (M) we mean 1he set ‘of
Sfunctions fEM such that I (af)<+oo fo'r some w>0 equ@pped wz,th the top«
determined by the F—sem'moa'm AN : : R ‘
' : 'Ilf||¢='inf{a>0:I(a'1f) <‘a}‘».*"

Remarks 1. 4. If @ is a convex function (i. e. the ‘fanctions @(:, 1)
convex for a. e. t €T), then we oan define a seminorm on the space L*‘(Mt)‘ '

I F18=inf{a>0:I (s f)<1}. '
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. Nots that || f”l|@—>o iff I(wf,.)——)O for all >>0..If &»ig eonvex then also | f,.H
>0 iff I(af,)~>0 for.all.6>>0., Thus the, topologies determined by H ||¢ and.: u~ﬂ
ro equivalent provided:® ig-a convex function.: : ;

Xefinition 1.5." A sequence (f3.) of elaments of M is said <o be e

a);.,_I—‘comeoryen/g;0f.EM o if I(@(fa=) — =z 0. for some. a>-0,_, S

b) Necomworgent (o J €M, if I(a(lu= 1))~ 55 250 for all 630 (i o. 1fu=

0),

c) u~conwer gent o fEM if BARTL e
Y Y mET f,.(t) ~f @) ¢G})<s, R

GE%’ s>0 n.,EN n\

0
-]
0
2

Ila»

‘ d) a. 8.-cony e:gen ofEM raf thore isa 50 t To of mEasuTe 26T suoh ﬂmf
BN AP OTTOE,

. tGToGG?ﬂoQNﬂ> To

‘ v, L 0 T e A .‘..’Hv,‘.l_,‘” 3 \\...,,VT‘_ 2y :,\\._3 R

§2 The Property (C) of the Set M (J X .
1 Woe sha,ll say that-the ses M(T, X). has the property (@). if, frozn bvery u-—
auchy sequence ( J») of elements of M (T X ) We_oan..choogs; a. subsequenoe which
a. e.-convergent fo & funotion g &M (T, . X). ; it B E adea s
 Lemma:®, 1. -Assume.that | +|4s a semimeé ric on X such ka, 1he space . (X
1. gs: complete Further;: let the space M{T, 'X); be closed,mth .respect to the.a. e.
omvergence. Then M (T X) has the property (0). ‘ Sy
Proof Let (f,) be a ;rOauehy sequence. In wrtue -of thej Riesz theorem, wa
n choose a subsequence ( f,,) such that: f,,k (®)):isia Oa,uohy sequenoce_with respeot
| +f for all ¢ QEA Where A€, andsy,(A) =0..Now define.. ; -+, - 0.0

g hm Jal(t) for i e Ay
g( ) =1
othervvlse

hen by the eompleteness of X g is Well deﬁned and by assumpmon, gE M (T X).
Bxaples 2. 2. The followmg spaces have pr0perty (O0):
1) MT, R), RS
2) M(T, X) the space of a.11 constant functiong provided X ‘ig a: Frechet
omplete metna) spage,. - '

3) A (T, X)——the space of a.ll stroncrly measurable funotlons (1 o. functmns
nich are limits of sequences of simple funchions with respect fo the a. e.
_onyergenes) provided X is a Frecheb spasce, -

4) M(T,X)~ 1f X is a separable. Banach space (then nrT x ) AT, X ) by
the Pettis theorem). :
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§3. The Main Result

The Musielak-Orlioz space is said t0 be T-complete (resp. N-complete) if it is
complete wWith réspect to the I-convergenco (Tesp. N—convergence).
In the next theorem, the following conditions will be a key of importance:
(Ip) for every set G € & there are a set T, of meagure zero and a measurable
funotion 7g:1"— (0, +eo] such that k
inf D(w, t)=0¢(t) for every tg Ty, «

(W) for every set GE % ‘there are a gob To of Ieagune zero and a sequence (
measurable fanctions Lo |
N T—>[0, +o0] such thab

mf @(m;, ) =>ng,n(t) ‘'and supng,,.(t) >0 for t¢T°

Rema.rks 3 1 We shall use the followmg consequence of oondmon (I u
(zesp. Nw)): If u(T) Zoo then every ‘sequence I —convergent (resp N —eonvergem
is'p-convergent at ‘the same timo (of. [11, Theorems 2.8 4nd 2. 7])

If (X, |-[) i5 a metric spaoe then mstead of cOndlmon (I ,w) one oan oomnd‘

. the following one: "« ST T ‘ - ) S
A mf@(w, £)>0 -for all 5>0 and a.’e. {ET

171>

although the function ¢ mf @(m, &) may be non—measura,ble However, 1l
. pn N
consequenoe mentmned a.bove remalns true (of [1 Pr0posfmon 2 3])

v Theorem32 I_f M (T X ) has the pfroperrty @ arnd @ sat@sﬁes ctm&bw
(I w) (resp. (Np,)) tlwn, the Muswlala—Ofrlwz space L“’(M) 48 I—oomplete ('resp A
00mplete) i

Pa'oof Smce wisa o‘—ﬁmte mea,sure, there 1s a funomon £ T-—>(0 +oo) s
that j £()du<+oo. Let us denote ¢=,@°§‘,1 and dj=£-du. Then B is a ¢
funetion, p is-a ﬁmte measure and L

[ B i~ [, 2G®, Hau.
Henosé, it suffices to provo the theorem in the case of ﬁmte measure p, only

Let (fo) be att 'I-Cauchy sequence with a constant a>>0. We claim that (fo)
a u—Cauchy sequence as well. On the contrary, if (f.) were ,not a p—Cauel
sequence then we can find:a set @ € %, a number >0 and sequences > my =k su
that

W(EET: a(fut) —Fr(®)) E -G} > for BEN.
‘Lot hy=a(fo,—fm,) EM (T, X). Then, obvmusly, (hs) 'is not ,u,—convergent to O On



296 . _ .. .. ,CHIN. ANN. OF MATH. .. . ..  : Vol 10 Ser. B

the other hand, for every s>0,
' I () = I(a(f»,‘ Fm)) <

for sufﬂmently large FEN 1. e) (h;,) is I~oonvergent %0 0. Thus, by (I ,u,) (hk) has

to be ,u.—oouvergent %0 O——a contradietion.

Now, by property (O), there are a subsequenoe ( f,.) and a funct}.on gEM ,
X) such that f., (t)——)g(t) for a. e. tET Therefore, in yirtne of the Fatou Lemma,

i 0@(® - 9@, Dau-| tsg 1B Ca(G ®- ~In®d.

<hmmfj LICERORINON f)d/.b<s

for all sufﬁclenjﬂy Jarge nEWN, Thus (f,) is I—eonvergen’a to g-and g€ L7 (M).
In an analogous way (usmg cond.ltlon (v p,)) one can prove.” the N-completeness
>f the space L*(M).
Corollaries-8.3.  The consequenees of Theorem .3:2 are collected in the
E'ollowmg ta,ble Le’o us look at the assumpmona oonoermng X and 9. we have &=
N y,) (1n tha.’s oase We take G {a;E X [|a;[| <b} a.nd deduoe ’oha,’o m;,,.(t) = 1nf (D(na;, 1)

TR

ire measurable func’uons) Next usmg the Peﬂns theorem and, [11 Proposutlon 2 9]
ve geot B=>6=>8, Analogously, 7 =>(I/.¢,) [1, Proposition 2.3]. Further, 4=7 and
B=>7 (of [11, Remark 2. 4]). Finally, 1=>(Ip) and 2= (N ) even,when & is nok
ontinuous since the flgnotlous > mﬁ b@ (na, 1);are meagurable: (P is left—continuous

i . T . .
A L e

und nogldeoreasmg on (O Ho0)). &‘ e e s ondd o ppmitle
Proposltlon 3 4. If (X - [|) isa lmearr meta fw space cmd @ satws ﬁes condfbt'bo'n
N ,w) then the F—semmm’m || ll@ beaomes an F—mfrm i. e, |l b [lg—IO 0; f O L
" Pr oof Suppose “that l|f]|¢—0 and «“'(t{x Tf(t)aéO}) pb({t‘ET [[f(t) l|>0

“her ,w({tET 1] f(t) I >rr“1}) —c>0 161 some r €N, Denote O,= {t ET ||f(t) | >rr'1}

Vithous loss of generality we can assume that M(O,) =0<+o0. Further, let G E L4 .

o stich that GC {(2EX: ]|mt[<r 1, In vu'tue of (N,w)

B0 = (¢ € Orisupia.n(t) >0 = w(C () () #€0rman( sy )
‘hus, we can find numbers m, nEN suoh that the gob A,,,,; ={t E O, ng,,.(t) >m’1} is
f positive measure. IR N TIEE LA T A I R i :
On the other hand, there is a sequenoe @=>0, @—>0such that I (w, 1f)<a, for

u ZEN Let Zo>n be such a number tha.t a,<m1n {rnrl, m 1 H(Am,a)} for all Z>Zq.
‘hen

'

[, o, Dau=, @(ﬁf(t>.,t)dus.- v e

>«L e, a(E) duzm™ s w(Am,n) >

a contradiction.

for all I=1,

IS |
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Corollaries 3.3.

. o Lom(T, Xy | LP(A(T, X))
1 (B |P @(-, t) vanishes only at O for a. Ig-complete
e. teT »
2 D(-, t) is not identically equal Ngz-complete
toO fora.e. t€T
3 (X, |-])-a Montel space | @ is continuous and @(-, ¥) I ¢-com§lete
vanishes only at O for a. e. t€T
4 | (X, ||-})~a Banach sp. (i;(:beD(z, t)>0 for every b>0 I g-complete
[E2(p
el landa.e. teT ‘
5 | (X, {|-I)-a separable | @ iscontinuousand . .27 Ng-complete
Banach sp. lilrln"inf Oz, t) >0 3
, Dlfeo - 2,
fora.e. t€T
6 | (X, ||']|)-aeparable p-| @ is continuous and v Ng-complete
Banach space with a p- R lilm" 2f¢(z, >0
. K R 3] f -
vl.mmogen‘gous norm 0<< | .. o teT
<l B ;
=7 1 (X, |<D-a Frechet space ’ir,:fbft(a;, >0 for every b>0and | i o=t - - i) 5 Ty—complete
. > -
a. 6 ECT Fie cneT T inhh e SN
8 | (X, |-])-a separable | & is‘continuous and - RS PR R N p-complete
Frechet space | - |« .. sup inf @(nz, t)>0 4
T neNl=I>b - s i
for every >0 and a. e. t€T

§4. Applications

Our first applioation deals with a speocial cage of modular spaces (in the ser
of [9]). Those spaces can be used in the nonlinear infegral equations of i
Urysohn type

F@=a O 6 I +o®) «

(cf. [6, p. 163} or [6]), where k:[0, +o0)XTxXT—>[0, +oo) is a Jpx3:
~measurable funotion (5, denotes the c—algebra of all Lébesgue measurable subs
of [0, +c0)), k(0, ¢, §) =0, k(-, #, 5) is striotly increasing convex and continu
forall (4, ) ETXT. D

Define a modular p: M (7, R)—>[0, +co] by

p(H=[ [ FUFD1 & a8
The following theorem has been presented in [6, Theorm 18. 18].
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‘lheoLem 4 1 If

J k() %, $du()>0 foa‘ ol u>0 and . 6. seT R ¢
hen the modulao space -

X,~ {fGi’J?(T R) hmp(uf) o;,
tgz/fbpped with the F—hofrm N , ~ |
I lp=inf{u>0:- p’(yﬁlf) <u_} .
soomplete

__We are going to prove that Theorem 4 1 remains true under some weaker
ssumptlon ' CT :

. Proposition 4. 2 Lot A=TxT (‘he product oj two measure spaces) and
—H:X w. The modular space (X,, |+],) ds oomple e provfz,ded
the functions k(+, ¢, s) are no’ Q::Zentwcallg/ egual -
, to zero for y-a. e. (4 DEA o (®
Pfroof Letb 7 , B ST ; '
M(A R) }g T><T—->R there me%D?(T R) suoh that
o - g@, &) =F(@) for u—a e. (4, s)EA}
£ coulse, _there is one~to-one and “onto” éorresp0ndenee between the spaces M (A
) and EIR(T R) 50 we oa,n 1den’o1fy them. Furbher, let .
FR 2 RXA—>[0 +0), B(w, ¢, ) = k(lml, % 8). :
i 19 eagy to verlfy that @ is a PD-funoction. Moreover, by the Tonelli ‘and Lebe—
ae dommated convergenee ’oheo ems ‘we infer that )

(M) = I (R (T, R)) = {fEED%(T R): j @(wf(t), t, )dp<+oo forsomecz>0}

{fESIR(T R): j- j k(w[f(t) l, t, s)du(t)cl,w(s)<+oo for some a>0}
e '—X S P I VO R P N d . P

Of course, | fa| ,,—->0 iff | fals=>0. Hence, in vibtie of Corllsry 3. 8. 2 and 3 'thé
ace X, is |« |-complete.

Sorollary 4.8, The specs- X .68 p—comolete providsd k(e, t, 5) vonishes only at

ro for vra. e. @, S)EA . ,

”‘he next apphoatlon deals Wlth famlhes oi modules dependmﬂ' on

rametar [6 p 199] _ A

Let (T 3w, (8, 8, v) be twa qpaoes wath nonnneg ative; éomp].ete, atomless,

finite measures and leb o v T |
@: [0, +o0) X;S'v—a[O, +00) ,

be a funchion such that p(u; «)- is measurabls for all ©>>0. Moreover, Tet (-, s) be

s continuous, nondecreasing funcbion for y-a. .e s€ 8. A modular p, is defised by .
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pe M (T, R)—[0, +oo]
70 [ [, eCr@ 1 oaun®m o).

In an analogous way a8 in Theorem 4.1 we define ithe modula,r space X, and the
F-geminorm |- |,.. _

I’ropos1’c1on[8 v 4 4 If

@4, s) =0 for »—a. o. sES & u= 0

then the modular space (X ,,, |+|,,) s complete.

‘We shall prove that the assumption of the above proposition can be replace
by a weaker one: |

Proposition 4. 5. If ¢(-, s) @s not identically equal to zero for v—a. e. s€i
then the space (X ,, |+|,,) 4s complete. '

Proof Let A=T %8 a space with the measure p X y. Moreover, let

M4, R)={g9:T xS —R: there is f €M (T, R) such that
g, §)=f(%) for pxv—a.e. (¢, s) EA}
and B:RXTx8—>[0, +00), B(x,1, s) =¢(|z], ).
Then M (4, R) is a linear subset of M(4, R) and c_an' be identify with (T, R)
We claim that @ is a &—function. We shall prove only the > X H-measurability ¢
the function @ (g, -, *) for every fixed € R (cf. Remark 1.2). Let a>0. Then
{( 5) €4:B(a, 8, 5)<a} ={(, s) ETx8:9(|a|, ) <a}
=Tx {s€S:p(|z]|, s)<a}EIxE.
Further,

L“’(M(A R)) = {fesm(fz', R): 3 L & (af (B), 1, s)dp(t)dv(s)<-§oo}

~{reme@ m: 3 [ [[ palf @1 an® v(9) < oo}
= XPs
Hence, in virtue of Corollary 3.8.2 the space (X,, |+],,) is complete.

Corollary 4. 6. If p(y, s)=0<u=0 for v—-a. 6. s&8, then the space X, -
ps—complete.
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