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A NOTE TO THE NEVANLINNA'S
FUNDAMENTAL THEOREM

ZroNG CHANGYONG HGH*

‘Abstract .
In this paper, the author (xtends Nevanlinna’s second fundamental theorem and
establishes the following inequality:
Let . pe, ) =A, ()W + A ()w ™ - +Ao(5) , :
be an irreducible two-variable polynomial and ! (a) a transcendental entire functlon, then

LI, H<V (7 )+S r
(v‘) N p( f() (,f)
with' o K ! i
8(r, £)=0Qog(rT(r, ) n.e. :
where “n. e.” means that the estimation holds for all large r with possxbly an exceptional
-set of finite measure when f is of infinite order.

§1. Introduction

It is well-known that Nevanlinna’s second fundamental theorem plays
central role in value distributi on theory of meromorphie functions. The theore
has been generalized in vatious forms by many authors. We will glve a.nother for
of exterision to the algebraio furictions. ' ‘ R

Let u be a v—valued algebraic function determined by

Pz w) =4, (2w 4+ Ao (z). (
Then the set of zeros of p(z, f (z)) is coincident wth that of f (z) u(z) with the sar
mutiplicity, where f (z) u(z) is an algebrmd function. We shall prove

Theorem 1. Lot u(z) be an a;lgeblra@cl functrwfn, dete'rmmsd by (1) and f(z) be
t/ra/nscendental entire function. Then we have

. ,
DTG, H<N (r. m)w(r, 5

or

(=D (r, <ol (1, 2) 48 Dy

where

S(T,f) =’O(}og('rz’(r, f))) n. e,
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It was conjectured in [3, p. 542] that if f is transcendental entire and ¢ is
non-linear entire, then g(f) has infinitely many fixpoints.” The conjecturewas also
posed when f 1s mero—morphm b4, It ha,s beenprovedm that. the oonJeo’ou.re is true
when f is meromorpﬁ is'a pols A

Corollary 1. Tfyisals -aiionial fumtwn of deg¢ee>2 amdf i & transcendental
entire funciion, then g(f), h@ mﬁmtely many ﬁw—pmt)

Proof Let o
wou"+ o _ gu(0)

bou™ i+ by 9a(w)
fsbucwibant T p:max(lm’, P R
where ¢4 (u) and ¢,(x) are relatlvely prime. Then the set of ﬁx—pomts of g( @)
contains the sob of zeros, of 91 ( f (z)) —zga ( f (z)) e

_ridud SR

Sinoce

g(u) =

Gy ovionds

' P (ﬁ‘r “) .91 (u) =24 (u)
is irreducible as a two—variable polynomla.l p(z, u)= 0 deﬁnes % as a p~valued
algebraio function. The corolary follows:from Theorem 1.
%Réﬁfé;'rk.ﬁf? Wherniip(s, 4) is reducible; it can be writbern ay' = "
N (2, w) = pl(z’.*djﬁ'g rPk(l”*; ,[“)n., Gl T BT L D e
where p;’s are irreducible and deg,p;(z, w) =v; (§=1, +-+, k). By the same reasoning
23 inTheorem 1, we are able t6 deduce ths following inequality

= DTG, H<N (1, o f()))+8(r,f)

Theorem 2. i Let u(z) be an algebraio function de erminéd by .. ,
NG p(z, u) = A, (z)u"—l— +Ao<2) =07, ¢ 1‘-:'.7:2.‘ I

1 B I S

wnd f be a transconden‘al meromor "phic functwn Them for every: 60, we hwvo
(v=2= e)T(r, f)<vN fr, +s(q', f),

whefra s(ry ) 4. the ame.a; : dn Theorem 1. _

From Theorem 2i¥ is easy o denve the followmg

Gorollary 2 Let g(z) be a mt@mml fmotwn of degrres>3 md f (z) a
'rmnscendental meromorphw Funetion, then 9(f (z)) has mﬁmtely many ﬁm—/pomt

The fundamental concephs and standard notabions of Nevanlinna’s theory of
meromorphic functions and aigeblold funotions are employed without explanation
(e. £. [2, 5]). And we always use % w to denote algebroid (or algebraic) fnnotions
and o, B, 7 to denote constants. . .. . ' :

- §ar Prehmmary Lemmas

Lemma 1™, Let'w= w(z) be an. wlgebrro'bd funct‘bon deﬁned by St
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“(z) w“+ +B1(z)fw+Bo(z)
Then, f or every positive imteger &,

e*, w® )—-O(logr(T(rr, w)) n. e.

Lemma 2. Lot ;2 az(z), i3, ay(2) b6 meromorphis Function” o d domain D.
Then a1(2), <+, a,.(z) are Vnearly. dependent (fb e thefre GCU’bSt Oy, vy Oy, mot all
vamishing, such that T ‘

o aial(z)+---+qna?(z),50, - Ve€D .
if and only if FE A S P

A(aq(2), +-, 6,(2))=0, Vz€D, -
whére A(ay(2), -, a,(2)) denote: the Wronskian: determinant of a,(2), +-, a.(2).

Proof We W111 use the induction 170 the number nof the given" meromorpl
functions. R N B R SN U S EUT R SRR TE Y SER

For n=1, the conélusion is ¥rivial. (s =i e M

‘Suppose that forn<k—1 the oonolnsmn is+bdro. ’We need 1o prove the oonelusm
when n=F. A F TR IR SR st VISR C
Consider the veetor space” FXF xF-——-F" ‘over: t'he field - F of’ meromorp}:
funetions in the domain D. Sinee - Ll R

' S T L onnn abivaien G:L(z) a,k(z) L

A(a(z), ak(Z))" el et e =00 (2€D),
, i""n(z) a(k—1‘<z) R O
there exist ¢;(2), -+ 6,(z) € F; not all'vanishing, suohthat . =~ " - ..
Cal2) (01(Z), Y w&"‘”(ﬂ))f-i-- +0y(2) (a,;(z), 5 a’x""’(ﬁ))“"_o (ZGD).

tile. SRR ;

‘ = 01<z)“1(z)+ +ok(z>q’k<z) 0!/ e L Teea
_}{3’0_-;0,7.;-‘.._.3 .e.t\t‘l’-"lr;,jcoir', ------ EE TR ‘1.":15,-,. {\Fu(:z‘
L e e rera@a @0
If there exlsts some ¢;(z) =0, then by the assumption of mduotlon, the ooncluS1<

(fello.ws. So we may assume,, .,
' c;(z);O (,, 1 9, k), | _ ,
then there ex:sts one snnply connected doma.m D1<:D suoh that
o () %0, oo (VzEDl. i=1, 2 k) A
Dlﬁ'erentlatmg ‘the first F=1 equatlons of (2.1), we get '
01(@“1("")"" +0k(z)@k(z) -—0 ) L
................ Geendaltlldinnn (2€D1) .
¢t (@) afP(2) +-- +ok(z) afF 2 (2)=0." S
Solving ay, @, *++, af*~® from (2.1) and substituting into (23.'2)-,‘ ’We*eﬁ‘ta.i‘n‘*" .

(0'1-01 -—"-)(% -, 0(1”,12)).4'"'1’*‘(‘?%31--—5‘51:—,1 %—L)(%—m -, af*3¥) =0,
O A A ok
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If there is ab least one ¢, (zs sﬁch that L
d@-a@ S0 <zez>1), _\

then by, the assumptbion of Jnductlon, We. got the conoluswn orelse v ..

ey (2) —6,(2) ""(z) GeiE) a0 (=1 2, Rt €D,

i. e,
8- Zf:EZ% 61,3 bo3iED),
which imply e hessia w
: L efz)= %c»(z) (e, 1 2‘~ k 1 zGDi) S £2:8)
Wlt,h Vs bemg non-zero, constants. o e T
Substituting (2.3) into the first equa.tson of (2 1), we getb R TR

Y101 (Z) e +7k,—1hk—1 (Z) +a1¢(5)!== (Z E D;) R
By the prineiple of :analytio:continuation,the above relatlon remaing . vahd for

z€ D. And the proof of Lemma 2 is completed. = - s
Lemma 8. Let u(z).be.a v—valited algebroid funciion. detea'fm,med by o
A, @)U+ oo+ A1 (D) u+ Ao (2) =0, ot 02,4

where ths A(z)’s are entire. -function: without common zero’, and f@) be a
iranscenden al mefmmorphw fwnctwn Then: f (z) —u(2) 8s.als0 .4 y-walued algebroid
Sfunciion. :
Pfroof Let w(z) = f (z) u(z) Replaomg u: by Jrowin (2 4), we gob, i i nesl

£ ) 1B, (z)w”'l' ‘+BI(5)W+BO(Z) 0 D Tt J:‘j (2 5)
where B’ 8 are polynom_la.ls of A;and f, so hat they are meromorphlo fnnctlons
Multiplying (2.5) by a suitable entird funotlon We ‘edii make the coefficients of w
in- {2.5) be entire fonotions withotb eomion ferod. Thus » 13 an ab most v—valued
algebroid fanction. If (2.5) is reducibls, “theh w is 4 ;b—Va.lued (u,<v) a.lgebrmd
i“uhohon Bupposs Shilk w 18 ‘devermined by ¥ pedd e ’

0u (Y10 -+++ 0s (w0 (2) = 0. S ck)

If we replace w by S-uin (2 \6), then u :13 an a,t mogt ;b-valued algebrold ifunotlon
That is a contradwtlon, nd our oonolus;.on follows o

Lemma 4. TLet matrrwe Akx,,., -Ekxm A,,x,,., B,,,(,., }S’,,,‘,Si,;‘, )_'_I',‘x,,_, satisfy the condition
A=4.8, B=B.T. (k=m+n). len o Tesmm o
e det[AE} det[AB] detS dee’oT
where “det™ ¢s the apemtoa of determinan. . - :

Proof .The Qomlusmn,l@ dedueed,almplybyr Coae P e g

‘ 0
S T [AE] [AB][;S; T]

QLT L1 FE R
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§3. Proofs of the Main Riesu_lt"s' |

By the theory of algebraio funchion™, on the out z-plane % (suppose that wo get
one edge) the equation p(z, u) =0 defines a »valued algebra.io funotion {uy(z),
u,(2)}. We assume that a maximal subset of lindat independence of {uy(z), -+, %,(2)}
(ERB) is {us(z), +-+, upy(2)}. Then in view of Lemma 2 o

| Aus(®), +++r up (@) #0 (€ B).
On % we define the function e

ety M)
L 1)e+t 2 . 3.1
(N:=(-1 G, oy ) @
Here we suppose that f is a transcendental meromorph_w fu_notlon, though Theorel
1 is jusl concerning with the entire funotion :

We olaim that L(f) is a S1mp1y va.lued meromorphm funotlon on the whol
z-plane, a.nd i

L) —f("’+¢if""”+ +‘prr S (3.2
where @/s are rational funotlons 0T

In faob, suppose thab uy(z), +--, u,(2) change Q. u,,(z), “eey u‘,(z) in turn whe

L(f) is analytioally continued from oné.edge 1o the other, where {iz, -+, dy{

2, .-+, n}, then %,(2), --+; u (2) is also linear mdependent on .@ Thus by the chois
of {uy, =, up} thet'e bxists nonfdegeneraj;éd‘ matiit § = () pxpy SuCh thab

Uiy™ U

u{«---u‘p

(D). 00rCP
u&’ et

In!view of Lemrha 4 4nd (8. 1), on the bther edge of the- cut—lme, wo have
A(f un"yus) w1 ACL. tan. 2oy Up)..
L =__1,?+1 h p=_1pl o 1 ;"_;-»,
<f) ( ) A(ulﬂ hAAS) ui,,) ( ) A(uiv» Ty ug;)
i. 8! L(f) is a simply-valted meromoyphio’ fanoction on the'whole z-plane. Ap
(8.2) is easily derived from (3. 1).
Now, we start from the 1dentlca.1 equa.tlon

3 -

. L(f) / o :
= .A. L ’ - 3.9.
-3 /n) 3
where i Ai= [(a—ws)r (1) (uc—um) (- )17
Taking loganthm and mtevratmg on lz[ =r (z fre“’), we obtain’
T 1 (= IRNE | r L
—2_;J log 11-1 f—uj [
1

20!7 0 g-—l j u; l
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Using Jenien formula, weigeb i 01 (RO SN

1
zw

0

o .,‘—N(w, (z, f))+i\f(§~, __) ;v( | (:}\f).)+0(1),

11<—f

o ¢=1 "‘\

b 4

”‘) [d9+0(log r)
[ wljf3 A

In VleW of (3 2) a,nd Lemma. 3 “wWe! ha.ve

11<-—j ;1:{

1
2av log

(f u‘) l d&} + 0 (log r)

=pm (fr, <ff—_u3.(pi> -.|_,...'+ ym (fr, .(____-; :Q:‘))—}-O(%og}r)}, I

e, log*'IH(f uoldo-_j log*IL(f)ldé’

=m(r, 25D} m(rg L(.f))

O S e
A 1.

By (3.6), (3. 7), 3. 8)

coarien T I< —~m(r, p(a, f))-i-'m(rr, L(f))+s1(o-, f), ,
where ; s
si(r, f)—v Zm(fr, (f )™ >+0(10g'r)

and

m(”" L(f))< (’“ L(f)) fm(r, L(f))+N(r, L(f))+0(1)

<m< (f)

f) +N(¢, L(f)) +0(1)
* TIn view of (8.2) _
- Nir, L(f)) N(ﬂ f"”)-l-o(logr) N(r’ P +PN(¢: ) +9(10g4')

,1{) TR SRS

'M‘)(’ |d6+ n‘ 1/, '((”?:1. o .

Sl 1°g'L(f)f‘w m(“ L(f)) T

e e e e et e et

(3.4

AT ST A
o (8.5)

+|A,|d9+1ogp T

i

(3.7
(8:8)

. (3.9)

.10

\3.11)
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=t

= hu, K
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R *poaoad snyq st T me.roeqa_;
3 u>s+(‘f 2t u) x> um(r 9

10 eM ‘(gT°g) Jo MerA ul uequ, ‘uorqoun; e.nque ['ea,uepueosu'em est (LI

(S ) pa)Bor) 0= (f “4)§ ‘T worme Ag

(]S : -____n_'f_ma = ._'-'f_l: B _ e
CB00HTE=h J’)“‘-A?’ +(r ) E = s

N : eIoyM

) (f w5+ (f o ga+(L2LG) > Dia-a) g

’ _ eI0J010T T,
'(w301>o+(ff‘i>;.r,ﬂ=((f ‘2d ‘D)L

(5] 4

G aEr wmd+(<f 2)d u)N+<f DI>((f D D
308 oM ‘(gT°g) ‘(g°€) Jo moTA WL
<“”3°U0+( XC 'f) “)“K"*((mf wyuld = s

‘ SISYM.
(81°8) “f “wyes+ (f ‘J)Nd+(f ‘w)m+(<f ‘M “yur—>7
ureiqo-om ‘(II s) pue (o1 e) (6 e) Sumqmoo
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| .A(_Ei_ L bﬁ)[
—F o L -t ' ,A f ’ ’ ’
¢[f] —f ™ A(Gz, '")ck)A<blr Y bn) ’

hen
N(r, p[f1) < @+E) N{r, f)+0(logr).

3y ©) _
m(')‘., ‘P,[f])<'"'m('r’ f) +S<_'h f)r :

0 (3.14) follows. o -
o) plf—al=elfl

vhere a(z) is a linear combination of w’s.
1)
‘ 1 .1 1 ;
- Ao =L N L o, _ . 3.15
v (1’, f~u)<n T(r, (p[f]>+s(fr, 2] (3.15)
Proof Let -

| t-’d,<z>f—amiﬁ-1—' @ - @] =16,

4@ —mindy(a),

By {z, o~ u,<z>|<d<z>}
©b . v ,
'2l)i=f—'u.i, ‘l’i:‘l'[—g':']- .?ﬁ*,-%’tw -
Yhen in view of-e), o), - | onovi oo

‘P[‘wz] «p[f] XA 1 

3 ' ol
: - f- “II" l¢[f]|
y-1 1 -y
nd. .log*.'(lf—.us»l;) i< log* ToU] [f]l log (] - eEEy), A‘
log*(|f - u;l)‘1<log+dg) (& 1))
lince B s are disjoint each other, '
11 1 - . _1__
e el <% oL L o

‘ log d()<210g lzl . +O(1)

iy Lemma 3 f—u is a y—valued algebroid function, so
1 1 1 :
ym S'T; 7T'M—><Zm(lr’ ——[7]‘)4‘3(”'; )
1
<;T('f'7 [f])+s<’r’ b)) |
=L 0Ge, o) +5(r, 1)y B CED)
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and (f) is proved.
-Since

m(fr, 7{—1—‘-)=T (fr, ?1—1[ —N(frt f%u

~7(r, f—u) N (. j.iu)+0<1)

_ _ 1
=T(r, ) =N (r, 1) +0Clog ),
combining with (3.14) and (3.16), we obtain

»T(r, f)<'"‘:7"' T(r, f)+vN(rr, .1u)+s<r7 D

7=

By the same argument ag in [8], for every 8>>0 and sufficiently large s, we hav
lc-.<1+ 8, |

o (v—2-8)T(r, £)<v N(r, fiu)-i—s(fr, .

Theorem 2 is proved.

§4 . Applications‘

In this section, we will give the necessary and sufficient condition for g(J

to have only finitely many fix-points when

_ a@?taw+an
g(@)= T+ bt

If by=0, withou$ loss of generality, we may assume
' g(z) =2
Then g(f(z)) has only finitely many fix—points if and only if
' f(2)+~2, f(Z)—‘\/_Z-

‘have finitely many zeros. We consider these two funotions on the Riemann st

of ~z.Let vz =¢. Then

a0y 4 g ()6
f(t )+t f1<t2) '

where f,(2) is the canonical product formed by the poles of f (2), Q(¢) isa polync
and y(¢) is an entire funobion. Substituting ¢ by —¢ in (3.17), we obtain

o, Q(—1)eP
f (t) i - fi(til) *
Cancelling f1(#%) from (3.18) and (3.17), we deduce

Q (V2)exp(y(N 2 ) +Q (=~ z)exp(y(=~2))

O = G T I e (r (V1)) = @ (=~ 23/ D )oxp (=7 7))
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nd this is just the conolusion of Theorem 3 in [1]. ‘ R R T
If b+ 0, an appropriabe transform can turn it info the case considered above.
Final Remark. After this paper had just been eompleted :the amthor found

hat Corollary 2 had been proved in [9] by 0sgood and Gross. . °

The author is very gra.teful to Professor G. D Song for his careful going over
10 manusoript and valuable oomments '
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