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8¢ \ ty
k= Ekwp"; 0<k<p, L= ')golwp”, o< <p. ’ ©.1)
We put ‘ '
= T iy Y= Y (0.2)

So, if &, §;+<0, then :

' Dyl =Fkioi, Diyy =Goh, 0.3)

where ki and I} are the firgt nonzero numbers of (4, -+, ki) and (To. oo Ly,

respechiv jly (conventionally, #f‘=0 if %,<<0 and y}*=0 if [,<0). It follows that
Dkt =0k, =0, Dyl =01,=0.

Let
b= (ko by, -+, ko), 0<k,<p**%, 4=0, 1, -, n, (0.
I=(ly, = b)), O<Li<ph*, 4=1,--,n, (0.
Sy S LYY SO S (0.

‘We agsume that § is the prime field of # and ys, ***, 7m are linearly independs
over S. Let @ be the additive subgroup of F generated by 71, +**, Vm- Every elem
of G can beuniquely exp1essed ag '

y= ‘_21 uys 0<<u,<p.

‘We write

in gt=gfeanr, wEG,
an ave
z“. Z"= “-H’) U, Q)EG-

Let py, vy, 4=1, 2, ---,n, be 2n elements of F guch that

”"+V¢=1’ Ii,.-=1 e M
Let n

I‘E( #i0 3 ‘H’.’.Uw P ) 2 YiZi -6%’
‘Where I is the identity mapping. In Z, we define an operation

Ly g1=(Dof) (8o9) — (Dog) (00 ) +g( DD — Dig) (D ). (C

It can be verified that > becomes a Lie alge]gra. 2 ig said to be of type I if 1«
and of type II if 1EG. We have

Propesition 0. 1™ If 3 4s of type I, then <2> is the center and commut
subalgebra 3' = {aFy'’ | (K, 1, r) + (w, o', n+2)>, where

| @ = (g, Wy, *+*, @), o' = (wh, <+, @),
_ ==, 6=0, 1, oo, m, @ =pH =1, 4=1, 2, o,

Proposition 0. 2 If 3 is of type II then 3' =2 when n+ 20 (mod p) an
= {aFy'2*| (F, 1, u) + (m, @', 0))when n+2=0(mod p). :

Definition 0. 11 If 1€@G, set 3=23"/<z); if 1EG and n+2$0 (mod p)
Z*=2, and if 1EQ and n+2=0 (mod p), set S=3.

‘We denote 5, 3% or T by X. Seb
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3(0) =22, 6=7y"s(2), B=ad e]s.

o [1] ker B, denoted by %, was computed. Det ¥_y4=X and

G o€ Lia| [0, L Lo}, §>0.
1] claimed to have found these %, $>>0, but the result contained some errors. So
Ve need some other computations to find %, ¢>0. '

§1. Filtrations

‘We define the degree of »=2%y or 22"

. dg=degw=degaz'= _éo 70¢+$‘11,-,

hich is different from the degree defined in [1] and ig a key o determine %, >
‘Let :

- a={u|r€HCF, P (@) =P({a}) =3 AL—r)a,
‘ 80, 1, -y a(2) =3} 0",

hen we have
L_y= L | d;=1>D<a(2)D,
1d can reduce Lemma 5.1 of [1] to the following proposition.
Proposition 1. 1. %=<{az"|d,=>2>DLaas(2) |de=1, Po(ax) =0DP<Ka(2) | P1(z) =-
. It 3s an invariant mavimal subalgebra of X.
Now we have

Theorem 1. 1. .Z=<wz’|d,>i+2>@:21<m(z) |do=3, Ps(a) =0,
§=0, 1, ) 341 —P@() | Pi(0) =0, =1, 2, -, 641>, 4=0, 1, 2. (L.1)

§2. The Associated Graded Algebras

To give the graded algebras Gr X of X, we need some lemmas.
Lemma2.1. P;(«)=0,¢=0, 1, ---, i rla,=0, i=0, 1, -, 4,

re@
t
Proof 1bis because (1—1)f= g ( i >(~rr)’ and =1 - (1-¢)).
Lemma 2.2. If Pi(a)=0, ¢=0, 1, 4, then Pya(a) =3 (~1)"ay.
. re

. w1 /1)
Proof It ig becauge (1—r)i*t= 2( ) ')(—fr)’ and Lemma 2.1.
) J _
Lemma 2. 8. Assume that f(2) =3\ f, f€F, P,(f)=0,t=0,1,.-.,6—1,9(2) =
- re@ .

?EH;M', g-E€F, Pi(g)=0, t=0, -+, g—1, and f(2) g(&) =h(2) =2 ha'. Then P.(h)=

: ¢+
0, =0, 1, --, c+g—1 and P0+q(h)=( Og)Po(f)Pq(g).
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Proof P(=3,G-0h=F 0 3 Jam 5 B Goum0)' fam
5 S (—um0)fugom zz(g( )(1 Wy (=) f)fugo 55 ma-w

@ 0= F( ] P B0
If4=0, 1, «5, e+g—1, then P;(f)=0 wheley 0,1, +, ¢—1, and 3(—0)* g,

=P,_;(9) =0 by lemma 2.1 where j=¢, -+, 4. Hence P, (k) =0 if =0, 1, ---, ¢
—1. ‘ a

Similarly, by Lemma 2.2,

g ot ; : ; + .
Pas= 3 (7P B0 (TR DR,
The proof iy completed. | |

Now let B be the commutative associative algebra F [z, -, z,] and

={f()=2f2"|P:(f)=0, t=0, 1, -+, —1), §=1, 2, «os
“We have -

B=BODBiDBgD---DB;D-'-DBA=0,.
where A=p™. By Lemma 2.8 B,B,=By;, B becomes a filtered algebra. Henoe
' _ 4-1.
can congtruet a commutative agsociative graded algebra B=Gr B=[] B,/B;,; :
4=0
dim iB,;/.B'q_1=1. Let G={')”1, Tay ** ’I‘A} and ;= ((1'-')'1) ° (1""'7'4)‘), ®.=0, 1,
A—1. Then ag, a4, **+, a4_3 iS a basis of vector space F4=B. Let u=(uo, s,
: 4-1 . . o .
Us_1), V="_Vg, ¥y, *+-, Vs_1) EF4 and usrv= 20“6’”5- Take bg. by, +++, by_y as a bagi
i=

F4 guch that g;+b;=0,;. We identify F4 with B, so B is an algebra with a bilir
form =, and by, by, -+, ba_y is also a basig of B. It is eagy to see that b,+ B, forn
basis of B,/B,;1 and will be denoted by ¥, §=0, 1, ., A—1. Moreover 5@, b®,

- - .. A4-1
b4V ig g basis of B and B= ] <%,
i=0

' +
Lemma 2. 4. b»9p@= (c g> b“*® and hence B becomes a divided power alge
: c

Proof (bob)*a=0, t=0, 1, -+, c+g—1 and (bebg)#deyq) = (c: g) (bane) (e
+
= (O+q>by Lamma 2.8. Therefore b.b,— (c o q) bergt 2 Aby MEF. Since
e i<crq

i<ctg
6 -Bc+q+1y

| +
BOBD = (B, Byys) (bt Bys) =bobgt Buggss= (" c“*’)b@*«).

In L, of Gr X, zb;=b;+ F;,1 may be denoted by «b® where s=a%y. Let §=
Hi=0,1, -, j=1, =, n}, 8= (p*1~1), 4=8+4-1. Wo have
I3
-3
Theorem 2. 1. QrS—= AHI L;, where
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Li=1I{ab?|0<j<A~1, di=0+2—4, and 0<d. <),
=1, 0,1, ey, A3, A—1, -, d—3.
Lya=TI{zb®|0< < A—1, dy=A—j, and 0<do<ODD.

4-2

H L, where L; is the same cs Gr S, 4=—=1, 0, «, 4-8, and L, a=
Fy=p4-1% Gr 2=——£_111L‘. where L;=I<{aebP|0<j<A—1, d,=%+2—4, and 0<d,

.
Proof By direct computation.
Lemma 2.58. For Gr X, the &) in (0.7) may be reduced to

Oo=I— E V& 632"

Proof Let a=a%y, w=aFy", ab® € L;_y, wb'®? € L;_, and

" o ., a)
7 2(/14@50 P T +V‘ly10 ayao .

i=1

"e congider that
c+
E=Do (mbc) a” ('u)bq) = (Dow) bg (3'19) bq= (Do’v) (a"’LU) ( ¢ g) ba+¢+ b E g‘.{.j—b

here b € ¥;,;-5. However deg ((Doz) (8"w)) + (c+¢) =(i—0)+(j—¢) —1+(c+q)
i+i—-1=2E€ Y >E+ ¥,,;—83=0in Gr X. So 6’0=I—:2'1 7;2;-;-%— for Gr X.
. = )
New & can be viewed as an operator acting on Gr X in the obvious way, so by
ymma 2.5 we have
Lemma 2. 6. 8,69=34"D 4n L,_; and 8,(ab®) =zb@D,

And we have
Theorem 2, 2.

Gr Z=H(2n+2, 1), (2.1)
Gr S=H(2n+2, r)+ {at%+), (2.2)
Gr 2*=H(2n+7, 1)+ {2+ (&™), 2.3

here
== (8041, sy+1, ++, 8+ 1, m, t3+1, «-, §,+1),
= (Ps.,-!-l__l’ e, Ps,,-l-l_l’ p-m_l, pt;+1_1’ eey pt,,+1_1),
Enpa= (81 ntq Oa nt3 *°% 8211+2n+2)0

Proof First we show (2.2). Let

%y L
G = (— 1) 2% Y
wBB= (=)™ 0

here

j=
A= S 3B+ 31 gy (se0(0.1) (0.4) (0.5)).

R. L. Wilson™ has shown that if u—A u,p, V= 5_} v, 0y, v;<p, then
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From thj.S, putting h= (70-, Z) = (]Goy klv ey km z;b ey ln)) h’= (F’y zl) = (k,Oy k;.v b} k:u
i, +-+, 1), and by careful computation, we can verify

h+h
,w_(h),w(h ) — < h ,w(h+h').

Thus F [ZooBo1* “BosB10"* *Bin***Tns, H10°* " Y1tr" *“Yno* **Un,] bECOmMes a divided power algehrs
and {w™} ig its standard basis. On the other hand, we have
Db = &b, Dlgy®h = qFi=eh)
Lot o™=+ =p® in L,_, of Gr 3 and 5 =w®DD, = (ko, ks, *+* Ew J» biy o0y L)
the other cased. Because of the above explanations and (0.7), we can obtain (2.
Similarly, (2.1) (2.3) can be shown. . .
Theorem 2. 3. S is a class of new Lie algebras.of characteristic p>3.

Proof We have dim $=p¥—1, where N =f§"“ (s;+1) +‘i1 @+1) +m. On
=0 =,

other hand, Shen Guangyu'‘®! proves that is J is any simple Lie algebra v
dimension p¥ —1 associated with a nodal noncommutative Jordan algebia, then
J=H(2q, ') +<x, where the 2™ is the ‘“highest term” whioch is determined
the 2g—tuple /. Evidently Gr £ and Gr J are not isomorphic by (2.2), and sc
S and J by [10].

§ 3. Invariants

In this section we discuss firgt intringio properties of graded Lie algebra H
). Let N (2u) be the divided power algebra of 2u variables over F with basis {z

where
o= (aif sy “214):

and ¢; are non-negative integers. The multiplication table is

at+ 8
DB = < ) @B,

«
where
(*7)-8(27)
21 =1 o;
Let '
e,= (81, **+ 86214)7 o=, =1, 2, «, 2u,

Define derivations 9; of N (2u):" '
8,(c@) =x@=e0, G=1, - 2,

Define a brackeb operation in N (2u):

[f, 61=360) (@ /) @i 9), 3.1
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here oh=i+u, 0(4)=1 if 1<6<y, and oi=4—u 0(4)=~1 if u<ié<2u. Then
'(2u) becomes a Lie a.lgebra Tt is easy to-see that (1) is the center of Lie algebra
(2u). - Let H{(2u) =N (2u) /{1y, and
o= (U1, *++, Vz0), W= (s, *-*) Wag),
my=p%—1, $=1, =, 2u, '
here 'v, are positive integers. Write '
© H=H (@4Bg1***Byigy) = =H(2u, v) =<s®€H (Qu) |a‘<p"l, a#w)

ol —Zan Hy= o™ |a] =i-+2.
sen H=T] H; is a graded Lie algebra. Because the (mvanant) agsociated graded

iz=1
gebra -of H is isomorphio to itself, all H, are intringically determined. Let S be a
bspace of H such that [H_3, S]c8. Ify€H_4, (ady)! §=0and (ad y)** S0,
en % ig called the nilpoten’ index of y for ;S and will be denoted by NIz(y). By
.1), we have.

NIg(w)=p"" é=1, 2, ++, 2u. 3.2)
Tite Aﬂ= p”%. We arrange a4, **«, T, in the order _ )
Ljy Tigr **°y Dy (3-3)
ch that
ApSAp< <4,

Lemma 8. 1. {NIy(y)|y€H_,—{0}} consists of A, =1, 2, +--,2u
Proof 1fycH _1——_{0}, then we may assume that

4 .
Y= Zlaqqu. c;#0.
q:

100 A4,;, is a power of p and ad o; ad o;—ad @; ad @, it is nob difficult o gee thab
(ad y)#=0, (ad y)#5~*=0, and NIx(y) = Aoy,
1o Lemma is proved. ,
Lemma 3. 2. For H(2u, v), {v1, va +**, Vau} IS an Snvariant sei.
Froof Since H_; is intringically determined, dim H _; ig in—tringic. Sef
Ey=(y€H 4| NIz(y) <Au), t=1, 2, -, 2u.
en B; (¢=1, 2, +--, 2u) arve intringically determined. Suppose that A,; <A 5<+
Agjo < Agjy =" =45}, <A0j, s <+ <Ay, We have
By gpi=-=By=L ), Bjp >3, By_s=L0s, s +**, @3, .
wrefore s=dim H; —dim &, , and {4,;, +++, Ao} =141, As -+, Ag} are intringio,
follows that the set {my, vs -+, s} is an invariant for H (2u, v).
Theorem 3. 1. Let
= (D1, Vg **% Viy Voip **% Vou), B = (Vhy Vo o=}, Vg, **+, Vhy).
wnen H (2u, v) and H(2u/, »") are isomorphic if and only if u=u" and {{vy tv,i},
" {’l’u 'Ucru}} {{’Ulv 01}7 °*% {'vm 'Ufm}}
Proof The “if” part is obvious. Now we prove that {{v1, v}, -+, {V Vou}} i8
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infringic for H (2u, ).
Suppose that 4
Agj, < Agiy< < Ao,
The subspace By=<yE H_ 4| NIx(y) <A;>=<z;> ie an invariant of H(2u, v). Since
NIy(y)=A,; for every y € N;—{0}, the number v,; is an invariant of H(2u, v).
Set
L={z2€ H(2y, v)|ad By. 2=0}.

L={s* € H|a;,=0>
and i} is an invariant subalgebra of H (2u, Q). The center of L
O=(aP|B=1 - dy—1>
ig invariant foo. If y € H_;, then NI,(y) can take and can only take A, —1 or
Hence the {v;, v,;} is intringioally determined. Notice that the H (2, @ja,
@gy,) 18 simple. It is not difficult to compute the commutator subalgebra L’ of L 2
the umque maximal ideal M of IL'. We have
L'/M = H (@5 So *** Ty Tos,)-

By induction on %, the result is obtained. We omit the general proof. _

For graded Lie algebras of Cartan type K (m, n) where m=2r+1, we
gimilarly show (of. [4])

Theorem 8. 2. Let p>3. If m+3%0 (mod p), Lie algebras K (m, a) ¢
K (m , ') are isomorphic §f and only 4f m=m', ny=mn}, and

’ {{ny, m}, -+, {0, n}}= {{ny, ny, -+ {n}, nL}}.

when m+3=0 (mod p), similar result holds for K (m, n)’.

Note 8.1. Theorem 3.2 refines [4, Theorem 3.2 and Theorem 3.4]. In {
~ the conditions of isomorphism of [4, Theorem 3.2, 3.4] are necessary but
gufficient.

Theorem 3. 3. For 2*,5} or E, {{’m; 3o+1}7' {s1+1, t1+1}, .‘"1 {S,.+1, tat
is invariant. _

Proof Let X=3* 5 or 3. By Theorem 2.2 we have

(Gr X)'=H(2n+2, r).

By Theorem 3.1 the conclusion is reached. ‘

Note 3. 2 Theorem 3.3 refines [1, Theorem 5.3].

Let N (2u)y=<z®||a| =%)> and yr= <8y, ++*y Osuy. For fE€N(2u)y define fi=
€V*|8f=0}. We have

Lemma 3. 8 If f €N (2u); and dim f*=2u—1, then f= (Zax;)®, a,EF

Theorem 3.4 For 3* or 5, the iriple (n, m, 8o) ds invariant.

Proof Let L= H I, be Gr 3* or Gr 5. First, n is mvanant by dim L_j= an

i»—1

Then

san_
y 4

+2. Second, Let I be derived algebra of L. Write L' = H L;, L,

i>—1

heing a subSpace
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* I;. For 4<p™—2, we have

1, if§=p"—2,

0, otherwise,

y (2.2) (2.3) of [1]. Hence m ig invariant too. Finally, set u=n--1, L can be
iewed as a graded subspace of N (2«). On L;(>—1) the acting of V" means the
sting of ad L_y. Leb

M= {feLp'"—2|dim ft= (2n+2) -1},

dim L,/ T/, = {

d
M=L(ad L_1)?" "M yn_2).

Obviously Mym_ and M are intrinsically determined. By Lemma 3.3 eve.y

ement in Mym_s can be expressed as
f=( aw)®™,
here the highest index of ¢, =>p™, i. 6. $=n+2 or with p”>p™. I} is easy to see that
M =Lz, € L_41|i=n+2 or v,>m).

st I/=H and T'={NIz(y)|y € M}. Take out numbers from T each of which pairs
ith some p™ ag in Theorem 3.1 with v,>>m, the remaining number is p**'. By an
gument similar to the proofs of Lemma 3.1, and Theorem 3.1 of [1], we can
ove that so+1, or sy, is an invaﬁan’a.

Combining with [1, Theorem 5.3 and Corollary 5.1] we have the following
finement of [1, Oorollarys 1} [2, Theorem 3. 2]-

Theorem 3.8 X (n, m, r, ) =X (v, m ¢/, ) implies n=n', m=m', so==sb,
sp taky e {sw tadd={{sy, #}, - {sh #}}.
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