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APPLICATIONS

Kone QiNGKAI (LK ‘E'}L) *  7HANG BINGGEN (& };:, )

Abstract

The interest of this paper lies in the estimates of solutions of the three kinds o:
. Gronwall-Bihari integral inequalities: - -

(I 4@y <f (@) + 2 0i(@) j My ()ds,
an v <f@+9@ ([, Aeduty(snds)

D 3= <f(e)+30@ j h‘<s>y<s>ds+gn+1<m>¢(j nn(s)w(y(t))ds)

The results mclude some modifications afd genera.hzatlons of the results' of D. Willett
U. D. Dhongade and Zhang Binggen. Furthermore, applying the conclusion on the' abow:

inequalities to a Volterra mtegral equatlon and a dJﬁ'ferent]al equatxon, the authors obtaix
some new better results. »

§ 0 Introductlon

This paper is to obtam estimates of upper bounds of solutions of the follox
three types of generalized Gronwall-Bihari integral inequalities: '

G

® " @<+ Be ey,
a 9@ <I @ +9@([ (e
am v <f(w)+29i(w)j MOV @[ n+1<s>w<y<s>>«zs)

For Gronwall inequality like (I), [1] and [2] have given some estimates of
upper bounds-of its solutions; but,tib obtain the resulis, not.only do they have to im
several restrictions on its functions such that the useful scopes are rednoéd, but
the esbimates are not sharp. [8]'gives an estimate under a general condi'tion,‘ but
resulb is incorrect because of a mistake in mductlon Now, we obtam a new xe
whieh is better than the above." ‘
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To discuss the inequalities like (II), (III), [2 8] are under the hypothesis that
u) € F satisfying:
< 1) ‘() >0 is'nondecreasing for =0, W& g, - 5. -

i

5 L@ <a(L)frumo>0. L0 e

¥ actually, just as proved in 4{6]v:4itl':1re"vryft’1ﬁ<;tibﬁ w(ia) satisfying 2) must be a linear
10tion, so a.ll results on nonllnea.r mequahtles of those pa.pers are not of any
aning. Ry oo

In [4], condibion 2) is changed o

lw(u) <fw1 (—)

u>0 fv>1 where fw1>0 is nondeoreasing funotion: However; just as indicated in
|, its proof is wrong because f(x) g (2).>1 does not-hold.
In [7], condition 2) is modlﬁed as to ‘

N -1— a(u) <p<w>fw(—)

u=>0, fv>0 Where w>0 ns nondeoreasmg, y,>0 a,nd under that eondltlon the
qua,hty N I " SRR

s oein s u(fi) <a(t) +2J f;(t s).Q(u(s))ds :7 | i

liscussed. But except for power functions, verifioation of the above condition and
setion of w(v) are rather difficult. In fact, Oorolla.ry 2in [7] is untrue because
w(v) is unsuitable. Fu_rthermore, with an example, we will see, ihe exa.otness
t9.éatimate is also notrsabisfactory. socc: hwai i o o e e T

In 5], results of the inequality- *(II) and ‘ifs inverse. inequality are obtained.
b the reqmirement thab w(u) should be suba,ddltlve and submulhphca,twe is so
obing that even the functlon w(u) k+u"‘ (0<k<1, aE R) is not apphcable

In this paper we assume thatb w(u) sat:sﬁes some conditions which are relatively
le and oan be tested ea,sﬂy, and glve some true results on 1nequa,11tles (II) and

1). A

.t 3 [
5 1 NERELS N U R

EATC AP T

,,,,,

[
TN

§1 Generahzatlon of Llnear Integral Inequahty

In the sequel “We le’o R = [O +00) The result of thls part is ba.sed on the
owing. Well—known 1emma :

Lemma 1. Suppose f (a;), g(m) cmcl h(a;) are nonnegat%e wnd corntrmuous on R,.

I
y(m)Qf(:v)+g(W)J’:h(8)y(S)dsy sCR,
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then:
TR (ORVIOI IOHOL j"h-@)g(t)df)«zs; 2€R. D

Theorem 1. Supposs f(z), ¢:(z) and h;(w) (4=1, 2, ---, n) are nonnegative and
continmous on R, If : : o

@) </ @+ 0@ [ W©y@)ds 2€R,,
. then .‘
y@ <4 |

where the function A,(f) is defined by . .

AO(“) =U
Ay (8) = A0+ Ax(gur) | s An)op (I m+1Ak<gk+1>dt)

- To prove Theorein 1 ; weo need the followmg lemma.,

Lemma 2, Functions A;,(u) (k==1 2, -, n) deﬁned by (3) sat@sfy the follo—-q
conditions: Jor u(z) >0, 'v(a;) >0, '

1) Ap(u+v) =4, () + 4x(v),

2) Ak(uv) (a;) (Ak(u) v) (a;) if v(w) is nondecreaswn\q

Proof Tt is obvious that (4) is ’rrrue for k= O Let (4) be true for Ic 11,(7,==0
n—1), i. e.,

A Cu+t 'b) = ﬁ;’(u) ’+'A;(fi))"», A‘ (dv} <A"¢ (w)v,
then '

Auga(urtv) = A0 -+ Asgid i r yoxp( | huad () @) as
L =4 A () j rereds () exp( [ Tigidibgiss) e s

A @) A1) L Piga 4, (fv) exp (L Pig1Ai{gien) di)ds
=Ai+1(u) +_A‘\+1<Iv); - N .

St

Ay () = 44 u) + 4192 ) hissd (u0)oxp ([} hmA; (g4+1)dt)da

<[A (w) +A‘ (g,+1)j h,+1A (u) exp ('( h.+1A‘ (¢is1) dt)ds]
—A%i(u)v ' v _ 4
This proves that (4) is true for k= H—l o ( \
Proof of Theorem 1 The proof is by mduotlon For n=1, (2) becomes (1)
henoe is true by Lemma 1. Suppose (2) is true for n=F% (1< k<n 1). Then frc
~ y<(f+gk+1I Payry ds‘)+2 & J h‘yds,
TN e =l 0 :

in view of the assumptbion, we have
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ygAk (f+gk+1 j hk+1?/ ds) -
0aTSe A NUTIE

j higry ds .

nondecreasing in &, from (4)
} L @ Ol
<A o) [y 25

oording to Lemma 1 we obtain o S

y<Au(f) + A (.%.;.1)[ hk+1A16 ( I ) exp(] hk+1Ak (Gus1)dt )ds A1 ()
© proof is complete. :

Remark 1, It is easy $0 show that the estimate -here is better than that of
eorem 1 in [1] Now wo prove that nqder th_g gondltloq qf_';fpeq;jem 1 in [3] our
ults is better to0.

Aocordmg to our result, y(a:) < A,.( f), and aooordmg ’ﬁo Theorem 1 m [3], o

V@SB
» will show that A.(f)<E"(f). . o

Clea.rly, Ao(f) E°(f) Suppose Ak(f) <E"(f) for 0<k<n—-1 Beca.use g;(w) >1
-1 2+, m), f (a;) and A;,(u) are nondecreasmg, '

_, j4_k(f ) SFAQQ) <fAu(grer) <f Elk (9k+1).'x 3,

s (1) = )+ 40 0) [ s D 033 [[ Brstn(onddr o

"Am(f ) -Ak (9k+1) ‘ A;{;:Z) IZSGXP (r Zﬁlqtg_A-k (91@4.1)439 )

<o siul s amsingt)]

- j: exp(f: hkf14k (gus1) &3 ) ( A(f) ]

| Ak (gk+1)
Ve Af,(ﬂg(;,{,. )1 ) L:o A};(gm_l')'e‘:ip ([ kuuAic(gku) ds )

+ 2o exp ([ Prsds(mdie )7 a (220 Af’(‘;{* S )
= 4y (Pop ([ s de(asi2)ds )

<72 dop( [ B (G de ) =51 f).

Therefore, A () <E(]).

To see the differences among the three Tesults we glve an example.,
Example 1. Let
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y(@)< (1+a:)+2j Trs :l/(s)ds+ (1+m) J (-l—_igT_F—f;sJ)., y_@ds. B
We have o ‘ |
f@)= 92(93) 1+w, 0:(@) =2, hl(m)-— ' ,,2(m VL 8+4s

¢l + 3+ 2:0")2
Then . ,

A1 (f)=41(ga) = (1+w)+2j exp< m- :j:t )d8=1+3a;+’2x".‘-;.
Aooordmg % (2), woget a o v
R oy [*__ B+4s (J 3+4° > ,
y(@)< (1+3m+2“')+(1+3‘”+2‘”)J A+3st2) P\l I+8.427 di )ds
1 o
_ 2 ;3 ——
(1+80-+24%) [1+(1+3a;+2a, ) (1 T Zw)]
=(1430+20M2, L
Aeoordmg to Theorem 1 in [1],

DiWo=(1+z)+2| eXp( J" ]j:ds=1+3w+4~m?"'52."/"—'3r:
y(w)<EsWo—Ds(D1Wo) e e

o (14 80t o+ 20%) [1+exp( T (1 3o st 2T ds )

(1+3s+zs-‘)
J° 3+4s 3 ‘ :
| Aty (L Bs-+45+2) ds]
It is easy fo see that - L
s ! 3+4s J" 3+4¢ '
EsW o> (1+30-+4a"+20°) 1+I T+3+2s exP( « T+36+ 28 dt)ds]
= (14 30+ 402+ 20%) (1+30+2%) .

Aocordmg to Theorem 1 in [2], | o |
B =B =2 rmen( 2 [ 5 ) =204, T

1+s
y(@) <E(f) - 2<1+w)*exp( ——138——<§‘114")§12;§13
Tt is easy to see that

E2(f) >2(1+w)462‘> a+ 3:v+2w”)”+2(1+w)*(6‘—w-1)
The dlﬁ’erences among the estimates are quite lagre.

 §2. Generalizations of Nonlinear Integral InequalitieS

1. The case w(u) cF
Hers we quote a definition of a funoiion olass yglven by e
Definition. A function w: R,—R, is said to belong o a function dass F if it
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wisfies the fq,llo'wfmg sonditéons: T T
a) w(u)>0 s nondecreasmg and contfbnuous on R,,,, /
b) ——'w(u) <w< )foq' u>0 v>1. , N | (5)
= : b B
To see & property of F and it w1dth we glve the followmg lemma L
Lemma 3. 1) If w(u) €F, then w(u) is subadditine; o

2) If w(w) satisfies a) and i cmwem on R,,., then w() € F,
Proof 1) For anyu, v€ER,, ‘without loss of generality, we assume V< u. Then
—Ma, 0<;\,<1 Because w(u) €.F, w(u) satisfies (6). Hence o

oy w[<1+x>u1<w<u>,

. . S et [ ; !
e-; ; ‘ ) A : ¢ . FR

fw(u+}.u)<w(u) +Aw(u).
sing (5) again we obtain

rw(u+fv)<w(u)+w('v) T ‘(6.)‘
w(u) is subadditive: + 1 1o o ,’? Lo ek Pl

[og
‘(}ix;

2) TLeb w(u) is convex on R,,_, i. e, S
w(au1+,3us)>aw(u1)+,8w(u9) for as>0 ,8>0 a+B-——-1. . 9
tu1=u, ug=02n"(7). Gon51dermg'w(0)>0 weget il
afw('q) §'w(au)_ for 0<a<1.

. A T W L PR Vs
r fixed v>1, lob S Cwe
1 Y
0=,
7 . SRR 5 v. R y
moe | ° 3 R I oI RIS L S
“-—w 1 STt N i u 4
—fw(u)ﬁw(.—)ﬂ it
) SURNTETEIN g S e T
erefore rw(u) Ey‘ B TN AR R _j.;‘{'?;;;":a_‘,:,‘;.' A,

Lemma 8 expla.ms that all -nonnegative, nondecrea,smg and eonvex funchions

ong to #. In fact bes:Ldes those funetlons, there are many funcinons in #. For

. PR I ,-\(,
i AR IR R
A %

\ w(u) ’M(1+81n 2( +1)) | R

10t & convex fafidtion; but we can prove thab it Is in F.

Lemma 4. Supposs f (z) >0, 9(s) >0, K(c) >0 and y(;i;)' wre dontimuoison Ry
neZ If ’

v f @)+ HOe@E)ds pER, T L@

Vo) ST @ o(p) ki (j h<s>g<s>w(§,§§§ &)+ [ HOF ] a€R,
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G(u):r —%"—)—, u%e>>0, u>0,

: g(@) =max {g(z), 1}. -
Proof Assume y(@) isa solutlon of (8), denote z(z) —max{y(m), 0}, m€R+,
then z(a) is also a solution of (8), i. e.,

z(w)<f(w)+y(w)rh(s)w_(2(8))d3- o
A% first, consider he case for g(z)=1. Define

R(z)= jh@w(z(s))ds, wER
Then o P

R (2)= h(ﬂi)ﬂ)(z (w))
From w(u) € %, (we. know that - " :

R (o) <h(a) [w(f(a;)) +W(R(w))] )
Integrating both sides from 0 to , we get ' 1

R(m)<f h(s)'w(f(s))ds+_[ h(s)w(R(s))ds

Fer any X >0, when s<X,
L R@<|, MOuf ) dst [ u B
Using Bihari’s inequality, we have S
B@<G[a ([, hou(r@)d)+ [ aoas |-
Letting o=X and replaomg X by , We see that o |
R@ <6~ [6([ o)) +j 20T Y IR
Therefore f
z(a;)<f(w)+G‘1[ (j h(s)w(f(s))ds +I h(s)ds |-
When g(z) %1, from (9) we have :

2@ _ (@) £
T (")9@”’( IO

<J;§m§ +f (S)y(s)W<”(s) )i

Substibuting

z(w) f(w) -
N RN ICN ”“

for z(z), f(z), h(a) in (10) respectively, we have

gt e o([oon G poron]
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=1 “ N f(*) (
2(&) <f (@) +9(@)& [G.(j h(s\g(s)jy)(g_( >)ds>+j B s)g(s)ds]
loting that y(w) <z(a@), the Tesult mequahty becomes true. w(u) E.ff mplles that
n-_:v . \’ R LUre ds A_
Jﬂo ’Il)(s) o0

n fact, .

T u>1, i e., w(u) <w(1)u, which follows B

L 'wd(i) >.]‘1 fw{(zi)s =

a(f h<s)g<s)w(f O f A(9)F()ds€Dom(G1) v ol
rany z € R,. The proofls oomplete I |  ? e
Example 2. Letb N T AT T e RS R

Ty e winid o
Y (cv) <4;D26”+ e J' -y 72 (s) ds.

PR LT ROR S R SRR

aen

w () =~ G (i) = j =N G‘l(u) (u/2)”
oording to Lemma 4 ~
(o) <t G [G(f “‘42,3 ds) ¥ j ds]- :

—4:); 35+6wg—1[3mj N 25 6‘. R R P VO

xt according to Lemma 1 in [7)5 Tet” o e

‘fw(u) N, /,o(v)‘?

y(m)<4w e‘” ‘1{fw(1)+ P J "’d,s} e

=~4§-§e€ A[1+' —-L(é‘” e “m)]

10e 6%/2— g~ E’>a;(zt;>0), the formel is much more aecurate than the latter.

Theorem 2, Suppose f (m), g(a;), g(a;) (=), y(w) and w(u) are deﬁned as
mma 4, Pu) =0 is nondecreasing, continuous on R If "

y<m><f<w>+g<w>¢(j h(s)w(y(s))ds )

Ty

¥(@)<F (@) Fyla)d {F 2 [7 (j h(s)g(s)'w(f <S)>ds) j h<s>§(s)ds]’}, %€ [0, B),

where
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’ u0>0 u>0

PO=| iy

_ ) S -

b gtel}g {m. F('( h(s)g(s)w 76 )>ds> Joh(s)g(s)dsEDom(F‘l) }

The proof is similar to that of Lemma 4, we omit it here.

Theorem 8. Supposs f(2), g:(x) and hi(o) (i=1, 2; -, n) are defined as on

Theorem 1,w(w), ¥(u) as in Theorem 2,  gu1(2)>0, huys () >0 are contimuous on R

1f
yw@)<f(a) +§ 9¢(2) f: hi(8)y (s)ds

S .ergm@lp(j:h,,,,-1<s>w<y<s»ds),

then ‘ 7 R
Yy<As(f) FA.(gui) ¥ {F . [F (j Jni1 A (Gas) "’( AA( <£)1) )ds)
LA i L o€,
where - ) | |
6= iy w0 40,

,.+1 (u) 48 defined as in Theo'rem 1

’ »(gn+1) ma,x{.A (gﬂﬁl) ]}1 g €R+l
the determination of b must make F=* have deﬂmtwn.».,; ‘

Y ‘;;/)'«f REVE IER S T

‘l’(')':ll’(J h,.q-i"-b({l/)dg} Pl e

o . Yo
b e }¢»~~‘

" Therefore RN o s e

ys (f+gn+‘l¢( )) +2 g‘J' b;yds. i
According to Theorem 1 ST } e

y<A <f+gn+14’( ))
Noting that e

416 n+1w(J)ds>vu

is nondecreasing in @, fmm' (4) swe get. . | . a

IS T Argud) ¢(j hwlw(y) @)

According to Theorem 2, t’he oonolusmn holds.
2. The case that w(u) is & conéave fanékion i
Lemma 5. Svppase w(u) s nowmegatfwe cmd gomeave on R,, w(0) =0. Then

| —-fw(u)<rw( )fo'r u>0 0<q)<1
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Pfroof By deﬁmtlon, w(u) is conoave, . which Jmphes that

W(W1+Bus)<aw(u1)+,8w(ug) for 4>0, B>O a—l—B 1,
Letting ‘ S T T I S A D e 4

)

SXTho 2 r P PR L FAY { L

_and considering w(0) =0, we have . - S SRR
SRR T, Y ’U)(u)<’vw(—) S A R A AR

Lemma 6, Suppose f(a;)>0 h(a;)>0 O<g(a;)<1 and y(x) ore centimuous on
R, w(0) =0, w is nonnegative and concave on R,. If

;M\l

) .(‘?i);fg_(.-"’f)j&hgﬁ)’WCyﬁs)»)?Z?!za“.",ﬁ@# L @@
th@n NERTIE I W P s LAY ; LA e g .

(=) <f(w)+g(w)H‘1[H< [ir@ o ( fjé’))) )

e
+8 [ 9(s) ds], w€ 10, B)
for a>0, 8>0, at-B=1, ’whefi'e A DI w N
R T AR \\ sﬁ.:‘ ‘;“\:.) N
H(u) ."d; (/,3)' u°>0 u>0
and, th@ dStG’)'meo’n Of b mus# 'make H"’l hm’e[d@ﬁn@t@m ‘*—.:‘\. ey dreredety 353

Proof Assume that y(z) is a solubion -of (12) ‘Denoto iz(z) =max{y(s), 0}.
Then z(z) is also a solubion of’ (1,2), Ay 04y

i "'; i s N .\_;

2(z) <f (@) +9g (w)J h(s)w(z (s))ds. L §[3)
Af first, consider the case for g(a:) =1.Define; . - .
R(w) I h(s)w\z(s))ds Loty B onibynend
Then ' -
4 R (2) = h(w)w(z(w))<h(a;)w[f(m) +R(w)] PRI

Since w(u) is concave, we have ' ' -
R’ (56) h(w)w (f(m) )+B (R(m)> AR TS IR U

@h @w (f(w) ) i Bh<w)w<R(w)) |
for a>0, >0, o+ B=1. Integ1a,tmg both, sules from 0 to @, we have

R(w)<aj h(s)fw(f(s)) ds-l—ﬁj h(s)w(R(s) )ds
For any X >0, when 3K X, R .

TR RUCREE T
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R(m)@[ h(s)w(i__)ds+,sj h(s)w(R<s))ds
Using Bibari’s inequality, we have
R@)<H[H(a, h(s)w(f <*>)«za)+ﬁ f hwas].
Lottmg »=X and replacmg X by @, we see that- - o
. R@<H{E ( [ h(s)w(f<s))ds)+BI h(s)ds
Henoce . .
z(a;)<f(w)+H‘1[ ( jh(s)w(f <s))oss)+,s[ h(s)ds] (14

When g(z) %1, since 0< g(a;) <1, from (11) and (13) we have

T R e T Y 1C O N A GO (s)
e g<w>>g<w> +, ”‘*>9<*>‘”(z ; )‘“

Substituting

EICONN(CO
g(a;) % h(‘”)g(‘v)

for 2(a), f (), h(a) in (14) respectively, we get' Trans

;((:?\ <'§E:'3 +H'i[ ( j h(s)g(s)w(f<s) )ds+BJ‘ h(s)g(s) ds] -
Noting that (=) <z(as), we obtain the resull, e e
Theorem 4. Suppose f (=), ¢(z);: h(a:), y(m) and w(u) are defined as in Lemm

6, Y (u) >0 s nondecreasing and cont'muous on R, If

| s@sr@+o@n(; h<a)w<y<s))ds)
. then ' :

y(w)<f(w)+g(w)sb{1'1[ (<, h{;$§<s>w(a g(g))ds)
I h(s)g<s>ds]} mE[O 5
Jor >0, B>0, a+B= 1 where 1S 2o K Pl o (v

&b
€

1=, ST O
and the defermination of b st make I-* have de findtdon: oo et
The proof is similar to that of Lemma 6. B R
Theorem 5. Suppose f (a:), g;(a:), hg(m) (3=1,2, ---, n) and A,,1(u) are define
as n Theorem 1, w(u), th(u) as in Theoq‘em 4 h,.+1(w) =0, g,.+1(w)>0 are comfmuou
on R,, and A,(gns1(@))<1. If 7 I

y@) <7 @)+ 9@ [ MOyO s+ guss @ [ s @uy())s ),

then



882 .o i/ CHIN. ANN.IOF MATH. * * , v - » - Vol.10 Se. B

Y<A(f)+A, (.9»+1)¢'{I <[z (af; hn+1A£(9u+1)’w( ai(;{:l))ds)

+BJ s a5 ]} ve[ B

for a>0, B>>0, a+B= 1, fwhere ’I(u) cmsl b P tke same as in Theoq'em 4,
The proof is simliar to that of Theorem 3.. ... ol
Remaxk 2. The resulbs of Liemma, 6, Theorems 4 and 5 can be ea,sﬂy genera.—
lized 0 the case that g(a;) or A..(g,.+1(as)) 13’ nonnega.twe and Poundsd on R,, we omitb

them here. ahiiait

ﬁ;

§ 3 Apphcatlons of the Above Inequahtles

Teey A

In the following, by way of example of the cass wCZ, we explain the
applications of the abovo mequa-hhes to Volterra' mbegral equabions and dlﬂ'erentml
equations. For the case thab w(u) is a concava, funotion we have similar dloussmn ‘

1. An estimabe of solutions of Vol’aerra mﬁegralkequatmn

Theorem 8. COonsider equation .- gl age a0 i ora L

o P ,y(w) —f (w) +f k(w, )y(s)ds w€R+ L R (15)

Suppose 1) k(w, 3) (m>s) are nmagatfwe amd oowtfzm,uous cm 1-?,+ x R{.' amd A -
Ban) 3, @@, 2

k(a;, w) <'In(w),
2) f(=@), g2, h‘(a’) G=1,2, ‘ﬂ) are definied usin. Theorem 1;
8) m(z) =0 is continuous on R+. ‘ _
| | |y<w> 4<A (p), m€R+,
where K

o)1) +f f<s>m<s>exp (j m(t)dt)d e

9:(z) = j ¢i(z)exp (J m@)dt)ds, G=1, 2, -+
A4,(v) is deﬁmd as in Theorem 1. v~ = oooomy 0 = i
Proof From (15) we have J SR PRI Sl
Iy(w)|<f(w)+ j k(o s)ly(s) las. I
By a deduotmn 31m11ar fo [2, 619] , We obtam . \ o
@ |<p@+3 9 [ M) ms) Ida-;

The conoclusion is frue from Theor: em 1.
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Theorem 7. Consider equation

y@ =f @)+ [ b, yds+ ([ Gz, ulye)is ) s€R,.

Suppose 1) f(z)=>0 ds continuous on R,, w(u)E€F, P(u)>0 is nondecreasing,
submultiplicative and continuous on R,; :
2) k(w, 3) 4s defined as im Theorem 6;

3) k*(=, s) (x=>3) is nommegative and continuous on B, X R,, and
k'(a;, x) =0, M<Q"+1(w) hn+1(3)r

where ¢u.1 (a;) and brny1 (&) are continuous on R,.
Then

(W@ | <4+ A {7 | (f hoi (9"+1)”’(Af2§£)1>)

+ b (g,.+1)ds]}, € [0, B),
fwheaep(w), g,(w) (4=1, 2, -+, n), A\(u) and b wrs the same as in Theoq'em 6, and

Guale) =ra) + [ r (m(s) exp ([ Lme)ar o,

r(z) =4 L%g(;)dg) :

Z'».-1-1(91--1-1) =max{An (og1), 1}, 2€R,. .
Proof Denofe e

|  R@=[ B duly(s)ds.
. Acoording to [2, p. 626], : '
R(z) <j: Zni1(8)ds J: Mi(s)w([ y(s)|)ds
PR <r@W( [ hus (w9 |)ds).
Lot T(a) =/ (=) +¥ (R()), then
Ty <f @ +r @b (] hn+1(s)'w(ly(s)l)ds)

and
|9(=) | <T@+ [ ko, 5) [y(o) s
Aocording to Theorem 6,
ly(2) | <A4.(p),

7(2) =T(2) +j:T(s)m(s)exp (j:m(t) d Yds
< [f—kj:fm exp([: mdt)ds ]
“mdt )ds| ([ hunwCly])ds)

where

-+ ['r +j: Tm exp(J

3
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=2 0. (j Tnga(8)00( ly<s‘> | ds). -
Hence from (4). - © + Lo
' ly@] <4, D+ 4, <g,.+1>¢( [P m)ds) \
Using Theorem 2, we come to the eonclusion, - : v
2. An estimate of solutions of a kind of differential equations
Congider equation . ‘ . R
v (w) +a(o)y (w) =F (w, z/(m)) - (16)
where y and F are rn.-d:mentlonal vectors, a(w) is nonnegwlve and con’omuous on
R,, F is continuous on B, X R,. ‘ : e ’
Theorem 8. Suppose F in (16) satisfies

NF (s, (@) <A@ ly@I+r@ulyD, - AD
where | + | d@notes o wector norm, ,B(m) und 7(95) ore nownega,twe and continu—ous on
R,. Then all soluiéons satésfy :

Iy @<z {600 =a(e)a0) {k+e-1[ (wao) [ovorem([[soas Jas)

+L'}’(s)ezp<j w(ds Jas]}, w€ 0 o (18)

where b= 1y(0); r(fv)-max{w(w) B(w)}
Proof From (16) .we have ! : -

[exa( [ aae Yyt | =exp(j a(s)ds )F(w, ¥(@).
vee)=oxp (~ @ Yy [[exa{ [ 0at ) PG ynas],
oo (= e o [oa( [ et
RICIOIMO l+7@ully®) Das |-

Let
flo)= Ioexp( Jfa(s)d's"'), |
@ =t ~oxp (= [ ),
@y =p@ex([faas ),
~ ha(=) =7_(m):exp<J’:a(s)ds )
Then

A:(H =kexp<—J:a(s)ch )
' +exp<—j:a(s)ds )J': k,B(s)epr:B(t)dt )ds ’
=hexp (| (B ~al) Jas
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4492 =oxp ([ (B(8) ~a(®))ds

: hg 44(ga) =y (2)exp (J z(s)ds )
where 7(a;) max{a(a;) ,B(w)} Aocordmg to Theorem 3,

ly()l =k oxp (| (8) ~als) )ds+exp( J, (B(s)»—ah(s))ds
G-l[ (j (s)exp(J 'v(t)ds)'w(k)ds +j (s)exp(j fr(t)dt)ds]

From Theorem 8, we can earily obtain
Corollary 1. In addition to she conditions in Theorem 8, les, .

1) .Ju‘r(w)dw%li?oo, '
2) J 'y(w)dw<+oo

Then every sohtwn of (15) ] bownded
Corollary 2. In add/btf:;an to the oowd@t@ons in Theoa'ofm 8 and Corollary 1, le
w(0) =0 and

[

[y

T{pm the zelro solution of (16) 44 siable,

" In'faot, from (16), (17), we see that equation (16) has zero soluhon. Gondltlol
(109 1mphes G(u)~>—o0, as u——>0 i. e G‘l(u)—>0 48 u>— oo, Let & be sufﬁolentl
small in (18) Consudermg (19), we ca.n conclude [|y(a;)|] must be snfﬁclenﬂy small

] i
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