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) PROPERTIES IN THE LARGE OF QUADRAT[C
C SYSTEMS IN- THE PLANE

B Abstract

The a.uthor proves that any~qua,d1atlc system in the plane can be -.changed into the
quad1atlc system (El) o (Eg) by. means -of. linear, tlansfmmatxons, and then gives a . ..
necessary and sufficient condltxon for the systems (El) and (Eg) to be Pounded f01 t>0 a.nd ;
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A complete and detatled 1nves’a1gatlon on, quadraiuc Systems can be found in
nonograph™. The. dJS'bl'Igbut].Oﬂ of limit. cyeles -and the global structure.of orbits
including a class of bounded qua;dra‘ole systems) a.re espeom,lly oonmdered in [1].
or general bounded quadratlc systems, _yv‘uhe followmg results were obtalned in [2]

SR

The quadraho system o i

A '. P wnw+wmz/+P(w, y) y w21w+wsay+Q(m, y), :
vhere P Q are homogeneous quadra.tlc polynomlals of ) and y, 1s bounded 1f 113 .‘IS

SO G STUTRE S , G
ﬂine—eqmvalent to - S . : ;

: ,.‘;""“uw, ?,"='“219~’+“22?J+50?/‘ V

7ith 411<O, (lgggo_, or ; o '\ o

. LB s Q} @11$+012y+?/ [Ij agay . e
uth w11<0 G:m<0 an+a9a<0 OFt  wpies e p i &
T g T R

g= d11ﬂ>+w1ny+?/ il/ = %197‘1‘66322/ wy+cy
7ith ohe of the following * * %t o
(i) au<l; |e]<2; . fys qoder i
(11) au=a 91—0
(111) a11=0 a1a+a;1—-0 agﬁéO a92+can<0 o : ‘
But it ig difficult o tse*the “aboVe wesult directly to determme if a glven
uadratic system is bounded. According 0 Ye's classification®™ a class of quadratlo-
gysbems are treated umformly in [3]. Precwely, the system :
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&= — Y+ 0z+12? +may +my?, §= w(1+aw+by) L (IIT)
is bounded for >0 iff one of the following holds: ' ’

Q) n=0, (b—1)*+4ma<0, mb<0;: : : :

(2) n=0, (b—1)?4+4ma<0, b=m+a=0, m(m8+1) <0, m#0; -

(8) n=0, b=1, ab>0. '

The above result containg a migtake, and it is .corrected partly in -[4]. In his
leoture notes on quadratic systems (Strasburg, 1983) my adeer professor Yeh
Yianqian gave the following example -* IR L L S

a;=y+8:u+mwy+ny’, y o (1+~mz'~ m/) S

whieh is bounded iff §<<0. In faot, we 'have -%K ) a.long the orblts of the abc
\y

system, where ¥V =2*-+y*. This shows tha.t “n =07 is ot necessary for (III) to
bounded. RTI e

An equivalence between the 1esulbs of [2] and [3] is- conmdered in [5] ,
then the above result of [3] JS modlﬁed as follows. .. . e P

A quadratlo system 1 mth a. nondegeﬁerate smgular pmnt of mdex +1 -whi
does not lio on an 1ntegra.l line is bounded iff it i a,fﬁne—equlvalen’a to - (III) w:
_ one of the above conditions (1) and (2). R e

But for genera.l qua.dratlo gystews, ishe problem Yvhen they are. bounded 1
,not been solved so far. One of the purposes, of. ’ohe _present paper is 4o solve &
v problem Our ma.m results are listed in sectlon 1 below. )

§1. Main Results P

‘We will prove in section 2 tha,t any quadratlo sys’oenl W:lth a srngular pom’ﬁ
the form

".‘,(
v :

= o<§<2dﬁw‘yj' y~o §<2 b”wy’ S TR AT ¢
is a,ﬁme—eqmvalent to S i e o Sy s LN
T = —y-+aa® +bayy, Y= sm+8y+lwﬂ+mary+wy ) e (B
where 8=0, 1 or —1, or T S N
z= oz+ az’'+ bay,. Y= m+8y+lm”+mwy+m/ (B
Obviously, (E,) has no limit oycles around the ongm,,a.nd (Bp). ha.s limit eye
around the origin only if 6<<0. . = s Tee et oadd o T ed
We first introduce the following definition. AT PO L

Definition. Let 7*:b¢ a ‘non—singular, positive semi—orbit . of (&) Ifuthere is
siraight line L such that the mtefrsectwn Y*NL ts countably, infinite, then the or bit
called positively oscillating, otherwise, it is called positively: monotore.  If a monotone
orbat is positinely unbounded, then it is said to:be monoione unbounded.
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- Throughout this paper we a.lwa.ys dJSOU.SS the. bormdedness and the unbound-
edness for pogitive time, i.e., for £2=0;: B R Y Bl e
For system (E;) we have the followmg theorems; ‘ B TR
Theorem 1.1, Quadratic. system (E1) . 48 - bounded- fbﬁ' one of the follo'wmy
condétions holds: - SRR
(i) n=0, a+m=0, aF’+bl O bs+a(a b8)-—0 ab<0 g=13 =
s (L) m=0, e=a=m=1=0; §<0, b50; = .~ woa Lo Loy :
(iii) fn,-O b(bd+m) <0, (a—m)3+4bl<0; - N T
(iv) n=00+m=0, sb-+1l+ad=0, sab<0, (w m)9+4bl<0 g=+0.
Theorem 12 Syetm (B has prreo@seby one. monotone unbounded, orbit %ﬁ” ong. of
tha fallow?mg lwlds I
(1) n(b- n)>0“‘f"(ez—v;ﬁ‘)ﬂ“<4'(n” B, mb>0; T
(i) n= ba+m =0, b(sb+l+a8)>0 (w—-m)”+4bl<0
(i1) ‘n=b, m=a, bl<0;} T H
For system (Ea) we have. the followmg theorems
e Theoreﬁl 1 3 System (Eg) is bounded 'z:ﬁ mw of tke followfmg kolds o
LY b=0, GER=0<m=0; 6<0 o - it @ f
(n) b=0,4=n=0, 0<0, 8<0;" 17
(i1) 540, n=0, am=3l, a'E L0, a8+mc A5, a<o a<o "
(V) B0, 0, 80, (e~ m)"+4bl<0 i

Theorem 1.4. System (Eg) Has pq'msely one ) montons unbounded arrbfz/t mﬁ‘ one of
ths following holds:

( ) n=b, m=a, bI<0;: een i e
(11) b(b~ rn)>0 nb>0, (w fm,)2<4l(rn, b).
Applymg Theorfms 1.1’ and 1.9 %o the system B
&= —y+do-+la +mwy+nyﬂ, y a;(1+wzv+by), (IIT)
we obtain the following theorem o
Theorem 1.6. (a) System (III)M, is bounded @jf
(i) 1=0, b(m=b8)>0, m?44nb<0, or !
(i1) 1=0, m="03, b+n=0, m?+4nd<0; a
system (I1I) 40 has precissly one-moriotone unbounded orbs f %ﬁ’ -
o (1) H(b—D)>0, mP<tdn(i=b), or : |
(i) 1=0, m=133, b(n-+5)>0, m2+4anb<0 or
(iii) m=0, b=1, nb<0, B e IR L
. (b) system (IIT),_o'is bounded iff one oj‘ the: followmg Folds:
(1) .bl=ma, b+1=0,:0+bd=m, mb<0 '
(ii) (b—=1)2+4ma<0; md<0,
Gi1) (b—D)+4ma<0, b=m+ag=0, m 1+ md) <0, m+0:

o e

[

: TuF
Ciorob Low oo Toom Y



No. 8 Han, M. A. PROPERTIES IN THE LARGE OF QUADRA TIC SYSTEMS ats

system (I1I),_o has p-recfz,selfy one monotone ucnbounded orbit iff b= 0 m(m+ @) >0, P+
4ma < 0. . !

§2. Preliminaries 1
Consider the general form of quadratio systems

i= 3 a.,:v?/’ g= B e T @

0<w+]&" : 0<Li+i<2
If (E) has no smgular points, it is certamly unboulided If (E) bas at least on
‘singula.r _point, then by 2 transla.tlon we can: make Ao =>b00=0. If byp=0, b
exchanging and Y we oan make go=0. If bno%O, 1 bhe, following -cubic equatior
RO — bgou® +(“ao—bu)u +(“m*bon)u+wos—'ﬂ
has a real root v. By means of the transformation @y = G—uy, .yi=Yy We can maki
new aog=0 Thus without- Ioss of’ genera,hty We 0an \Suppose sdg = boo a03=0 in (BE)
If @19=0, then (E) hag the form : -1 - P S S

Z=ry-+as+baoy, y= sw+6y+la; +mary+wy 1(2.1)
If @10%0, @p#0, then we can -use the transfmmation 9=, Ya= a;+a01/a;10y e

-trapsform (E) into the form of (2.1). It %1—0 then (E) has the form
‘b;=0:r;+a$a;”+ba;y,'y=7«.a;+3y+‘lw +ma:’y+wy" 2.2)

“We can suppose r#0 in (2. 1) (otherwme, it is oontamed in (2.2)), and thus,
without loss of generaliby, r=—1.1f 6<0 (>0) we can also make s=—1(=1) by
the transformation my=|e|Y3, #i=|e|¥%: Summa.ngiqg the above discussion we
then get the following proposition. o R

Proposition 2 1. Any quadmtw system with a stmgula/r point-és aﬁim—aqu’m;alent
o

2 -—y+wa;’+bmy, o= sa;+8y+lw9+mwy+ny, . "',,_':,T(El)
whefl'ee~0 10fr -1, 0r .. . _7 ‘ ,
= co+az S day, y= M+’o‘y+lw"+mwy+wy, . S (Eﬂ)
and the orbit orientation 4s preserved. , - L B
From [6] or [1], We oan prove thé followmg propomtion !
Proposxtmn 292 Let
(@) = (6"n+b% — amb) o+ (wm,+sb”'—aba 2bl)a*+ (I - 2bs+a8)w+s,
P(z) = (wb-i—mb 2m)a;ﬂ+ (68 - 2a ~ fm)m 3. ST
Then (E;) 'bsequwalentto L oo sa et eahdg 0 e e e
. ey F<w>, y——g(w) S @)
and . : o - R AT L L T
S m=y— Fl(w) y= —sh(w) A L (2.3),
respectively on the 'reg'bo'ns 1~ bs>0:and 1—bax <0, where - : Lo
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R Y E SR R ST LR " {w); b=0 nl SR PR
. v d
F@=[wis r@={ e
n@-| fi(w)dw, 11@) = (@) oty
(@) {‘”‘P(w)eﬂna; pLo, SR
T) =
7 wp(@) (1~ bo) =2, gx(ﬂ?)~—a=¢(w)(bw DTENeA0.
Pfroof Put yi—,——y+gm; +bay, Then from (El) ‘
: z=11, ?/1;:_‘#’0(‘5) Vl(m)yi—‘pz(‘l’)?/u '
whereue! o o RESO .{i—-wf;:z RS B Coetpdion AP0 mich i e DI Tl e

Ve U (w) -2 (@) / (1= ba); () = tﬁ'(w)/ (t-58), Pa(d) = (w¥D)/ (1 590) o
Also'set V= u(myyi+i(a) where u; v'aré to be determingd; Then ~+% * 7 @ i
Y= @)~ u(@)%(w))yﬁ(v (w) u(w)ll'z(w))yl—u(w)lllo
Now:we:require tha.tuandfvsamsfyf! woiaas il Tu Enes oo T a v

ST e s g o penubm) = u (@) Pa (@) ) '(a:) u(w)ll‘f(w)‘.ﬂ R AU
Note that ¢y (a;), =1, 2, 3, are no$ deﬁned for 1+b5= 0 Weé oan chdose u, v a8

fOllOWS ; . \‘ SRS Tad v b \,\w‘ sy ‘. . o ;
C5n v (n+‘b) /(1 5a;)dm foft 1~ ba;>0 [
VY ot A ""“ AN IS / Loemngad §
S ﬂ/»("”' b)/ (1 (zm)dm for. 1~ bw<0 '
D13 { SR en e
e §¢1(w)dm for 1 bm>0 o ’
i { ‘A.ﬁ(;m L e Fo) ol TGO

Sy e Doavrda oot }J zu(a;)lluCa;)dm for 1 b:z;<0

BN OR St SRR U 1 SN ERE FE I eV XY

Y= (Y 'v(a;))/u(a;) Y='—u(w)tlfo(a;), i bm%U
By makmg the time cha.nge dv= dt/u (a;) the proposfulon follows
“Remark 21. From $he abdve proof it is edsy to seo ‘that (Ei) hag monotone"i
unbounded orbits on ‘the Tegion i- bm>i ( 1) 1ﬂ' (2 3) ((2 2)1) 'has mOnot.onej;
unbounded orbits on' the ‘satie reglon o ‘:

Then Wé obtéin

o
ey

Losgdrans adty B gag hahe

- For (Ey) we have a similar proposﬂzmn if baé 0.

In order to disouss (H;) and (Eg) we firsh consuder the genera,l system of thej‘
form o i E e ‘

C o ey (@Y, g wg(@, we Fie e <‘2.4>J
Suppose that F, gEOl(a;l, Ty), 0<a; <zyKoo: -1 & R
In the following we will abbreviate monotone unbounded orbits to MU orbits
Lemma 2.1, If there esists wo € (my, @) such that ¢(z) <0 for z€ (o, a) then
(2.4) has a group of MU orbits on the sirép wo<<o<wa as long as oa— ¢(wg—0) =00, =
Proof TFasily by analizing the vectorfield defined by (2.4). '
"The following lemma is agpecial case--of Theorem\2-.-154§‘;'>""'a_ R A 1
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Lemma 2.2. If ihere eatsts o € (o1, %) such thai
(1) Goa—0) =o0, whers G(z) = j g(m)dm, o

i B DY T Yy E
(2) 9(2)>0, Fz)< - ’SG(w) +. (G<w)) for wE(mo, mg) 0<oz<1/2 then (2 4)
has @ group of MU orbits on the Strip wo< L.

37

Lemama 2 8. . Let my=co. If thore eist M>0, 20> such, t[mt 9(@)>0, F{a) s
_Jsa(m) +M for a:>a;o then (2 4). has a ga‘oup of, MU orbg

1319m &> g, In particular
q,f G(oo) <oo, h.m supF (w) <o then the conclusion holds

= Proof We can'suppose. M=0. (otherwise, by means: of -gg =y + M) Then th

funo’slon y=—(2G(2))** is an MU.solution of ths équation - e+

3 ' iil—_: , —g(a;)\x e
‘ do  y+~/8G() '
Then the lemma follows from the eomparision ‘theorem.”

A generalization of Lemma 2.3 6an be found in [7]. ) el

d7>ﬂ70. "

Remafk’ 2.2, 'If F, §€0 (@ o), =o5<ay<al <0, then“ue have result
" analogous to the above lemmas. L .
. ,"',: - ‘ ey LR = Lo i T A RS - (TN ‘.;A ek . ~' / - 'j" 4 i!:?-i
& e \\ R Noaa L ; AN AT B ‘a P N * Lo Zx =y
R N §3. The_ Proofs ST
We mamly prove-the results about the s§Stem + ¢ — =
z=—y-+as+ bJJy, J = 8z+ 64+lw3+mmy+nJ (E1)

where e =0, 1or —1. .. .- . . ol .

Proposition 3.1. If b O ‘then (Ei) has a go oup of MU orbits. . . o

Po qof By Proposi’olon 2 2 a.nd Rema.rk 2. 1 we need 0n1y to prové tﬁe sjstem
T ey R, § 2 =g, B ¢ X

SO

where

B N S VR T £ ST RPRR v s :
F(2) = f(@)de, 1 (2) = — Qana®+ (m-+20)a+5)
Cory o gke) =o(ane®tama®+ (L+ad) s+ &) e, o L - el
has al gronp of MU orbits. For n#*0. the -proposition follows from Lemmia 2.3 and
Remark-2.2. . Let ni=0. Ifam<0 or am =0, l+ad+0, then the- propo-sition follows
from Lemma 2.1 and Remark 2.2, If am=0,:1+ad=0, then 2¢4+-m«£0, :ahd the
‘proposition follows from Lemma. 2.1 for's=—1, from Lemma 2.2 and Remark 2.2
for s =1, and is easy to p1ove for 8= 0 If am>0 and Da%m “then

F@) 2a+m{< V8, a>0,
sioe NG (D) | \/am >«/o a<0

R

where G (z) = j g(z)dw, in this-case we use Lemma. 2 2 and Rema.rk 2.2, If 205 =m,
We can take 1/4 <a<1/ 2, and .,b0>0 $uch that - o
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=%

if a<0, F(z)>~8G(z) ~ (Q(a))? for m<timmgy - wiupd 0 55 sumion
if a>0, Fo)<<— VSG(w) +(G(m))" for 2>z, . ...

n faot for example, a<0 We have for 1/4<a<1/2 ) o N
- Ay / g . SN
I ~/u(4;) ~VE, .,i‘_‘i, 2FG"' B @13331 2F o

It follows that B+ Qe ~/8G for <0, |o|>1. “The proof is eompletedQ _
" "Now We consider'the oase baé 0. By meany of a;i—'—- ba;, Y1="— by We oan let R =

‘\

-—1 and therefore con51der
TN SR S T'—f';H‘afv — Y, ?/ 3‘U+5y+lm2+ma7y+“y e (3 2>

'I‘he systems correspondmg $0 (2.8):and::(2.3)are v RN Yo
o= =y—F(z), y= -—g(w) z>-1 (3 3)
and g 3
: z=y— Fi(“’)) y——gi(w), o<—~1, . (3 3);
where o . . ,

F)- Jf(w)dw, a) =) L), gm0 @ (1235,

Fi(2) =J f1i(@)de, f1(2) == () (—z—1)""7, ¢1(2) % —Q’vfp(fv) (—fv—l)”"'“,
(o) = Ad® +A1w“+ (1+2s+a6)fv+s, ¥ (@) = Ba’+ Biw—§, i
A=aq 'n—}—l—i—am, Al—am+s+28+23,
. B=- (w+m+—2¢m) » By=r— (§+2a.+m)-
Let i :',_" fr A LY ~ Y ;

G(ﬂi) ) j g(z)dw, | G;[(d;) " 9'1(%)41% L t g

Proposﬂ;lon 3 2. Let A%O If (3 2) cloes not ha've a gr oup of M U orbfbts (in
other words, wf the ‘mumber of M U oa jis.
follow'mg holds:

(i) a+m—+«2a/n 0, s+a(a+6) O l wg(n—l—l), s—i—m rn,>0 a>0 n=>0;

(ii) s=a=m= “1= 0, >0, n=>0." ‘

Proof By Remark 2.1 system.(3:8)-.((3:8)1) does not have a group of MU
orbits on =0 (X —2). It follows from Lemma. 2.1 and Remark 2.2 that 4,=0,
and hence @(z) = (s+a°n)w+s. Thus wé also have g+a™n=>0, and if e+a?n=0 then
8=0. For the case e+ a°>0 it is divect that = -~ - . L ..

s ’\v' 3in

ao‘ at most ccmntable), tnen one of the

ERE A

[ a+afn a0 o e 1
", n%O -
o), Gula)~ { S tleneeo, 0
N sln[a;[, = 0 .
n+1, +1 O
| F<m>, Fa@)~ {wﬂ ot s
' L Bln|z|, n+1=0

)wA|‘>>1 (Where u(w)~cfu(m) as |2[>1 means that hm u(zv)/fu(m) —c) Thus



No. 3 Han, M. A. PROPERTIES IN THE LARGE OF QUADRATIC SYSTEMS . 319

Lemma 2.3 and Remark 2.2 give n>>(, and we have B=0 by Lemma 2.2 and

Y
Remark 2.2, From B= A A1—0 we eamly see that = a”('n+1), s+a(a+8) ——O -+
a—2an+0. Henoe

. ————8+'“”_2“”’”‘¢"‘n¢0 N
F(a;)~{ n o as 731,
—(a—l—‘B}lnw,""‘ =0 "
a'ndthen I IR D . :
N2 (3+a—"2an)
= y >0
i F@ | ~nlsta) “’_"‘ o
tan/@(@) |7 n=0. a+5>0,
+o0, i . om=0, . a+3<0.

By Lemma 2.2 it is eagy o see that 3--a—2an<0. Again combloing the fact t!
s-+a’n>0, s+a(a+3) =0 we have ¢>0. For the case s—l—a n=0, we have e=0a
an=0, and thus g=0, ¢;=0. In a similar mapner we have n-+1>0, B0, B>
And it follows from the faot that A=A4,=0 a.nd by Lemma. 2 3 tha.t l a m=
n=>0, 3<0. Thus the .proof is hmshed 3 o :
_Prop051t10n 83. Let A>0. If (3 2) does nok, ha've a g'roup of M g O'Tb’l/ts, the
(i) n4+1>0, (a— m)‘-"<4l(n+1), or _ L e
.(11) n+1=0, m=a, >0, D v
‘ Pfroof We have now o

¥ e

W2 p+1£0 .
6(), Gi(o)~ {2n+2 [ k10t
R Aln]a;],n+1 0 S

py

while F, F, are as before. Then Tlemma’ 2. 3 givey n+1>0 If nif1=0, then fr(
Lemma 2.2 B=0, thus m=a, 1>>0, and (ii) follows. If a41>0, then
S i F@ Ly Fa@) VIR

‘ x-‘+°°\/(r(w) w*—m§/b‘1(w) \/(n—i—l)A .
It follows from Lemma 2 2 and Remark 2.2 tha,t I/.bl <\/— , 1.0, B“<4A(n+l
which is equivalent to (m a)2<4l(n+1) Thus (1) follows, and the proof
completed. :

We will see la.ter tha.t under the condition of Proposition 3.3 gystem (8.

may have only one MU orblt a,nd have a group of unbounded spn'a.l orblts in 4
same time, ‘ ‘

Next we nse Poincare tra.nsformations "to,anal-i‘ze the behavior of orbits' ne
infinite singular pointg. S ' ST

Proposition 3.4. - Supposs one of the conditions (i) and (ii) of ‘Proposition 3.2
holds. Then (3.2) has precisely two énfinite s_q/ngutafr potnls, one lies on y—awis, the
other on the integral line y=aw. (3.2) és bounded if n=0; and has'a group of MU
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Mts fof mé '0"m t}ws case (3 2) has anothefr?%tegml bme y< am w:;s” e
i A e Pz i I35 E Rty (A B s
Pfroof Fu'st suppose (1) holds Pub o= v/z, y 1/z, fr—-i*/z, then, from (3 2),
-d—qf-—-(n+1)v+(w —m Y z(l-l—'o‘v-i-s'v"),
dv SRORSIE
oi :, o f :,‘-; 3 \‘ (3 4) -
% —'—z(n+m'u+lfv"+ dat svz) .

'n>0, then (3 4) hasa sta.ble node ab ’ohe orlgm, in thls cage (3.4) has a group.of;
U orbits. If n=0, then by puttmg A y_ = a:nd t= T we have from (3.4)
d ‘ g

d S : (3.5)
; d’;’ EYTRLY NS (m a)y +ly3+a;(8y+ey2) Q(w, ?/) ,

3 can get from Q(w, Jy=0 wh g g SHERE R SRR

I 2= :l/(a;) -—a:+"(w“ m+8)fv"+ SRR A (3+2“)‘”2+

hen P (&, y(a;)) (a+ 6)@"‘+ . "'Note! "thdt 5+ 5'<0 ~From’ 51 0 By Tﬁeorem
18y, crinptir sy the ongm 1s a saddle—node pofnl;_df (3 5) é,nd wo have Flgm-e 1(&)

A SR (U S
clu (w+1)u +(m a)u+l+z(s+5u+us)’ .

dz
- =t (uz+u _, a)

rom condition (1)we ha.ve / M Ly e
(n+1)w+ (m—a)u+l (n+1) (u a)ﬂ
hus (3.6) has only one singular point (a;, 0).0n the line 2=0.

CEAEIS SRR SR

Bet v= =U—aq, then from (3 6) RIETYS PR R SCTRREs u X Sl ..‘:.1:-7'\..5 =
‘(zZV -fz;((fn+1)v+(8+2a) ',"':w)u ;Zz "“(az+fu_+z'v) ' (8.6)

ence the hne 'v—O glves the mtegra.l lme y= a:v of (3 2) The denvatwe of the
inobion ¥ <z —kv along the orblts of (3 6)’ 59 V 0 1§ h i

'r{f. e .‘.‘-'LI froie s nde i ST ) AR SR TS :

’ “d7 1v=0 +8 RURS TR SRR

hus 'theé value Io- @y / (d+6) glves another mﬁegral hne y d’mi “+8 'f (3 2) 1f .
#O For n-—O we have w+8<0 and then dV “ >0 for /D#O Hence Flgure

b) follows. We get Figure 1(e) from Flgu.res 1(a): (b) R T E U
Suppose now the condition (11) holds. If n>0, then (3.2) hag a group of MU
orbits. If n= 0 then fiom (3 2) Gy N T (;t-;.u--'_L I SRS IR S S

B Yy Y=Yy e s e g

W}nen is bounded The proof ig finighed, . .. . . .

e
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)rblts only if =0, n=0, ¢<0, and (E,) is mtegrable if @=n=0, from which
I'heoremns 1 3'and 1 4 follow for b=0. If b%0, then we can suppose b=-1, and

(Ey) oan be ’oransformed into the form of (2 4) All the rest are oompletely similar
0 the proofs of Theorems 1. 1\ a.nd 1 21 .

ere We oxmt the details,

B
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