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THE STRUCTURE OF ORTHOGONAL - '
GROUPS OVER ARBITRARY
COMMUTATIVE RINGS™
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Abstract

¥
' Let R be an a.rbltra,ry oommutatlve 1mg, "and 7 an mteger>3 It is proved for any 1deal
J of R that '
o Eo,»w 79 = CEOm(R); EOs (T 1L (RY; BOMm(B; DT
=[E0s(R), 0s(B; J)1=[00:(RY, BOK(R,T¥].

¢ Lnigreeh

i+ Ind partlcnlai' EO3(R, J) is a pormal subgroupof: Oy, (R). Furthermore, : thé problem-of :
- ,normal subgroups of Oa.(R) has an .affirmative solution if and oply if :eBN Ann(2)= -

a?Ann(2) for each,a in E. In paltlcular if 2 i3 not a, zero dmsm in R -then the problem of
‘ n01ma1 subgroups of 02,. (R) has p.n aﬁirmatlve solutmn

i T j;:i:{:..;' Yorge .”,;'—' 3t

The struoture of orthogonal gronpe over ﬁelda has been determ_med '51'4 5.0, 5

Some results were extended 1o loca.l rmgs"‘ s, 11’ a.nd to full rmgsmn In th:s pa.per '
gtarb from elementa,ry orthogonal mai;noes a.nd bv means of locahza.tlon and ri

extensmn teohmques, determme the struetm'e of orthogonal groups Og,.(R) (rn>
over arbltrary commutahve rmgs

: e [ . [
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e N T n = LAV giey .1_;‘ B . RIS AL \
§1 - Introduction, = )
Throughout this paper R denotés‘an arbitrary sommutabive ring (a.lways w
identity). The orthogonal group of hyperbohc rank’ n“over ‘R is ‘defined to. be

On(R) = {yeGLx.(R) lykg' b 70},

(0 I A2
whore k=<I 0) and ¢ deno’aes the transpose of g. By the deﬁmtwn, g= ( 0 ‘D,

0..(R) if and only if AB’+BA’=0, OD’ +D0"= LO and AD' +BO' I 'In such a ot

D B ‘ f')j
g‘1~—_-<0, A,). In particular, if X =-X'€ M, (R), AEG‘L,.(R), then(
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X I 0
Let I denote Ann(2), the annihilator of 2. For a € R, b€ L, and 1<'b, j<n, the
ollowing matnces are called elementary orthogonal matnees R
o m(a +a(6¢, n+;—3:,n+¢)r Qr#‘-j,‘ R . -'
- fu(“) I+a(3n+is}"'3n+hi)7 7'*.7:
2 0'«!(“) I+“<9d’"3a+:m+‘)’ 7'#".71
) =I+bogue -

14 (8) = I+ Deusie |
vhere éym denotes the 2nX 2n matrix with 1 in its (k, m)—eniry and O elsewhere.
Nearly, ri(a)” —'l‘u( @), us(a) 1—-*43( G): Usi(a) 1~0’u(—“)’ ’I‘u(b) 1—%( 5),
nd fu<b) 1=“‘¢i( b) T »

The group EO,,,.(R) generated by all elementary, orfliogonal matnees is ealled
he elementary orthogqnal group. Lot J- be an: ideal .of R. EOQ,.(J ) denotes the
ubgroup of EOa(R). generated by ry(a), +3(@), ci(a), ru(b) and ;(b) for all 4+#4,
€J, and €I N L. Let EOm(R J) be the normal gubgroup- of EOQ,,(R) generated
3 EOs,(J), called fhe elementa,ry oongruenee subgroup ‘of level T o o _

The ocanonical ring homomorph.lsm "B R/ J " induées na‘nura]ly a group '
omomolph_lsm At 0;,,,(R)—->09,.(R/J ) Let 0;.,.(R J' ) be ‘the inverse 1mage of the
snter of 03. (R/ J ) under 9\.,,, ealled the general congruenoe subgroup of level J In.
artmula.r, 02,.(1?, 0) 1s ]usb ‘he center of 00,.(R) '

) For an mvertlble ma,tnx h (h,,), deﬁne the order of h Ord (h), to be the 1dea.l
eneoa.ted by all h“ h,; and k;,, P 3. The ordel of a subgroup H 1s Ord(H)=

Ord (h). Evidently, if H is a subgroup of 0;.,.(R) 'then H CO;,,,(R Ord(H))

I0 4 0 : -
( ) and ( - 1) are all orthogonal matrioes.

Lemma 1. Denote the commutator ghgv‘lh‘1 by [g, k). Then
@) [riila), m(d)1=1 (kaerb, 4, and m#fb, 9,

Y 5,v(2) ['ri!(a)r t!k(”)] =04 (“b) (7’! .7’ fm’d k d'z's""?"'wt)\! TR S NSOt
3. {ry(a), 1;;(0)] = a,,(ab)q-,,(a”b) (6#4),.
@) [rua), 15(0)] =0u(ab)ty(—ab®). (i+4),

B cu(@ou(®) =oy(a+h),
'(6) [04(a); Gum (B =I GEm and j£E). -
) [ou(a), oa®)] =oulab) (1#E),
® tiy(@)ty(b) =ty(a+d),
©) [65(a), tim(B) =1, '
(10) 1(a) =tx(—a),
A1) [ty(a), oum(B)] =T (k+4, ),
(12) [ti(a), on(d)] =talad) (%, 4, and k dq,stfmct), _

. g -
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(18) (@), ou®] =1,

(14) [tu(a), ou(d)] =ta(abd)tu(—ad?),

(15) ry(@)ry(d) =ry(a+d),

(16) [ry(a), rm®I=I,

QA7) ry(@) =ry(—a),

(18) [ry(a), ow(®)I=I, (m*d, .‘i),

19) [rula), 63 (B)] =ra(—~ab) G, j, and k distinct), -

(20) ry(a), ou(®)1=1, e

(21) [ru(@), ou(®)] =ra(—ab)ru(—ab?; - - : ’
provided that the dlements of the left sides of these equaliiiss hafve been deﬁmd

Proof By straightforward caleulation (of. [2]'and [3]). ‘

Lemmaf! Let n>38, arnd gEOQ,.(R) If g commutas fwfath 'rq(l) foa' all i

‘ful "B
then g (uo I) whem uER u —1 amd B+B’ O Ifg commutos w@th t,;(l) fc
U

I 0
all 9}4=j, then g=(u ) where w’=1 and 0+O =0, In particular, the center (

0 ul
O2(R) s {ul|u* =1}, and the center of EOx(R) is {al [u?=1} nEOg,,(R)
Proof By stralghtforwa.rd caleulation. -

3
B

(§ 2. The Coﬁgrﬁénce}SﬁBg’roﬁisz |

In thls seotlon we dlq'TU.SS the normahty a.nd commuta.tor 1elat101:is of congruenc
subf-rroups ’

For ¢ € R lot G(R, a) denote the subgroup of E’Og,,(aR) genera.ted by 'rsi(aR
ty(aR), ou,(aR), r4(aL) and f“(aL) for all fn&a N

. Lemma 3. [ f n=>3, aER, and g z.s an elementa'ry oa“thogonal matmav, the

WG (RB, )g'CE(R, a). '

Proof It suffices to prove ghg™* EG (R, a) for any genera,tor h of G’(R a") T]:u
can be easily verified by Lemma, 1 exoept the followmg five cages.’

Case 1: g= 'r,,(b) and h= t‘j(aac), .%aég, and b cER Then, takmg lcaé%, 9, an
uémg Lemma, 1 we have ’

ghy —’f‘u(b) [ta(a), aus(a"O)]'ru( b) e e
= [ru(d) fm(ﬂ)'l‘u( 8), Ty() O'kz(“”c)m( 591 '
= [on(—ab)ta(a); ra(~—a%b0)au(a’)] EG(R, a).
- QOage 2:-g=1,(b) and h=r,(ac), 4+ 4, and'd, ¢€ R. This is similar to Case 1.
Case 3: g=0y(b) and h=g(a’), $+4, and b, c€R. Then, ‘faking k#% 4, we
have . . : e B e .

Yoy =i
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7 (ssy) € EOa(R [, ¥1). Take 8 =s's%, and let =a€ B, and y=1. Then
gh(s'R) g‘lt;E’Oe,.(R) Qe
for all h=ry, t,; and oy, 4+ 4. , : SRR
.+ Next; let:B=A4/(2x) =R[x, y]/(2z). Then R can' be naturally embedded into
B, and §'B=Ry([x, y]/(2z). Proceeding as dbove, we may find s, $,E€S such that
gf (wsksiy®) g7 € EOs (R, y] /(21)) “for all f )r.‘ and 1“ Take §''=gks%, and let =
b€ L, and y=1. Then ‘ ’ e '
gf (s" L) g‘lcEOE,,. (R)
for'all f=r;and £, Y g ;5 -
Finally, let s=5"s" €S. Then gG (R s) g‘lCEOg,.(R) ginoe- ‘sRCs'R and sLCs‘ y
Remark. The idea of the proof of Leinma 4 is due to Vaserstein who used
similar method-to discuss linear groups: over rings™. In this lemmia we ]mplo‘
the, idea of Vaserstein. : o DR FF SRR Cooer o us
. Theorem 1. Let n>>3. Then EOa,. (R) is @ normal subgroup xof 02,.(R)
Proof For any fixed g€ 0a(R). leb S TR
J={cER|9G (R, c)g~ 1CEO;M(R)}\ el
Itvis easily seen that J.is anideal of B. By Lemma 4, J cdnnot bercontained in ar
maximal ideal. Thus, J =R. This implies that gHZ0a.(R)g*=gF(R, 1) g‘lCEO&.(B
Therefore, EQs(R) isnormal in O, (R)-since g is:arbitrarilly glven' S R N
Lemma 5. Assume that n>3, and J 5s an ideal of R. Then - :
[BOa(R), Ker ] S EO.(R, J).
Proof Suppose that A€ EOQ,,(R), and g€ Ker Xy, i.e., g=T modJ.
Let B ={(a, b) ERlea bmodJ}, and J = {(c, O)]cEJ} Then J is an ide
of B. Identify .. . ; Lo R R t
: : {(gar 99) EQe,(R) XOS»(R) l.‘h-—gs mod Jy '
vmh om(ﬁ) Let k= (h, k) € EOs.(R), and g= (g, I) EKerly. By Theorem 1, [E
€ FO0a(R) N Ker);. But R:is the semidirect product of J. and:the lsubrmg {(a; @)
€ R}, and hence, EO.(E) NKerAj=HO0u(R; T).(cf. [9] and [14] )y Therefore, [«
9, D= - [%, 9] € BOs,(B; ). This ilplies that .. > = .+ =, : :
' ‘ (5, g1 € EOm(R, JT).
Theorem 2. Let R bs an arbitr arry commutative 'mg, J an: flideal of R, zmd n:
8..Then . . : S ol Ve A net et A
EOx(R, J ?' [EOe,.(R) EOs,.(J )] = [EOe..(P) EO&-(Rv 7 )]
= [EOun(R), On(R, J)] = [0a(R), EOﬂn(-R J )]
In. particular, BEOx(R, J)is..a normal subjfroup. of Oa (B ¢ e D
. Broof . First observe the following obvious inclusions: * ¢ = -+ i
[BOs(R), HOx(J)]1C [EOx(R), EOs:(R; J)]CEOsn(R 27),
2 [EOun(R); BEOs8(R, JYIE[BOu(R),08R, J)Jy - -V s 2!
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¢ 1l 1[BEOx(R); EOs(R, J)1Z0s(R), BOu(R, J)}. . >
Thus, it suffices to prove the following three inelusions.
(1) Prove EOs (R, J)Z [EOw(R), EOx(J)]. O N
. Sinoce 1>3,- HOu(J)G [BO2(R), BOm(J)] by Lemma 1. ror any genara’aor
'zghr of EOQ,.(R J);-where h € EOy(R), and g€ F0s,(J), TR
- b= Th, 9g]9€ [(BOx(R), BO¥W(J)}. -~ R
Henc , EOg,.(R J)E [E0s.(R), EOs(J)]. ' v e
(2) Prove [EOw(R), On(R, J)1=EOsu(R, T}
Suppose that 2 € FOa(R) and g€ 0,.(R, J). By Theorem 1 [, g1 EEoﬂ,.(R) i}
Kerd;. For the fixed ¢, defineiamap . . . -
W EQs(R)—> (B0 (R) n Ker ?“J)/Eoﬁn(R Iy
1y b>[h, 91 BOm(R, 7). By means of Lemma 5y W is acgroup homomorphism,' and
‘EOs.(B) N KerA;)/EOm(R., J) is an abelian group. But. BOs(R) = [BOm(R),
902 (R)] since n=>3..It follows that ¥ is trivial.: Henoce (A, y] € EOs, (R J ) for any
yE BO.,(R) and any g€ 0xn(R, J). T R PR
(8) Prove [0:,(R), EO(R; J)]CEOQ,.(R J )
., SBuppose that g €0x:(R) and k€ B0, (R, J\).AUse the signs B and J as in the
yroof of Lemma B. Put g =(g,°9) €0 (R); and A= (b, I) € EOs(R; T). Then [g, A]
= BOs.(B) N KerAz It follows, ‘from the proof of Lemma 5, that ([g, h] I ) [g, Ry
2 EOu(R, J). Therefors; [y, h] EEOQ,.(R J) 3

(' ;“I

§3 The Problem of Norma] Subgroups e

In thns seotlon we shall glve a necessary and sufficient condition for which the'
roblem of normal subgroups of ‘the orthogonal group has' an afﬁrmatlve solumon
‘herd n>>3. R : Lo e ’ -

-Lemma 8. Assume that n>3, and g %s one of the ry; (@), #i(a) and oy(a), 4% 57
vetN be-the-normal supgroup of HOu(R): generrated by 9. Then N contains r,(aR),
n(aR), oun(aR), rw(a’L) cmd fq,k(a”L) foq' all lcsém Therefore;, 4f aRNL=a’L,
wn N =EOs (R, aR). T

. Proof By Lemma 1. Calwrn ety o S o5

Lemma 7. Supposs that n=>3, tmd aER wz,th aRnL#:a;’L Then there erfbsts
me ¢ & R such that the normal subgroup N of B0y, (R) genea'ated by 1 (c) is not equal

EOu(R, cR)."

Proof First note that aR{‘]LDaLD a*L. When aRN L+ aﬁL ‘we may find an-
element ¢ € aR ) L such that ¢ ¢’L and ¢ Ea”L. ‘Indesd; if aL+a*L, then take any
o0Gal—a®L. IfaL=a°L; take 0€aRN L with c¢a”L, then c*€al=a’L.

Let J =a*L. Since A; (BOu(R)) =EOs(B/J), and Ay(HOs(R, oR))=EOx(R/J,
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R/J), 11; suﬁioes to oons:.der the oase J 0 Thus, we may assume tha.t 0+cCL and
o*=0.

2 Let K {( T+od= " oB": ) E EOQ,. (R) [oB and cO are alternatmg} By an
- cO I+eD

alternatmg ma.tnx we mean a matrix Q (a;‘,) Wlth w‘,= _-m,; and 2,=0 for all ¢, j .
It is not diffioult to venfy that K isa normal subgroup of EOg.. (R). Olea.rly, NCK,
a.nd #i1(e) €K (ef. 9]).- ’ i )

" Definition. Ws say that the' problem of ‘normal s'ubgrroups of the orthogon.
group Ox(R) has an a_fj‘ia’matwve solution p'romded that, for any subgmup H of O (R
H is normalized by EOQ,.(R) fbf and tml:z/ if ‘there ézists a unique ddeal J of R such th

BOW(R, )T HCOW(R, J).

le ideal J hefre i aotuauy the order of H. .

By Lemma. 7 we see that when n>3 a neoessary oondltlon for the problem (
norma,l subgloups of O,,.(R) 1:0 ha.ve a.n a,fﬁrmatlve so]Tutlon a8 that a.R n L==a”L fc
eaoh a GP Our goal is $o prove that thls oondltlon is also suﬁiomnt "

i Lemma 8. Suppose that n>3 arnd Hisa nOn—cént}ol subgfraup of 02,. (R
nprmairzf'ed by EO;,n (R) Then there 6m§ts a ma:wmal ideal M of R such that qz(H ) s
non—ceniral wbgroup of Oa.(Rx), gvhsfrs qo Og,.(R) ->O,.. (Ru) is the hmnmnorphw
induded by localization.: R S A N { .

Proof If p(H) isa oentral subgroup of 02,.(RM) for each M Emax(R) ther
(Ord (H))u——Ord(go(H)) =0 for each M Gmax(R) It would imply Ord (H) =0 sino
Ord (H ) is an B-module. This is a oontradlotlon

Y Lemndd 9. In the settmg of Lemmia 8, @ (H) contains some o-,,(b), ’b#j, an be
Ry.

5. Proof: . Since H is normalized by.EOs..(R)J, p(H) is DOIDEEPH,@Qd by, @(BOn(R))
A By |
By Lemma 8, p(H) confains g= (O D) ‘which i non—oentral in Ow(Ry).

Oasel Suppose B=0=0, i. e.,. p(H) contains g= < )wlnoh i3 non-

A’ -1
central. This case can be easﬂy settled by usmg the results on lmear groups (ef
[10] or [18])." o '
: I 0

Oase 2t SupposeB 0 0+0 andAlsa.soala.rmatnx,1 e.; g (uo -11) In
| suoh a oase, 0+0’ 0 If the d.1agona1 of O ha.s & nonzero entry, say 011#0 then
© @(H) contains Sia e
_ [ra(— 1)) [0'19( 1)) g), 01s()]] =0 (v es).
" If O has a non-diagonal bntry’ Whloh is mot zero, say’ ¢13% 0, then p(H) contains
[’I‘an( 1): [ro‘is( 1); y], 0'::1(1)]] 0'21(“‘1012)

Yo
LT
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Case 3 Suppose B O 0#0 “and A is not a scala.r.l}r'l;t;;x‘ By Lemmz;‘2 : jq;j
(g !;> faagnot oommute". Wlthall f;,(l), z#-g, say ' g (1) #—-“,,,,,(l)y Then gv(H)
aontantnlsw [g, '{ (1)] ( I g) wﬂ;h O1+0 whloh sa.tlsﬁesthe sam .o?g)('htl:c!ms“as g
1 Oase2 R IO SR Ao i -'x{'_.:’r;:'-: pe e e i i i

Case 4 Suppose Ba=0 but B has a Zero oolumn, say b1—9 a.nd bgséO Where bz
ind. ;pa'are respeetively.-the first:and the-sécond:.columins; of .B. Denote the first

LY L 16,18 wow st e
wlum of D by d1. '_erte 112(1) (; I) Then IP(H) oontams R

N Y IR
I E NN o A
. \.» AN 3 .l.. ‘ ¥ AR

g1= {0 (D I=

Jaim 9 is non——oentral Othervnse, I+BX. D“ T bgdl £
;_:,dl—cl' Smce 61—0 di_ has ‘at Ieast one element wh1ch 1s J.n%fer&lble in RM ThlS
mphes ‘that’ bg has aﬁyléési; {:ri— 1 element s wiuch are zero Hence, c 0 Thus, bg— 0,
-ontra.ry to the hypo S 4. -
educedtoOaseior Case3 e

Oase 5 Suppose B has not zero columns"bu’s there a,re two ;oqumns, sa.y bi a.nd
AR E S 0 L UMD, RO TRty ek, 2 A e
g I O LA

Yar suoh thab blb' bgb’ —O Wnte tm(l) -—< I) agam Then <p(H) oontams,m, )

<I+BXD' Q)
»

*

Ty

X

o I+BXD’ PR
ciEAL W =g, ¢t 17 Lo : SR, '__‘-.’a LY
i 1= ( X+DXD' DXBX I+DXB’) BT

s
t is not diffiult to show fhab- 91, Js nQn-central since B has 0ot zero oolumns Thus,

ve are done by Cases 1—3 4

B o S A S I
. ‘General’case: ¢ (H) dontains’ ¢= (O D) Whlch is’ non—central 'By Cddés 1—B

ve may assume b;b)— b"b HOtor any Fwo" co]wumns,;of ‘B:"Thén - ¢(H)‘ contalns gt

g o ¥ 6152 6251
12(1)] '=< L Wlneh i§ als6" hon-central. - Doncte’ [g, ta()T* by or1g1na.1

-J

b 'A' .‘B B g LGRS Y vl n Vi *‘7-’" sraer 200U LT R0
r=<0 D) Then B——my yw =,éO wherem (21°+ m,.) andy (y1 y”) Thus,b—-«

NT— a:ly, bs-ysw 2 and b n Y 0y By Gase{ﬁ We may. assume hibz—bgbﬁéo
Le‘b o= TYa — Tatfn a,nd ,8 a;iy,. m,.yi, and lei s€R— M be a common denommator

. SRR AT EITe R P e derin
.faandB Then sa, sBEP erte h(sa) ‘2 (sB) = (; 2) Take T
. l L i ‘ ‘ T £ Bl .
[9» ti-(“") 21»(33)] \o 7 b, G‘P(H)

Note thab B1=BYB' ' 0 Thus, 1f gi is non—-central then we are leduoed to anes 1
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——

—3 agarn If g4 is oentral then Ay=I+BYD is a scalar matrix. Note a.lso that the

o DI\yY 1/

. A - B 0

last Tow of BY is zero, and hence Ay —I ThlS implies gi—-I i.e., ( >< I )
I O0\/A B

=< )( ' ) Thus, BY =0.-1t follows tha’ﬁ ab1+,8b,-—0 Take

Yy 1/\¢c D
Ay
gs—[g’ ‘12<1)]. <Oﬂ Dﬂ)eq’(H)’ A
where Bg—b],bg— b,b +0 but the last oolumn of .Bg is ab1+,8bg—0 Therefore, we a1
reduced 1o Case 4. Thus, Lemma 9 has been proved

Theorem 3. If n>3, and H 43 @ non—central subga'oup of Og,,(R) nor malaz,zed ¢
EO,,(R), then H contains some ry(a), 4% 3§, 0+a€ER,

Proof By Lemmas 8 and 9, there is M € max(R) such that ¢ (H) contains som
04 (d), fb#:g, 0+ b€ Ry. Write b= a/s with ¢ € R and sER M. Then,: taklng Icakl
j, we have ry(a) = [rrk,( s), oy(b)] E@(H), i.e., there is hEH wrth (p(h) T ()
Put. g=ri(—a)h €05 (R). Then ¢(g)=1; and hence 'ug=ul for some- uGR M
Thus, 995 (u) =0y (u) 9,.and H ocontains .

[hy ou(=0)]= [ru(@)g, ox(—1)] = ['rm (a)» O'u( u)] r. (W)
Olearly, ug#0.

Theorem 4. Let R be an arrbwtfra/ry cmnmutatwe frmg, afnd n>3. T]wn. tlz
pfroblem of noa‘mal subga'oups of Oo (R) kas cm aﬁfrmatwa solumofn of and Only of aR n
=a’L forr each aGR e \

Pr, 00f, The neoessn&y his: been established by Lemma. 7 We ‘now prove th
sufﬁolency Suppose that: aR N L a"L for each a€ R, and Hisa subgroup of Og,. (R
normahzed by EO;,"(R) If H is a central subgroup of Oa(R), then .

_ T {I}=EHO0uW(R, 0)S HS 0a(R, 0)=0enter:(0s(R))...
Now asqume thab H is non-eentral Let Q= - {ideals K [EOzn(R K )CH }, a,nd J =
2 K. Then J is an ‘ideal of R, and EO,«,,.(R FEH.

K<a FISEES
Denote R=R/J, and H=»A;(H). Since A;(B0a,(R)) = EOx(R), H is normalize
by HOs(R). If H is a non-central subgroup of O (R), then by Theorem 3, ther
exists some ry(a) € H, rz%j, 0£a€R, i.e., a¢J. Thus, there is h€H with A;(h) -
M (ri3(a)). Take g=ry(—a)h € Ker A;. Choose k4, j. By Lemma, 5,

lowu(—1), g1 € [EO(R), Ker A ]E EOn(R, J)EH.
Since H is normalized by HOa,(R), we see that H contains

1(a) [os(—1), glry(—a) [, ou(—1D] =[ry(a), on(~1)] =ru(a).
By Lemma 6, KEOu,(R, aR)S H since R\ L=d’L. It would imply that aRCZJ
contrary to that ag¢J. Hence, H must be a ocentral subgroup of O, (R). Thus,
Ord (H) =0, i.e., Ord(H)=J. This shows that
EQ..(R, J) ST HCO0..(R, J)
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Evidently, such an ideal J is umquely determined. - . v . .. T -

Convelsely, suppose that H ig a subO'roup of 02,.(R), a.nd there is an 1dea,1 J
such that the above inclusions hold, Then by Theorem 2,
[80m(R), HIS [HOn(R), Oa(B, 7)] ~EOw(R, )EH.
Chis implies that H is normalized by FO,,(R).
Corollary. Let R be a commutative ing dn-whick 2 is not @ zero diwisor, and n
=3. Then the problem o f normal subgfroups of Oz (R) has an aﬂifrmat@w solution.

Proof If 2 is not a zero lelSOl‘, then L -Ann (2 ) =0. The result of the oorolla,ly
sa consequence of Theorem 4. '
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