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GENERALIZED DILATIONS OF OPERATOR
' SEQUENCES TO KREIN SPACE
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Abstract

’ ~ TIn this paper, the author considers the genela.hzed dilations of operator sequences ina
| Hilbert" space 16 a Krein space. In order to obtain the unitary and self-adjoint dllatxons,
only some boundedness and symmetry assumptions are needed.

_ In the dilation theory it is used o consider that the dilation space iy a Hilbertb
yace'™ 52, Davist™ 3 hag congidered the unitary dilations of a single operator and a
hiférmly éontinuons semigroup “to-'a Krein space. In this paper we consider the
eralized dilabiong of operator sequences in a Hilbert space to a. Krein space. For
Pk} an operator sequence ina Hllbert space H, we try o ﬁnd a Krem spaoce K, an
>era.tor B from H into K and an operator A on K such that

Ty=B*A'B, '
hore B* is ’she dual of B with respeet $o the inner product of H and the indefinite
iner product of K. Theorems 2 and 4 deal with unitary and self-adjoint dilations,
spectively. o ' -

Throughout this paper, by an operator wo mean a linear bounded transformation
aless it is obtherwise stated. The Banach algebra of all operators on Hilber} space H
denoted by L(H). The inner product of Hilbert space is denoted by (., .) and
definite inner product of Krein gpace is denoted by (., .>. For fundamental
mmetry J, the J-inner product is denoted by [., .]; or simply by [., .]. As for
her notions and symbols of Krein space, we refer to [1].

Theorem 1. ZLet H be a Hilberi space and {Ty}=.. @ doubly infinite sequence of
serators in H. Assume that there 4s an M >0 and an @, 0<a<<1, such that Th=T7:
d | Tx| <Ma'™ for all k=0, +1, +2, ---, Then

(a) There is a fundamentally reducible. unitary operator U in a Krein space K
tch that

T,=B*U*B (k=0, +1, %2, --*), _ @
here B 43 an operator on H into K and B*, defined by
(B, &) =<f, Bs> (VfEK, V=€ H), @
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*={o}}>.€ H,. It is eagy o check that K9 and the anti-space of K2 are both pre-
Tilbert spaces with regpect to ., .>. Let K. and K be the completions of K2 and
€4, respectively. For f~ € K° and f*€ K%, it follows from (8) that

U F1=(T)z, 3*) = (T, 3*) = (3", T"5%) =0,

hen K, | K_ and K=K @K _ with respect to [., .]. Let P_ and P, be the "

rthogonal projections of K onto K_ and K, with respect to [., .], respeotively.
define J =P, —P_. It follows from (3) that :
< o=Uf 91 (vf, g€K).
Ience K ig a Krein gpace with indefinite inner product <., .) and K=K @K _ is
fundamental decomposition.
For f={fu}>.. € K, define Uf ={f4_1}=.. Since
f 1= ‘ga T&-k+1ﬂ74=‘=i T{-k‘vi—iy
e have
. LUf ’ Ug>=$ % (Ti—kmi-ly Y-1) =2 Ek}(T i-xs, Yu) =<Jf, .
‘or 7= {7} € H, define Sz - {w;_4}=e. Then
1S=|T|Sz|*=||T|Sz|?*= llT§5l12=§|I$ Ti-ia|? = 2N T To- o= |1 Tz|2=|T ]~
*hig implies that S¢|T|S=|T|. Thus
\ [va Ug]‘—"(S*ITIEEr ?;)__'(lTlEr :;/)=[f7 g]
t follows that U may be considered to be both a unitary operator with respect to
. ,.»> and a J-unitary operator with respect to [., .]. Clearly JU=UJ and K,
nd K _ are reducing subspa;aes of U.
For 2 € H, define z°={a0}=., where af=2, 2{=0 (4%0). Let Br={T_&}>...
ince _ , )
[Bw, Be}=(|T|2° z)<|T|-|z°|*=|T]-]=|? (5)
} is an operator on H into K. Clearly U'Br={T_wr}i.—.. 1=0, £1, +2 ...). For
, Y& H, we have
{U'Bs, Byp=(Tw, v) (=0, £1, £2 ..-). (6)
‘hug (1) holds. The gtatement (b) is clear. This completes the proof of the theorem.
Theorem 2. Lei H be a Hilbers space and {T4}=. @ doubly infinite sequence of
perators in H. As ume that there are positive M and a such that |Tx|<Ma'™ and Ts
=T, for all k=0, 1, £2, ---. Then there is a unitary operator-U in-a Krein space
¢ and an opera’or B on H into K such that (1) holds and the statement (b) of Theorem
. &s walid.
Proof Making use of Theorem 1 for {(a+8)~"®T,}=. where >0, we see that
there ig a fundamentally reducible unitary operator U in a Krein space K and an
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operator B on H into K such that
Ty=(a+&)™B*T*B (k=0, £1, £2, .-+), )]
where B* is defined by (2). Let K=H @H_ boa funda.men'ba,lideoomposition where
H, and the anti-space of H_ are Hilbert spaces and reducc U. By the Davis Theorem
([2] or [i, Theorem VI. 8.6]), there exigt Krein spaces K ,DH, and K_DH._
such that (¢+&)U|H, and (a+¢)U|H_ have minimal unitary dilations U, and
U_ %0 K, and K _, respectively. Write K=K DK _ and U;=U,PU_. Then K, is
a Krein space and U, is a unitary operator in K. Clearly K;D K. Let P be
orthogonal projection of K, onto K and B the embadding operator of K into I
Then '
PUSE=(a+&)MU* (k=0, +1, £2, ---).

Write B;=EB. Let B be defined by (2). For f €K, € H, we have

(Bif, ) =<f, Bud=<f, EBsy={Pf, Bsy=(B*Pf, ).
It follows from(7) and (8) that

T,=B*PUYEB=B{U:B; (k=0, +1, £3, ---).

Denote by K, the closure of the linear seb of all elements of the form U%
where s € H, k=0, +1, £2, -... Let K, be the igsotropic part of K,. Clearly K,
closed subspace and reduces U, with respect to the indefinite inner product. Writ

| K= {f €Ks: [f, fo]=0 for all fo€ Ko}.
Then K is a closed non-degenerate subspace [1, Lemma I. 5.1]. Let K=K,/
For f, g€k, fEF, g€g, define <F, g>=<J, g>. It is easy to see that {f, gp is -
defined. Therefore K is a non-degenerate indefinite inner product space. For f,
K, we define [, g1=[f, ¢g] where fEFNK; and g€gNKs. Here f and ¢
uniquely determited by f and g, respectlvely Then [., .] is a Hilbert majoran
K. For f€K, Fc, define UF= g f. It ig easy to check that U is well defined.
J g€k, f€F, g€g, we have 4
<07, O5>= Usf, Usg>=<f. gr=<F. - !
For fc K, f€F, we have U1 f=U7y 1f Using Theorem IV. 5.2 of [1], there
fundamental decomposition K =H,@H_ such that the positive definite subs
H,and the negative definite subspace H_ are closed with respect to [., .]. De
by |i. |, the decomposition majorant. For the fandamental decomposition K = (.
@ (UH_), denote by | . |, the decomposition majorant. For € K, decompose 7
"+ F_, where f, € H, and F_€ H_, By Theorem IV. 6.4 of [1], there is an a>>0
‘that '
O‘pﬁf"h "ﬁfuh’—(ﬂfw ﬁf&> <Uf_, ﬁ; >= <,7+, = <f—r f >"’".?"J:
for all 7. Let K, and K_ be the completions of K, and K with respect to <.
and —<., .>, respectively. Define the Krein space K'=K . ®K_. By (10) and (14,
U may be considered to be a unitary operator in K'. For « € H, define Bo=Bim. Tt
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ig easy to check that B ig continuous with respect o the Hilbert majorant of K, so it
continuous with respect to |. |;,. Therefore B may be considered to bean operator
. H into K’. For a, y € H, it follows from (9) that

(U%Bw, By>=<UBsw, Bud>= (T, y) (=0, +1, £2, ).
ws (1) holds. For f €K, let f € F. Given &>>0, there exist oy, -+, #, € H such thak
[f- 2 0iBa, f— 3 UBm] <o
k=1 k=1 .
r Lemma IV. 5.4 of [1], there exists a congbant M >0 such thab
~ N 2
k=1 Ja

<M(f- ,§1 UtByew f— z_; U%Biay| <M.
ierefore, the statement (b) is valid for U and B. This completes the proof of:
eorem 2. ' . _

Corollaxry 8. Let the assumption of Theorem 2 bs satisfied. If Ty is an inveriible:
ttive operator, then ran B ¢ & uniformly po ttive closed subspace of K. If To=1I,
m KD H, <., .>on H coincide with (., .), B is the natural embedding of H info.
and B* @s the crihogonal projection of K onto H with respect to {., .).

' Proof Assume that T has a lower bound m>0. By Theorem 2, there exists an.
>0 such that for s € H .
[Bz, Be]l<M |l9;ﬂ2<m'"1M Tom, @) =m™TM<{Bwz, Bz)<m M [Bxz, Bz].
is implies that ran B ig a uniformly positive clogad gubspace of K
Assume further that To=I. By Theorem 2, wa obbain
(Bs, Byy=(a y) (¥a, yCH).
3 original gpace H can be embedded as a subspace in K. The embeddmg operator-
3. Let @ be the orthogonal projection of K onto ran B with respect to <., > For
H, f€ K, it follows from (2) that _
QS Byp=<f, By>=(B'f, ).
g completes the proof of the corollary.

Theorem 4. Lot H be o Hilbert space and {Tk]»0 a infinite sequence of self-
vini operators om H. Assume that there are positive M ‘and a such thai |Th|<Ma*
all k=0, 1, 2, ---. Then

(a) There is o self-adjoint operator A in a Krein spacs K such that

: | T=B*A*B (=0, 1, 2, ), 12).
re B és an operator on H into K and B is defined by (2) . |

(b) K is sparmed by the elements of the form A*Bg where s€H and k=0, 1, 2,

Proof  ‘Without loss of generality, we may assume that 0<a<1. Let H =

H.
_neT on H by '

o@%

<T5)5=‘=20 Tiﬂﬁ ”(j.=0, .1, 2,....').’
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where z={z,}5€ H. By the a.ssumption; we have
lITEII2=Zj‘.IIZ‘Ta v < M2 2.](? @tz ]) A<M (1 —-a®) 2| 7|2
This means that T is bounded and hence T’ is a symmetric operator in H,
Denote by K, the get of all infinite sequences f={f.}5 such that

fk=§ T¢+k¢i
and z={}5 € H. Define , - L I
where f and z are as above and g= {g:}5,
§k=éTe+kyey
={y}s €H. Thus
. <fr 9>=?_4§ (T“.,-:D‘, yi) =$(fiv yi)'

Ag in the proof of Theorem 1, we can prove that [., .] and <., .> are well defin
and that K, the completion of K, with respect to [., .], is a Krein gpace w.
indefinite inner product <., .). ’
For f={fi}s €K, define Af = {fri1}5. We have
b k+1=z‘:Ti+k P1w6=2‘Ti+km£’
where o,=0, 2} =;_1(6>>0). Write z'={a}}5. For f, g€ K,, it is easy to check th:
Af, @>={f, Ag)>. C
For z={x}s € H, define Sz=z'. Then
I8«|T|8z|*<||T|8z|*= |IT§5II2=§II2‘ Ts+:.+1wsﬂ’<’2ﬂ§.‘: Tym|*=|Tz|®
=1|T |z}
By the Heinz inequality™, we have ‘
(8+|T|8z, z)<(|T|z, z).
Thus o o
(47, Af1=(T|8z, 8z)<(|T|z, z)=(f, f].
It follows from (13) that A may be considered to be a self-adjoint operator in K.
For o € H, define 2°= {a{}§ where =g, 27=0 (4>>0). Delfine Bm={T,_,:v}°o". Si
[Bz, Bz]=(|T|2% =) <|T|-[|z°|*=T|-|=|?,
B is an operator on H into K. Clearly A'Bz={T.z}i=0 (1=0, 1, 2, --.). For g,

H, we have
<.AIB£B, By>= (lei ?/) (l=0’ 1, 2, '")'

Thus (1) holds. The statement (b) is clear. This completes the proof of the theor
Ag in the proof of Uorollary 3, we obtain the following
Corollary 5. Le: the assump ions of Theorem 4 be sa isfied. If Ty is an imvert
positive operator, then ran B is a uniformly positive closed subspace of K. If To=1I,
then K DH, <., .> on H coincides with (., .), B is the na ural embedding of H into
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X and B* is the orthogonal projection ova onto H with respect to <., .).
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