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YANG-MILLS CONNECTION OVER
KAHLER SURFACE

SHEN CHUNLI (iﬂc%&,)‘f’ ’

Abstract

Let M be a compact Kéhler smface Wlth pozutlve scalar curvature, P(M ST (N)) a
prmclpal fibre bundle. Then an irreducible Yang—Mllls eonnectlon V on P must be an a.ntl-
‘ self—dual eonnectmn, provided ‘

; [y

j |¢|=<a

Here @ is the projection of the curvature F of the connechon V. op the Kahler form of M
a.nd Ci isan a—p1 iori postzve consta.nt mdependent of connect]ons on P,

L

1. Int;agg;;ﬁaﬁ

- Let'M be a compact 4-dimensional Riemannian. ~manifold and . P. a princips
G-—bundle over M, where @ is a compact Lie group We consider- the Yang-Mil'
fanctional ,
' = (712
T 0

where F is the ourvature of the connection V. on P and the norm is d’eﬁned in tern
of the Riemannian metrio:on M and a fixed Adg.—inva._riant sealar produoct oln the
Lie algebra @ of G. i oo wd el oty
Let X, be an orthonormasl base of @5 i.e., ,
{Xap Xpp=084 a b =1, .. dimQ@

ca i

. and the commutator

U xa Xy -on X,
where Oﬁb are the struoture oonsta,nts of Lie group G.
The oritical pomts of the Yang-Mllls funohona.l a.re ca]led Ya.ng—Mlll
connections. Yang—Mllls connections should satlsfy »
L &F=0,
where & is the adjoint of the extenor cova.na.nt dlﬂ'erenha.l dV of the conner"mon V
Mean while, the. curvature F a.utoma,tmally satlsﬁes the Blanchi 1dent1tles

FE-0. e
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Using Hodge * operator, we have
F=Ft4F-,
where F*, F~ are the self—dual a.nd anbi-self-dual parts of F respeotlvely Hence

YM(V)‘ 2] |F |”+8w2k ’

or
Y (V) <2 [ Feie—gacs,

here % is the Pontrj jagin index of P. Thus, ‘the conneotlons sa,tlsfymg
PH=0 or F-=0

are ealled self—dual and anbi-self-dual’ oonneotlons respeotwely Such oonneohons
minimize the Yang—Mllls fanotoinal ¥ M (V). '

Therefore, it is a very interesting problem for us to study When Yang—Mllls
connection is self-dual (or a.ntl—self—dual) '

In 11, Bourgmgnon—Lawson proved f;hab the Ya.ng—Mlllsconnetlon VonP (M,

SU (N)), where M is a four—dlmensmnal ‘self-dual compact Riemannian manifold
with positive scalar curvature R must be self——dual prowded

i<
Furthéf;” Min-Oo ! préved that the Ya,ng—Mllls conrigeion V on P (;S'4 SU (2))
tntist be self—dual whonever™ -0 % il Wl JT R RIS vy

I [F |2<O

here O is a suitable positive constant

"Iri"[B], Shen disctissed ' the relablonshlp' betweén the Yang-Mills connections and
gelf-dual ‘connscbions in the nOn—coﬂipact odse. In" 2], Itoh: investigated tho moduli
space of anti-solf-dual connections on the prmclpal ﬁbre bundle P whoso. base man-~
ifold is a Kéhler surface. B T e s Braad

ETes

§2. Main Theorem and Notations

In this paper, we assume M s a Kahler surface ‘and Want to stndy ‘the
relahonsmp between the Yang—Mllls conneotlons and antl—self-—dual connectlons
The main theorem is as follows. SR o ,‘
‘Theorem. Lot M be a compact Kihler surface with positive sealar cwrfvatwe, P
(M SU (N ))a prmc'bpal Jibre bundle fw'bth base mwmbfold M and structure group SU (N)
Let V be an brreducible Yang—M@us connectfwn on P and F the ‘curvature of V. Theré

ewists a positive constant O independent of conméctions on P such that of

[ jor<0,
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then V must be anti~sel f—dual Here @ is the pfrogeatwn of the cwrmtwre F on the Kihler
form Q of M.

we use the following notatlons in [2]

Lo ¥ _the f~form bundle;

A*: the bundle consisting of complex forms of ype ( p, q)
@, PX Ad@ '
&S: the complexification of @, ‘ '
A4(@,) =T (M, I"®E,);
L AP(B,) = I‘(M A’v¢®@,),

|  AR(®5) =T (M, A79RES);,
[-4. ] A?(®) x A*(B)—> Ar+1(@®) is the Lie braoket for exterior forms
A: connection 1-form of V;. .
d¥: the exterior covariant differential of v, & sphts into dv = 3V+5V on. 429(&

as follows

87 AP 9(BS)—> 4710 (B);

av. A9e (@g) — A9l (@g)’

9”": the adjoiny of 37; N e : o
5‘”' the a'djoin'b Of'év' o BT I I LTI

& the adjoint of d%;

<‘15, Uy = —Tr (PA=T) for &, WE A’(@i"),

[+, +, +]: the mixed product on &; .

ot the (1, 0) part of DE A (BE); 1+

@~: the (0, 1) part of @ € 4*(&S);

A*: the (1, 0) part of the connection A4;~  © “»"

A~ the (0, 1) part of the connection A; , =i

V1. exterior covariant differential of connection 4%~ - =

V-=: exterior covariant dlfferentlal of connection A" )

Q: the Kihler form of M; - AR ) o

. @E A* (®,) splits into &=+ + T+ f01 D AL (68 ) we have

(D, ¥>=2 R <D, ’4’“‘) for . @, @P’EA’ (@®,).
Every G,—valuoed self-dual 2-form ¥ can bo expressed.as .. .
T T L PR T,

where W€ A4%° (@), W°c A° (@5,), a.nd Qi the Kshler form of M. Henlce for F*
we have . e T R

F*=a+d5®ﬂ+¢-z;

where « € 4%0 (@), D€ A° (B). We call @ the projestion of P+ on 0,
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§3 The Proof

Let F*, F~ be the self-dual and a,ntl—self—dua.l parts of F respechvely Then
o L P Oy - “)
where o€ A% °(@5°) @EA" (@5) In lgoal coordinatbes,
a=oydt Ade®, . .
rv@:.‘p"x,@ CL

+ e
R S S AR

where } o
ta= A+~ TIB=AX,+~"IBX,.

Since V is a Yang—Mllls eonneotlon, from (2) and B1anoh1 1dent1tles (3), we have

T IR AT F =0, gVFT=0, RN ,

d"F=0, aFT=5.7 ®
Firom the definitions in § 2 we have: o ovigeeBor T .
7 _ A7 v T B
e o
=97+,
Let
AY=ad3-d7, ; e »
where d is the projection of d” on the self-dual part. Bocause F"’ 18 self—dua.l
dV'F-!' dV’F-I‘ S . .
bhen ST e R T
A"F*—-dv-dv"ﬁ'*‘ =dia¥ F*‘ 0.: v s )

Through a straightforward but comphcated oomputa,’ﬁmn and usmg the Kihler
condition, we oblain AR RRE T I SR ' R

0=<LALFY, atay= 4Re(<(aVaV'+aV'aV)a, a)) ~8Im({ [@Aa] a}), EE ®

0={A{F", ORD> = — 8~/ = 1Tr ({2797 ®; Q)@)—l—Tr((BV@";a—i-aVaV'a Q}@)
[ntglatmg the above equalities ovor the whole M, we get - v
j<v+a; Voo t[ ol >[I0, 4, B1=0, @
j<v+@ v+di> f[gzs A, B]=0, N (0)

Ly

where p is the scalar ourvature of M.
By Kato’ s inequality = e
CIVreli=ld]«| (2
from (9) one can see

o>j|élauﬂ+[p1a|ﬂ ¥f[@| Jal?

e fao o
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Aocord_ing o the Sobolev inequality of P. Li*®! and from (11), we have

o>k1Jj:a|4—kﬂj|a1 +felalz=y/Jio1\fJlalt, (12)

where
1 ~e 1 \/c
= X = O
92 ) \/VOL(M _) (13)
and ‘

vol(M) = the volume of M ,

' (vol (s))*
- Oi=inf (mm(vol(Ml) 8wl(M W)’

here S runs over the seb of all hypersnrfaces in M, and the whole ma.mfold M
divided by S into two parts My, M. o
Let pp=min p, then from (12) we obtain -

- Ao>(lo1—"/jl¢l”)-~‘/f|al*+(po—ks) Jlal’,- | L@

we have two oases - o
(1) If po> Py, then from (14) we ge’n a= =0, _ R L
(u) If po<lc2, then from (11) we have S

0> Jal2- ] I@P-le—al*. ¢

Moreover, we assume

|Ols <t oL@, ¢
If a0, then from (16), (17), we have
. 0>po(fla]2——Vvol(M) lea[‘ ' (
that is .
[ lal2< L v7oraty -/ [ fal*. | (

Henoe we obtain from' (14}, (19)

0?(/61—-%-;00' \/m—)-)\/m“‘ (Po—]ﬂn)jlal’

(i) [lol*+ o=Bo flal2 (

bam 2%
2 Vol (A’

80 the right hand (20) equals to zero and we get a contradiction. Henoce =0,

Notiee

Thus, we take a positive constant
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O=mhin (kl, ipo +~ VOL(HLY. ) F
‘virhibh is independent of Vconneci;lons on' P, _and"'.then'-‘We have =0, ‘provided
. 12].1<0. ‘ (2
From (10), now we have = . . =
[cvro, vrod-o, .
o V*@ =0, Since @ is real, we geb B
Vo V"‘@ -F-V"'@ =0,

Seoause Visan 1rredu01b1e oonneotlon, one can see. d5=0 Hence F"'= a+d5®ﬂ+a—
), i.e., Vs a.ntl—self—dual - "

R O
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