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EXPONENTIAL STABILITY OF L!NEAR SYSTEMS
o N _“:BANACH SPACES

HUANG FALUN 4%&%)* P o

Abstract
In this paper the suthor proves a new fundamental lomma of Hardy-Lebesgus clasi

H?(o) and by this lemma obtains some fundamental results of exponential stability of Co-

semigroup of bounded linear operators in Banach spaces. Specially, if w,=sup{Rel; ArE

o(4)} <0 and sup{|(A—4)7Y; ReA>0} <o, where o€ (w,, 0) and 4 is the infinitesimal

generator of a Co—semigroup ¢t in a Banach space X, then (a) f: et f(et4x) |di< oo, VfE
 X*and #E€X; (b) there exists M>0 such that letdz] <Nevt| Az, VocD(4); (c). there

exists a Banach space X o X such that [|e*4s|2<e”t|2)2, Vo€ X.

§1. Introduction and Main Results

Let X be a Banach space and &' be a strongly continuous semigroup of
bounded linear operators with the infinitesimal generator A in X, briefly called
Og-semigroup™ A Oy-semigroup ¢ is called exponentially stable if there exist
positive constant numbers M and o such that fe'4]| << Me¢ for 0. Let we=wo(4)
=lt1m; t*1n |e'| and w,=w,(A) =gup{ReA; AE€c(4)}, where Re)\ denotes the

real part of a complex number A and o (4) is the spectrum of a linear operator 4.
The autbhor™ has proved an important result to application: a Oywsemigroup ¢4 in
a Hilbert space H is exponentlally stable if and only if one of the following condi-
ions holds:

(a) w,(4) <0 and there exists o € (w,, 0) such that sup{||(A—4)"); ReA>c}
<00, :

(b) I:l(_e“a;, Y) |dé<oo, Vo, y€H.

But this result does not hold in Banach spaces in general (ses [8, p. 117] for
counterexample) However we oan obtain weaker resuits in Banach gpaces. Below -
we deseribe the main results in present parper.

Definition 1. A Co—ssmigroup ' in a mewh space X is called weak Ll-stable
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iof there exists 0>0 such tluatj e | f (¢t4z) |dt<oo VJGX* and o€X.

Theorem 1. A Cy-semigroup ¢4 in a Banach space Xbs weak Ly-stable if and
only, fbj w(4) <O and there exists o € (wy, 0) such that

M-sup{|(A—4)7]; ReASc}<oo. (LD
Specially, if (1.1) halds, thenj 07| fet4a) dt <00, Vf €X* and 5€ X.

Definition 2. A4 C,- sem’bg'roup ¢t ina Bwnaoh space X is called A—empmemtmuy
stable on D(A) ‘the domain of A, if there e:wst pos@t'we constant nwmbefrs M afnd o su
that |e"al < Me~| As], Vo€ D(4) .md i=0.

' Theorem 2. If w,(4)<0 and there evists o € (wy 0) suclz, that (1 1) holc
then Oo—semfbgfl‘oup e is A—ewponentmuy stable on D(A) (md theoe eﬁwsts M1>O su
that |et4s]| < Mse”t| As|, Yo €D (A) and t>0 h

The proof of Theorems 1 and 2 is nontrivial. I% needs a. fundamental lemr

for Ha.rdy—Lebesgue olags H2(¢) whith will be proved in the second seotion in tl

paper. Funotion f(A), analytic for ReA>c, is said to belong o~ H”(o-) for. so1

o
p>1 if sup {I l f (1:+zco) I’d o; q,->a}<oo Where R denotes the real a.x1s ‘

o ! - At s i vosirhe o

Theorem 3 Let a)a(A) <0 and there ex@sts S (a),, 0) such that (1:1) holds a
F((A—4)%z) € H* (o), VfE X * and @ GX Than e“ @s e:vpmentmlly stable.

We point out that if X 13 a Hllbert space then the c0nd1t10ns of Theorem3
necessary (see [4]). - R )

Theorem 4. Let w,(A) <0 and there extists o € (ws, 0) such that (1 1) hol
Thefn, there exists a Banach space - XDX and a. Oo—sf/m@group T@) on X which és
extension of &4 such that

1T @ 12<Me™ fom g0, v s
*1n the last section we will give: thd proofs of Theorem« 1—4.

Finally, combining Theorem 1 and Lemma 3 proved in the last seculon,
obtain the following.c % . :

Theorem & Lot A be the mﬁmtes%mal genea'ator of a Oo—sm?,group e“‘ K4
Banach space X . Then tlze followqmg cona@mons cm'e sgumalent

(a) there eaists >0 such that j e If(e“m) |dt<oo VfEX“ and 5 € X;
_ (b) {}» Re 2\.>O}Cp(A), the fresolfvent set of 4, and sup{ll(?\.—A) ;s Re?\,>0}<
(o) j ]f(e“w) Idt<oo VfEX* and € X. '

8§ 2 A Lemma‘

In this section we will prove a nontrivial lemma for Hardy-Tehssgue class
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H? (o-) Ag shown in [1 2] H? (o-) is a Ba.na.oh space wﬂ;h norm

A |lf\|=.ar(u,=sup{U lf(vr+wco)|’dw] o 7>a‘} 2.1)

and for f € H*(o) the boundary funeluon f (o-—f—'bw) E L" L”(R) of F() exists in
bhe sense thab Vi

j 1f(a+w) ~f (z+60) [ﬂdco - ey
Moreover, with the ca.se for the upper half planem H 3 (cr) has dual H o)=L/

H*(o). ‘Therefore the null element of H* (o-) is H(o).

Lemma 1. Let o0 arn,d a1 be fraal numbeq‘s with 0‘o<0'1 cmd the followmg
'ondfz,toons bold

(a) f(A) @s amlg/tv,c in the right half plcme Re?\,> 0.

) W EH (o1); .

(o) for some oE (0'0, o~1), hmmax{[f(cr—i—pe") I —W/2<9<av/2} 0.
Then () € H*(3). o e T L

Proof Leb g(),) €H%o) and 01€ [0y, 00) be a.rbltrary Then g().) F0) s
10lomorphic in the rJght plane RoA>c and g(h) f (A.) €H1 (0'1) Moreover, as shown
n 1, §6. 4] for 76(0-, 00), we haye > 7'

gGtio) | < [W(vr cr)] 1”'ll9{lm<a>,

vhmsup{ly(ﬂ-pe“’)l —w/2<0< /2 =0 \"'(2__:3);
wmd P
limi f;lé(«wm)li’&z&;o, - e (24\
hile from (o) we have o N v‘
, M=sup{[f(M)|; BeA=o} <00 - . . (2.5)
wmd e |
limsup(|f (v-+60) —f (o-+10) |; © € B} =0. 0 (2.8)

Yiven any 8>0, from (o) agai'n,%tvhere'exists w;>0 euch that}
B(F, &) =sup{|f (r+i0) |; 7€ [0, 03], ] >w}
< [8M [ glmey (o4 00) /7] i/ e
ot v & (o, 03] and w;=zw, (=1, 2). We deﬁne the oontour =Ty Ty+Te+ 1y

vhere I'y={02+6w; —oi<o<ws}, Ia={s+iws v<s<oa}, I3={r+i0; —mySo
Sz} and Iy= {s—4w;; ¥<Xs<<o3}. By the Oauchy theorem, We have

fwrman—o.

Thusg we have
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“T g(7+?}w)f(fr+'l}w)dw—ji. 'g(az+@w)f(03+iw)dw l :

- ] K‘g@_@@) F(s—iaor) ds— j:";(swwz) f<s+q;w2')ds]

<2| "= )10 (S, 6) gl menrds

<4w=?u(f, 8) |9laxer(oa—0c0)*/
| <5 for v€ (0, 02] and w>w,(§=1, 2). (2.8)
© On the other hand, being (2.2), (2.5) and (2.6), we have

lim, lo(o-+iw)f (o-+i) — g(s +60)S (r+ie) [*dls
<21m4 |9(o+i0) =gt i) Pl (o+io) 'l
| +211mj Iy('r+w)l If(a+w) f(r+%w)l”dw
<2Mﬂhmj 9o +i) — glr-+ia) |20

+211m[sup{|f('r+%co) -—f(cr+‘bw) |, wER}] I [girlriw) Hla_x
=0. e T A
Thus for any fixed 0;>w, (§=1, 2), because . "r 1 T T
|7 190 +i0)f(o+i0) ~ g(r-+iw)f (r+iw)[do

< @it 0 [ [ 1glo-+iw)f (-+i) —g(r-+ia)f (r+id) o]

there exists v=7(w1, w,) € (0, 0a] such that '

[ goriaserioyo-[" getiofariodo<s @9
And o, from (2.8) and (2.9), for w;>w, (=1, 2), we have.
I g<a+¢w)f'<a+’zw)d(i>_fj ' g(agirzw")f(azww)czw, |
<|[" g(a+w>f<a+w)w—j glatia)f (r+ia)do|

+j“’ o(-+i0)f (i) doo~ J g(crg-i—fbw)f(crz-}—'bco)dwl

< 8.

Hence, remarking g¢{o,+im)f (0'1+'bco) € I*(R) for 0'2>O'1, we see that g(v l-%w
(7 +4w) is integrable on R for v>>c and the infegral

I(g) = | g(+iw)f (o +iw)do= | gle+ia)f(r+in)do

=J39(0'a+@w)f~(a'g+féw)dw s
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is independent of 7 E ko, 0'2] A.lso singe* i

151~ | j (O'z—l—w)f(cz-l-w}dw llglln«mllfllmca.)

!lyllmo)\lf "H’(«n)r ‘
L(+) is a bounded Linear functional on. H*(¢). Bu} from 2, 4) L( ) ig null Thus
S € H(0)..

R It SR o AT g

§3 Proofs of Theorems

RTE N S TEUTEE BRIV e B TN S kA

In $his sectlon. we glve the proof of Theowms 1—4 Below, we. assume that A is
the infinitegsimal genelator of a Oo—semlgroup e"‘ in a Bana.oh gpdce X. Let wy=
@o(4) and w,=w,(4) be the same ag. in-the introduction, {r:!% :

Lemma 2, Le; 0>y such that sup{ll?«. A ; Re)\.>a'}<0° Then for any
s€EX, h.m i (7—[-'2@ A)“wll =0 um’:formly for. 1:6 T cn], “uwhere oy 83 an arbitrary
real nufmbefr wh h o1>0. TEY AT ;"\o IR TS 5 ,1 1t -

Lemma 3. Lst o bsa frea,l nwmbefr suoh iha;* the of {L Re7\.>o-}Cp(A) and M
=sup{]l = A4) "F‘Il, Reh>a}< | Thén ‘herte ovhbsts 0'¢<cr such that the set {L ReA>>
o1} Cp(4) and sup{| (A—4)"|; ReA=o1}<oo. ’ G

Proof Leb 0<d<(2M)~* and 0‘1-—0'716 For?«,-e-'r—l—oco, 01<7<0} coER Thsisg

|| (v—0) (o+bw—A) 1| <SM<1/2,-séries E {o—2)o+bw~—A4) ="‘-ﬁf1) 13 oonvergen'b :
abso}utelx Therefore AE p(A) and we. ha,ve (?\. A)'1 2 (o- 7:) (0'+q,co A)""“’
and [ — 4)-1]< 2 (0' 'r)"M"+1<2M

ST Ten et D g e s Vel
. Lemma4 Let a>a>3(A) fuoh z‘lm* M sup{ll?t. A)'1|| Re 7} <L oo, Then'
for ahy 5€ X and f € X* we have f((;x 2 Yy-1hy eH%) ’ o

Pr oof @iven anyw€Xiandf € X*, f ({N~4A)"%) ig analytié for Red> i, (A).v
Let o-1>max{coo(A), 0'} and £€ (0 o-l—wo), Then there emsts M. >1 such that

Ie“ﬂ<Me“’°*’s” for =0, Thus for A=7+iw with 1,->0'1 we have v
AEEAH) B F o] oo for 430,
3y Planoherel’s ’ﬁheorem, for

f (('r+oa> A) w) J ‘“‘"e‘“‘f (e“m)clt

we have ' C e

: j|f@<¢+m A)2) |*do zwj et et
<2 | M1 f1*1o} 29’2"’“°'°”dt<~—2”M eI/ 1¥]a]?

2(v~wo— s)
< mMENf1P]=)”
(O1—wo—s) °
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Therefore f ((A—4)7z) € H® (0'1) ‘Also by Lemma 2 and notung I (A—4). ‘1H <M,

(ReA— wo—8)7* for ReA>wo+8 by Hille~Yosida’s theorem, we have
11mmax{|f((cr+p ) “z) | —/2<6<w/2}=0.

So by Lemma 1 f((A—A4)1z) € H*(o).

Lemma 5. Let ws(A) <0 and thefre exbsts o € (wy 0) such tha: (1. 1) holcls Then'
we have S . ,

(8) ¢ = —lim I 0¥ (A— A)“'zd), fomED(A) B0 G

275’11 wy—>o0

ot a'-h,'w
(b) oz — _217 lim j i P A) - Amgdd, for mED(A"‘),

m=1, 2, .-, $=0. . (:
Proof (a) Takmg o~2>ma.x{0 wo(A)}, for any a;ED(A) by the inver
formula in [6, p. 261], we hawve v wuetioor i o a TERES BRI
CR I R % St (L ST OIS LU R
: e"a:=——_hmj e (A—"4)wd), for >O.' €
27 w0 J oa-fun ‘

Lk

Fer any fixed {0, e"‘()\. A) ~1g is ana.]yblo 1n the doma,m {?\. Re A>w,(4)}
fe*(A—A4) 1a;||<e"°'|| [ A) 'la;[I, “and $o by Temma 3 Rt
lim max{[le"’(?\. A)o; 0'<Re}n<0'2} =0,

feal —

Thus as shown in [6, p. 2501, from’ (3 3) Wwo seb‘,that (3 1) holds N
(b) Letw€D(4A™), m=1, 2, - Since (A—i)To=A""[z+ (A A)“Aw]
7\.‘11'+?\."2Ax+ AT A 7\."" (7\, A) 1A’"a; a.hd for o‘<0

A Lt

i la')l e
,,%_lfij 6“7\,"A"‘1);vd?\. 0 (y 1 2 ;,Im),, i

et
- fwr e ST . 2

we see that (8.2) holds from (3. 1)

[T NS PR
LR yo
i

Pfroof of Theorem 1 Let o>0 such tha,t J "‘lf(e"‘cv) |clt<oo for fGX* and
X. By Ba,zre 8 oa.tecory argument there exwts EY eonstant M >0 guch that

Joen @y tae<ar is11a, forfE\X*andweX (

P .11*11 NS iy \’ “,,‘\; .

For ReA=— 0o we deﬁne hnear opera.tor R(k) by _
FRMWD) = j 67 (¢Ha)di, or fGX* and g€ X, i o W

From (8.4), R(X) €B(X), the Banach’algebra of'all bouaded ‘linéar éper:

defined on. X into X, and we can easully chsck R(?L) (A—4)~, Thefefor!a AE ,

and from: (3.4) we have '/ * . . DD e D e
5ﬂlp{ll (A— A)"‘Il RB?«>-G}<M‘ '

Also by lemma, 3 we ha(ve w(A)<—0. ey T . ey

Conversely, if w,(A4) < —o and (8. 6) holds. By Lemma 3, ’ﬁhere exists oo € (o,

— w,) such that sup{j (A—4) 3A;. Rerz —-so}<oo Thﬁg for any fE€X* and o€ X,

AT
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by Lemrna, 4, we have f (A 4)~1s)'€ H3(=oq). By Paley-Weiner theorem®»1s,
there exists a g(t) € L*(0, 00) suoh that in the stroag topology of L2(0, o)
g(t)-— llm Ji‘ e"”‘f(( cro——fz,w A)‘la;)dco 3.7
and for Re2>0 o o i A o C
f((x—&;—Aj “ig) = j:e-nga)dt.

Mloreover, by Plancherel’s theorem

[P I

Jo lg(@ la‘%f_\ j If(( o‘o+ew A)'la:) l’dco
3ut for ReA> o+ o'o,.
f((h Go‘A)’lm) j -Atea.tf(etAw)dt

»nd s0 by the uniqueness of Fourier fransform, we have.

- &7f (¢z) =g(#), for almost everywhere 1€ [0, oo) (8.8)
“herefore .

T J:eﬂ‘*""lf :(lé’é"éﬂ"dt;j" | f((-ao+°bo>—- 4){-3;,9‘ 2o,

"hus '

X 04 . Cerorores| ot 0t

,!; " <qu-a(w.—‘a)t‘dt} /2“‘ 6247,,1 (f(étAw) ]kﬁdt} <°°

Proof of Theorem 2 Let fEX’ and a:EX By Lemma 4, f((o‘+ew A) 'lw) €
#(R). Thus from (5.2) we have o

_otlf(etAA-lw) l - llme"’

2W w,—»n

<5, (cr”+w’)'1/”lf((a+w £)72) [dw<oo.

hus, by the resonanoce theorem, there exists M>0 such thatb
[le"”e"*A" |<M, for i=0.
Wo show that Theorem 2 is the best ‘possible- result because even if w,(4)<Q

d there exisis o € (v, 0) such that (1.1) holds, |¢*| can be unbounded, see [3 P-
7] for example,

Jom ew‘-if‘('("?;—'A‘)A-im) ]

j—. ’“t(0'+7!w)_1f((0'+'2;w A)'lw)da)l

Proof of Theorem 3 Let f€X* € X and 0y € (o, 0) From (3 7) and (3 8),.
the strong topology of L2(0, o), ws have.

Rk lim [ oe74f ((ourkio— 4)addo
-EWLhm Jw_me"'f((h — A)5)dn

'bq-»o
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_But, for ¢>0, by partial integration and Lemma 1, we havé ‘

E —Lhmj "M ((he A) m)dn

2w wy—+00 J ge=fun

= 1 . -1 At p . N -1 ot )
Doy A [t F((—A) 7)ot

+ 1 lim S £ (= 4) )

2% wy oo

1 j’o'o'i'iaq 6

Co—fw

- lim [ 2 £ )20

2 w00 J Oe—=fu

1
2m:

The above integral is absolutely convergent, since f((A—A4) *z) € H*(g). Thus
~ almost everywhere € (0, o),

j 1 — & f ((go—tw— A) ~¥z) do.

f(e4z) =—21;E JR -%— é"”s“"‘f ( <00+¢w —A4) ) dw.

Espeocially for £>>1, by the continuily of ¢’4x, we have
o (040) | < o] 17 (ot ito—4) %) | do <o,

By the resonance theorem, there exists M >0 such that | e ¢4 <M for #=>1.
n=max{|¢"]; 0<t<<1}, then |¢"| < (M +ne~)e"* for $=0,
Finally, we give the proof of Theorom 4,
Proof of Theorem 4 Let w,(4) <0"and thero exists o€ (w,, 0) such that (
holds. By Theorem 1 and (3.4), we have
joe“"‘lf(e“m) |dt< M| fi{=|, for s€ X and fEX", (
We now define

Ilwlll=supU e~ f (e*4w) | dt; f[[<1}.

Qleary, |+|1 i3 a norm on X and |z}:<M|z| for € X from (3.9). Moreover,

totolsup{ o1 (s0) a5, 111
=¢7'sup” :6“””lf (674a) ld=; | f <1}
<é°|*z|y, for s € X and {>0. (¢
Let £ be the completion of (X, ||+]1) and 7'(¢) be the extension of ¢'4 on X
T'(3) is a Cy-semigroup on X and from (3.10) we see that (1.2) holds,
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