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ON INNER:TD‘ —CLOSED GROUPS AND NORMAL
:m—COMPLEMENTS

W.ANG XIAOFONG (l a%ﬂ:%:) *

. ’Abstract--

TIn this paper, ‘the author classifies the finite inner w-closed groups, and proves the
following resulis

1.-1f each proper subgroup K of a group G 8 'weak i@-honiogenesus a.nd‘.‘zwéak‘ o'~
homogeneous, then @ is a Schmidt group, or a direct product of two Hall subgroups..: *

e 2, If G is a weak w-homogeneous group, then .G .is w~closed if one of:the: £ol=low1ng
" stz;tements is j;lue (l)Each w—-subgroup of G is 2—closed @) Ea;,;h u—subgroup of G 1s a'-

¥ closed.

3. Let G be a group and w be a set of odd pnmes If NG(Z(.T(P))) has a. normal po

: completement for a Sylow p—sulfgroup of ‘G- mth pnme pin ar, then so does G o

. . . .
: : P PR B oioe PETEaTNaes IR TS SH o 8 TR AR Y oL
CEECT R TR £ U Ea- s Lo g G- WS EE Ly ; :

ATl groups in this paper are finite. Let m be & get of - prnnes and 191; ‘w’ be
eomplementa,ry set of w. Tiet G be a group. If G has a normal Hall o —subgrm
then @ is called a @'—closed group, or in other words, G has a normal ar—-compleme
A group G-is said to be w-homogenecus if Ny (K)/O¢(K )1s a m:—group for each
subgroup K of G. K#1, @ is said to be weak av—homogeneous if N @ (P) /OG(P) i
@-group for each p-subgrotp P of G with prlme pin . Th s easy to prove that ¢
m—homogeneous if G has a normal ar—complemen% ‘A group @ is called a D -grouj
any two of its maximal w-subgroups are ‘conjugaté in G. Let 3 ‘b an a.bstl
group theoretical property. A group @ is called an inner E—group ‘if every pro
subgroup.of G is a Z-group, but G itself is not. ‘According to this deﬁmtlon
Sohmidt group is an inner nilpotent group.

If w={p}, thena p-homogeneous gronp ‘has 'a normal” p—oomplement
Frobeniug’ Theorem ([1]; Theorem 9.12). However, there are groups’ “(see Theor
2.4) which are w-homogensous, but 1ot &’ —closed Z Arad a.nd D Ohlllag prow
the following theorem in [2]. SRR : st

Theorem A, If w isasel of odd pmmes and a g/roup G is ar-komo geneous, then
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has a rormal w-complement, -

Z. Arad proved the followmg theorem in [3].

Theorem B. Le: o be a set of primes which includes 2. Assume all ar—subgroups
G apledy'-closed. W hery Gas.ar’ Joleh o “and oy, G 35 -homdgensotls. : AG

In [4], M. Enguehard anq L Pg;g proved*ﬂge following theorem.

Theorem C. Let w={p, g}, whare p and g are odd primes and the order of
mod p) is even. If G is weak w+homogensous;: hén G hasia normal w-complement.

In [5], the author suggested the following question (Problem 2.11, p. 17).

Suppose every proper subgroup of wgreﬁp G ig the direct product of a Hall w—
bgroup and 3 Hall @ —subgroup, but G 1ts:e1f is nob of this form, Is G a, Schtmdt '
oup? it

.Using .Theorem Ax(we know the answer. iy afﬁrmatlve . We obtam 8. stronger
gult ag follows i

rect p'roduc, of a Hall arfsubgroup and a Hall L —subgfroup
This easy to prov‘:thJ

e, thai eaeh subgrqnp a,g@ any., {\omomo:;phle .Jmage of &, Weak
—homocreneous group are also weak w—homogeneons (see Lemma 3 1). In thig paper
» follow the approach’ developed 1;1 [6] to derive 8 suﬁielent condition for a weak
-homogeneous group to have a normal av—complement Firgt, we has a classfication

gorem for inner w'~closed groups:.; . jq,|

SRR 1 ST IR EL N L ENRY LR A
If.a, ITOUP; Gy is. dnmer, v '—closad, :then . one | of - t,he followmg

v {

e P T R R o A LIS E AN OSSN ST OR RS
(1) G s, am'zmner 74 lpoternt group. of order N el rwheoe pe !, ng, amd the: »Sglorw
-subg7 0up0f G %s nafrfmal

- (2) .0/2 (G) 'bs a nouabelwn s'bmple gzoup, cmd the follow'mg s«atements are t'rue
. (8), $(@) =0 (&) %0, (@), Jand, O (GYSZA)5 e 3o 2 +oe, L gins it
(b) G/¢ (G) is also wn dnmer ' ~closed, group; PRE
(c) G is w-homogeneous; . ,, e ey
(d) 2 EmN m:(G‘), and._ Iw nombelfmn sfbmpla prropefr subgfroups of G‘/LZ5 (G‘) o8 W=
'oups cprinem prre s Dom meyegrt G L ST
From thls theorem we obtam a tfheorem whlen genera,llzesA Theorems A-C:
" Theorem 3 4 Assume G is & waak w—homogeneous.group. Then G has @ norma
—.GOrrrbpleerntrof ong. of tke followmg statements és satisfied: . ... - 4 N
(1) Each wm—subgroup of G is 2-closed. UL e IR K
(2) Hach m-subgroup of G. 'z/s 2'—closed: ., PR Dot
Usung shis theorem, we can genera.hze Gla.ubez ma,n 8 Theorem ([7] Theorem
8.3.1. ) as follows
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"Theorsm 3. 5 Let G e a group.and x.be a set.of odd primes. If Ng(Z(J(P)))
has a normak ar—com_plement for a Sylow p—subg’l‘oup P of G with: gpfrfume pin av, 1hen so
dose Q.. . . g A IR c

. Finally, we obtam the followmg fegulb: S O A T o
i .Theorem 8.6." Lei:G be.a group. Then G is weak av—homogeneous fof and onby o
GaSW—hOmOge‘YbGOUS oo o : RN

» The notationin thls paper-is standard and follows [7] S T

EX IR o8 SIS SR PW VR TP ¥ ToE o o o . ‘ﬂ Voo

§ 2 Innerav —Closed Groups

i ‘We,now prove Theorem 2.1, wh1oh generahzes Theorem 1 of [8]
wPmoof of Theorem 2:1. Let N:be a maxXimal normal subgroup: of: G G/N
srmple Since N is a pr0per ‘subgroup of- G N is w'~cloged: by the hypothesis of 1
theorem 'Now we show that ‘G/N is not a wm—group. If G/N i3 a w-group and let
:be the norma.l Hall.w'-subgroup ofiN;} then H char N'and H 4¢ a:normal Hall :
subgroup of G- _This is a.contradiotion.; Thus G/ N is not.a w-group. -We have: i
. »

-0ages. - S FNG !J; Ky gpiitog \jmr bl i o' d :, S LIRS L RA
B 17

¢r»0a891 NQE@(G) RAFCER S AR Crloe g

By the:definition:of @(G)/, thepe- emshsna ma.nmal subgloup M. of - G, xN &
guch: that Gi=MN .. Thus QYN N/M N N. Since: M;hasa normal .m-complement
‘the hypothesis; M/M Nd¥and, LN have 450 nopmal ‘w-ocomplenients. Since G/N
a simple non—w~group, G/N is & a’~group. Furthermore, &,is n'-ploged, so G is.

RSNt

separable. ‘Theorem 6.8 of:[1], cdmplies theve is)a Hallia’-subgroup inv'@, say .
Bet H=N (} Hy then. H;is a. Hs1l: auqsubgroup of:N..and: H-ohat' N} so. H<@, . Si
N<G, Hy apts.on. N by conjugation’- and.H is an Hy-invarisnh normal. subgroup
N. Thus '-group H; acts on w-group N/H. From Theorem 7:.6:df [1],  there. exi
aSylow g-subgroup ¢Q;{of N:-for yeach ¢ inc aw(N/HY {such. that QH/H ig an 1
inwvariant Sylow. g-subgroup of N/H. Thus QHH, =QH;<@. It H,Q<@, then I
is.w'~ologed by the hypothesis. .o Hy<HyQ and QENg(Hy)y. Sinoce G/N+is a
' group, it-follows thab w N #(N) =5 Nw(§) and @ is a Sylow ¢-subgroup. of G. Sk
HiQ<G and wNw(N) = N (@, there exists a Sylow ;r—subgrOupr of G' such, t
RH/H is Hy~invariant and Fy R< G for each 7€ w#(G) [ This yrelds Ng (Hi) -
This is a\oontradlotlon and we have proved that G=HyQ. v .. =iy 1z v i
¢ as Now.wejshall prove that Q<G First, there existy a: nonidentical - subgroup
of Q suoh: that Q1<2G.. If not, then Ng(Qo) <G for every nonidentical subgroup Q
Q. This forces Ng(Q,) to have- a normal @w-complement: by: the hypothesis.: Fr
Theorgm@ 12 -of, [1],. G hag a normal m-complement;’ ai dontradiotion; i3 Q= o,
then Q<F, If Q1<Q,-,4‘we,. investigate G= G/Qs. Obvieusly, each. proper -subgroup.of
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G has a normal m—complement:If-G is.’ab‘eclosed;.. then H.Q{/Q, is the normal Hall
/-subgroup ‘of @. Since Q;<Q, HiQ is & nontrivial normal subgroup.of G and
1.Qy=H:xQy H,char HiQi. Thus H;<@, a contradication. So G is also inner
/—closed. Furthermore, we claim that Q@ (G).. Ihdeed,: if QTP (R), then there '
xists:a maximal'subgroup My of G-such that G=MQi. Bub.G/Qi=M;/ M. Qs has

normal m:—coniplement if M; dose. This is a contradiction.:So Q,S®(G) sand
learly ®(G/Qs) =P()/Qi. Thus wé have N /@& (G/Q:) and N/Qy is a maximal
ormal subgroup of G/Q;. Hence G/Q; haz a normol Sylow g-subgroup Q/Q; by
1duction, then so dose G and.We have proved Q<G v

Finally, we show that H1 is. a p-group. Let pEw(Hi) , P be a Sylow p-
group of &, Then PRQ<@.'If PQ<@, then PQ=P XQ and QE N¢(P).' This*forces
T N¢(Hy) by the cheice of p,and so Hy<@. This contradiction proves that- H 1=

'and G'=PQ: Honoce G‘ (i3 an dnner. mlpotent group T nmendt Ll

10ase 2, NTO@), e ll o oo e e

iCléarly;:Nx =¢(G) L 0(GY XO,'(G) and G‘/@(G) G‘/N is-a' nonabelian 51mple
roup Let y be any w’~elemeirs of &, then 0.(@)Ky> kG and 0(G)Ky> =0, (@) %<y
y the hypothesis of the theorem, This implies that 0,(G)<Og(y) for each o'~
ement y of G. We olaim that Og(s) =@ for any = in 0,(Q). If ‘not,- then ‘there
cists an elément . of O, (G‘) such that O (a) <@ However, G is inner a'~6loséd, 0

¢(@) “has a:normal Hall:w'=subgroup ‘H. Sinée‘each wi-subgroup of G centralizes z,
[ is the 'unique Hall a’~subgroup of & :a oontra.chotlon Thus Og(z) = G and
msequently O, (G) CZ(G)So(ayholds, . v o eV s e

| If G/D(@) isw'~closed, then'@/D(F)-is a a'~grotp,: for it is simple non—az-group
hus 0;(@) is'a Hall w-subgroup'of:G.:But.0;(GYSZ (@) by (a), this implies that
has a'normal w—oomplement Thig:is & contra.dlchon ‘Hence G/@ (G) i8 also mner"
—elosed and (b) tholds, i meiai o o VY B I LTI S el

. ket @ beany nonidentical w—subgroup of G.-1f Q<1G ‘then PCO,, (G) and the
“elements-of G ceniralize Q. 8o we conclude that Ng(Q)/0s(Q)is a w-group;On
1© other hand, if @ is not normal in @, then N4(Q) <G and Ng (@) “has ‘a"normal
-complement. Set M = Nz(Q), Then Ny (Q) =N&(Q), Ou(Q) OG(Q) and N G(Q) /
¢(Q) =Ny (Q)/0x(Q) is a w-group. Henoe' (c) holds. - Y -

- From Theorem of [2]'and (c), we obtain 2€ w W(G) Moreover, if there emts
nonabelian simple proper subgroup of G/@(G); say L/P(G); then L/D(F) is w'-
osed by the hypothesis. Since groups of odd order are solvable, 2€n(L/® (G‘)) and
/di (@) is a w—group. So (d) holds and ths proof of the theorem is oomplete e

- From Theorem 2.1.and Theorem of [9], we have

Corollary 2.2. . If finite group @ és a D,~group and ‘every proper subqroup of G

- has & nor'mal w—complement, then ons of the following statements holds:
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(1) G is énner nilpotent; or

- (2) G has a normal.w-complemens. o

It6 (}10], Theorem 3.3) proved that an inner p—closed group is an inner
nilpotent group. Clearly, Corollary 2.2 generalizes Itd’s result. :

A group @ is perfect if G'=@, A group X is qusisimple if X is perfeot and X/
Z(X) is simple, where X is called a covering group of simple X/Z(X). Schur™"
showed that a nonabelian simple group X has a universal coyering grpup X suoh
that every covering group of X is a homomorphio image of* X, and Z(X) is oa
Sohur multiplier of X . By the table 4.1 of [12], we get the following lemma.

Lemma 2.3. (1) If X/Z(X)NPSLg(r)fwhmerr>3 and T+49 is an odd pr
power, then X=SLa(r)and | Z(X) | = .

- (2) If R/Z(2) = PSL.(2")where r>3, then X~PSL2(2') :

(3 If X/72(X) = PSLy(r) where r s an odd prime power, . hen X ~P;S’L3(q

Q). If X/Z(R) =8,(2) whore r>3, then X =8,(2);if X/Z(X) ~8,(2%),

Z (2) 8s an elemeniary abelian group of order 4. AT Fo

. Now.we can state .. - > y e : N

Theorem 2.4. If gfroup G‘ 48 fomer wm -closed‘ wrwl sasoh w—wbgrm@ of B
solvable, then either G-is: ininer. nilpotent, or one of the following statements holds..

(1) G/®(G)=PSLy(r), where r>3 is a prime, r’#d{mod B); and2, 3

0.(ACZ(@), |0A@) | <2, and if r is a. w«numbelr tlgem r~1 48 6 w—number,
(r+1)/2 is not. R P L AP R, I
. (2 G/O(@) =PSLs(2); where =3 is a prims,. 26 m, 2' 148 @ av—mmbar
0,(a)=1. : '

(8) G/®(Q) = PSLs(3"), where r=3 isia prime, 2 36:7:, 3” 1 #s. 4 wm—nw
and 0.(HTZ(@), |0.(@) <2 , T Rt

(4) G/@(@)=PSLs(3), where 2, 3€E® and O (=1, S e

- (B) G/P(Q)=8,(2"), where r=>3 is @ prime, 2€®,; 2"— 1 @S @ av—wumbar wnd o
O« (G) 1if r>3, or 0,(G) CZZ(G) s an elefme«ntwry abelian grroup of order 2°
62 if r=3. e e _ 4

.Proof Let G be an inner «’-closed group and each m;—subgronp of G is solv:

If G is not inner mlpotent then G/® (@) is a minimal nonabelian simple grou

Theorem 2.1 and the assumptmn of the theorem, B‘rom the theorem of [13]

@ (@) is isomorphie to one of the followsing . - : . .., : I R

1. PSLs(r),-prime r>3, r*¥l (mod B); - . - -.vemd = L osu

PSL(2"), prime r=3; L Aem e po

- PSLs(3"), prime 1>>8; B P S
PSL;; (3); . ‘3\. o S Ay
8,(2), primes®3,, . o]

[= G L
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Let @/®(Q) = PSLa(g), g=r, 2, or 3 w1th prlﬂle 886t G=G/P(G). By
ekson’g results ([14] , p 414), any maximal sungouP of -G s 1somorph10 to- one of
o following gfoups: ~ Boetinn e s By (B8 et

(a) A dibedral group of order: 2(g+1)/d whéte d (2 e ’1)

(b) A Fidbénins ‘group’ Mwhose kernel s avSylow q—subgroup 'S, of G a.nd
/84 1§ a eyolic groupiof order (¢=1)/d, &=1(2,! g —~1); Al Sins S

ERTH R E VRN

BT LN

(o) ‘Alternating 'y group Ay of symibvietrio groap 34 if g+ o

" Assurhé G/ (G) =P8 Ls(r) with-prime r>3; then 2, 3&w by (o)’ and Theorém
L. 7w, then 7 i g a fr-nunbeér by’ (b). Smce G/@(G) gt infer w'—oclosed,
£1) /24s'tiot ‘a ‘w=number. Conversely if ¢tw or TEW ‘and (fr+1)/2 i Hot e a—
mber, PSLy(r) is obviously an inner @ "_olosed group unider’ the” assump bion “thab
8E€ . By Theorem 2:1; 0.(@) CZ(G) and' Z(@/0H(G))= ”(@,,(G) ><~0f(Gt)) (0= (@.
ferefore G/@(G) (G‘/O,,' @y/2Z (@04 2 PSLa(r) . Henee 1Z2(@ 0z (@) | =
dv(G‘)[ <2by Lemma 2 »3 and. the statement (1) of the theorem follows Smnla.rly,

-can prove 2 and (3). ‘ A e : et snad Y W
As above, we can prove (4) and (5) by usmg the results el ‘[15]~and"[16],
ipedtively: This complei‘;es theeproof-of the thdorems o 13 .8 & reviadl

From' Biurnside's PP Thdordin e a.nd Theo1erﬂ>2 “4+we obbain & elassmoa-
n-of fnner {p‘, q} ~olosed‘groupst Bond Eey sl = o
Oorollary*ﬁ 5.1 -If g*réup G-istan @rnmeaz{ P q}’—clbsecl giroup- 'w'bth p<q, p,\gE

G) then one of the follo'wflmg stwtements holds g D T
NGO G/@‘(G‘f) ~P;S‘D;.(m), fwlwfre r>2 88 Gopr g} trﬂ—;*_‘l(mod ‘5), {2 3} { p, q},
(G)CZ(G) and |0,(@|<2. : R
~62) "G DOERD) N?&Eﬂ(?),—whére r>3 q,s< a pa‘mme 8 p=f2 g—‘Q’ g a8 a Me efrseqma
bme and O0,(G)=1. TR IR PR R

(3) G/@(G)~P;S’L3(3) -p =241 8) and 0, (G')——-l (it

Ay QDG 2 ;S’,(2’), w}woe =3 ise Prime, P2,
smé&: Morgdver, gither O (G) = a~>3 or O,(6)EZ (G) 48 an elemen ‘ary abehcm
oup of order 2¢ with e<<2 q,fa' 3. E ~

S

ey i 0 6 Jo guiuwine-n fioes Lk o S0 heasin "n e s ed N "
HBOTY {‘)‘(”‘ REREEY '1’) T Tk C FTLI Lo Yt‘\‘ kR
) %’3 Nott 1al =~ omplement frue s

‘i.a}.i._f .“ LRS00 Jaid '”“J E20at L JURATS LL)"'\ h N (AR

Clearly we have the following Temmg, 1157 i o o

Lemma S5.1. Any subgroup and:idny homomorphw mage of b weak -
nogeneous group are veak wm-homogeneous. S A

~ Lemma 32 A4 group G has @ normal w-complement &f and o«nZy wf G is @ w—
separable weak w—homoge—neous group. SR

Proof The necessity of the lemma is obvious. We=ghould ‘only prove ther.»
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sufficiency of the:. lemma.  Supposs the .conclusion :is:false tand let G be a
counterexample of the smallest order. From the minimality .of &, we know that
each proper subgroup of G has a normal w-complement; in-other words, & is an
inner, o'—closed group. However, G'.is & D,~group by.;Theorem: 6.8 of [1}; so G is
inner nilpotent by..Corollary 2.2. From- Frobeniug’: theorém, .we know thisiisg
V contrary %o the minimality of f; and the lomma is proved. 1+ oa w o .

-« Proofiof Theorem 3.3. « Assurie Gis diininimal counterexample to the theorem,
Then G is neither w-group -nor w'-group, and:for: each: maximal ;subgroup.: M. of (
M ig either a direob product of a Hall m-subgroup and a Hall a'~group or an inn
nilpotent group of order p%¢®. However, . M-is both!Wweak w-homogeneous and we:

@'~homogeneous; s0: isnet-aminner:nilpotent groupof order. pfg? - with pE€ax’ g

g€ m;-Henoo each properisubgroup-of Gkis both: w—olosed and #*~closed. By:“Thoore
3.4, G i9 either ar-ologed or w'~cloged. We assume: & ig mw~ologed. By the ‘minimali
of G, Giis inne¥ @'~ologed and is:not innerinilpotént. Heénce G is #—homogensous ]
Phésrem. 2.l Sinee @ wn—separable, Gisw —claseduby Biemmal 3v2i aicontradiobic
ﬁo the thediem holds.: Ao get Tooa codl B I gmsraste Tread e d

I+ Proof o oo Thgorem 3 4‘ fWé shall: prove . the : thedrem- biyd |reduction:
a,bsnrd;ty.f Lot G be acminimal .oqunterexample., #0 the-theoram, ThensGaisrinner ¢
olosed: by: thie minimajity of GiThoorem.2:1 implies Gris eisher:dbmers nilpofent:
nonsolwable and- G (@) iscaimohabelian isipiple-group. By Lemmal 3i®; & 99
inner nilpotent. On the other hand, G/®(GF) is alsxiweak w=hormogeneous and e:
w-gubgroup of G/P(@) is also 2-closed, or each @-subgroup. 8f:G/P(GF) isaldo
ologed S0 @(@).=1 by, Theorem 2,1 and; the minimality of G. Theoress 2.1 r
implies G is w—homogeneons.  If each w-subgroup of G:.is: 2-¢losed, -then:Theorem
and Theorem B imply:G is. @'~olosed;-a. contiadiotion;»We jnow’ assdme:'gadh
snbgroup of G is 2"-closed; Since a:;2+elosed group is.solvable;: each m—-subgroup o
isvsolvable. iFrom Theorem:2.4;, G possesses non-2'-oloved av—subgroups This i
coptradietion-and the ' proof is.complebe. . ..iit 'l ) ARTRRVEY s

.iLet:p be.a prime,{P:be a p-groupswd (R) be the set of abehan subgroups of ik
maximal order. Define
T (P) =CA| AEULP)).
Let p be an odd prime and let R be a Sylow p-sabgroup of a group G Aimor
. gabgroup T of P ig'said to'bé & confrol strong fusion in P wﬂih respeob to*G‘_ i

hag the following.properby: = © +: -y 1 sy gmaeim .

I WEP, g€G and WS P, ‘then ‘tHere exigt’ cE OG(W) and hENq:(T)

that ch=g¢.. . .2 ... e nd e . o S
Pq'oof of ! Theowm, 3 5 Let pEwﬂ av(G) and P be a Sylow “:‘subgroup of G Rex

M= NG(J 4 (P))) Since M has a n,ormal W—oomplement iy’ x(K )/OK(K ) s a @-
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group for any subgroup: K of Z(J(R)). By the Corollary 2 of L[17], -Z(J(P))
controls strong fision in P with respect to G. Let W.be.a. 'snbgr.oup vof :Puand g€
Ne(WY. Then there exist ¢ COe(W:) and KEN(Z (J (P))) “guch: that g=ch by the
definition stated’ above. Furthermore;:. h € Ng(W) N M and WTM; so kE Nuy(W).
Since: M has a normal ¢qvfbomplemeh’o,t§ﬁM ig-mw-homogeneous. . and there exist ¢1 &
Ou(W) and a w—element %y € Ny (W) such that' h=ecihy. Hence g=ceshs with ¢; ¢;€
Je(W) andi by € Nig(W).. This forces Ng (W) /Og (W) to be a w-group; in other words,

7 is weak- au~homogeneous By Theorem 3.4, G- has a normal or—complement a,nd the
iheerem -is-proved, -

: S N BTN T W
-w.Proof -of Tiworam ‘8.6, The! necesmty g clear. “We should only:prove the
uf;ﬁcl_enoy; of the theorem. Assume @ is a minimal counterexample for the ‘theorem;
Chen évery proper subgroup:of G is w~homogeneous, and there exigts: a w-subgroup
V of G such that Ng(W)/Ox(W)-is a non—m-group. S6t N =Ng(W). Then Ny(W)
= Ne(W)and:Qy (W) =0g(W). It N <G, sthen. N (W) /Oy (W)= Ng(W)/O0s(W) is a
zf—g;'dﬁp;'_q for:V: is;q;:i—i—homogenednisa‘ This is a Gontradiction. So N(W) =8, and WX
t, Assume  is a a'~element of &, then {s) W is a subgroup of @. If (W <G, ‘then
7 is:a normal Hall w~sabgroup, dnd G is w'~closed by Lemma’3.2; hence G =<{z)W
t w—homogeneous, a _coniradictiotions Therefors’ {zpW i & proper subgroup of G;
ndi ¢opW i is a:m-homogeneous: group. Thusiw € Oy (W), vand each:w'-elenient ‘of G
mntralizes: W2 by the choise of @. SoiNy (W) / OG (W) ‘raust be a W—gronp ThlS isa
shiradiction;and the.theorem-is.proved: .

-From Corallaryi2.5;iwe can prove . vf Gk

Cp s AR
AR RSN S

. Theorem:8.7..- Fet @w<{3,.p}) where p is not a- Mefrsmme “Primé: Assume a
‘oup G-is. weak w-homogenesus. Then G has & normal w—ccomplement. SH
/Remark: - From :Theorem 3.6, ‘the: argument: of Thedrem 3.4 undér ‘the
sumption of (1)is a directconsequencsd of Thedrem A and:Theorem B, * ¢+ .
: To end:this paper; I .would like to.express my gratitudeto Prof, ‘Chen:Zongmu
 hig helpful advices. I should like to.:add ‘here my"thanks o' Mr. *Zhang
wngxiang; who read the manuscript and made many: valuable comments on it.
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