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SOME CONSISTENT RESULTS ON* LINDELOFNESS
AND CALIBRE

Dar MuMmIN (# 4 R)*

Abstract

This paper gives some topological propositions whioh are equivalent to the
continuum hypothesis. The following results are also given: In the class of 1-st countable
Hausdoff spaces, the existence of space which has calibre (w;, w) but no calibre wy is
equivalent to the existence of space which has calibre (wy, @) but is not point-countablely
Lindeltg, the existence of space which has calibre w; but is not separable is equivalent to
the existence of spaee which has calibre w; but is not *Lindelsf, too.

A topological space X is called a *Lindel6f space iff for any open cover ¥ of X,
there exists a countable subset AC X guch that U {st(e, ¥): s €A} =X. X ig called
8 po-lindeldf (point—countable Lindelsf) iff every point countable open cover of X
has a countable subcover. X hag calibre ws (calibre (w;, w), respectively) iff every
point-countable (point-finite, respecﬁively) family of open ses hag the cardinaliliy
lesy than w;. It ig obvious that *Lindeldfness implies pe-lindeldfness, and every
space with calibre w; is pe-lindeldf. We refer the roader to [1] for the related
results.

In this paper, we give an equivalent characterization for CH (Continuum
Hypothesis) and two consistent results concerning calibre w; and calibre (w;, w).

§1. An Equivalent Proposition of CH

Firgt of all, we give a lemma which is easy to prove by pigeon-hole principle.

Lemma. If X isa first countable space with calibre wy and U is an uncouniable
Sfamily of open sets, there exists an uncountable sub-family U, of U such that Int
(N%)=2. _

Theorem 1, The following are equivalent:

(1) CH,

(2) Ewery T'» space which has calibre wy and cordimality<2* és sepamble

(8) (R, dVe) does not have calibre wy, -
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4) (R, s\ ¢) does not have calibre 1,

5) Hwery T, space which has calicre wy and cardinality<2* is * Lindelof .

Here R ig ithe set of all reals, d, s, ¢ denofe the open interval fopology,
afrey topology and co-countable topology, respectively.dV ¢, sV ¢ are topologies
ated by d o or sUec, respectively.) .

roof For (1)—(2) see [4] (Proposition 3.20). Note that (R, dV¢) is a non-
tble Urysohn gpace, |R|=2“ and sVe is stronger than dVe, (2)—>(3)—>(4)
2)—>(b) are obvious. :

>(4). Assuming CH be falfe, let & be an uncountablesubsetofs\/ c. EveryG &€ ¥
ydenoted by @=Ug— Ag, here Ug€s and | 4| <w. By the lemma, there exigtg
Us~—Ay: a<w}C% and an open interval (@, b) swch that (a, b)) [\ Ua.

a<un

wo haveN o= (\U.— [ 4aD(a, b) — | Au# & because of | | J 4] =w1<2%.
wy a<uy

ays that (R, sVe) has calibre 5.
o prove (5) — (1), it is sufficient fo consfruct a countorexample under ~JOH.
o=Rx {0}, Li=Rx {1}, and X =L,UL;. We define the topology on X as
ing:
C X is open iff
1 if point (4, 1) €GN Ly, then there exists n<w and A € [R]<“ such that ((=,
n—A)x {1} <@,

it point (4, 0) €@, then there exists n<w and A € [R]<“ such that ((z—1/n,
yx {1} =@. ' '
"ith thig topology, evefy pair of points ig funotinally separated. I, is an open
subspace and homeomorphie to (R, sVe). Ly is a closed disorete set in X. If
holds, then I, bhas calibre w;, so does the sPaoe X . Now we show that X ig not
16f. Lot {As: «<<2“} enumerate [R]<“ such that for every 4 € [R]=“, | {a: 4a=
2, Lot {z,: a<<2*} enumerate R. For every a<2* let Go={(z., 0) U (R—A4)
. G={G.: a<<2“} i3 un open cover of X. (24, 0) €G, iff a=8. For any M €
let M =Ax {1}. Then A,= A4 implies G- M = F. Hence (=, 0) € U {st(p, ¥):
. But' {a: 4.=A} i uncountable. For any N € [L,]<*, there exists a such

»,=A and (z,, 0)E U {st(p, ¥): pEN}. This shows that {si(p, ¥): pEX}
countablo subecover. »

Two Results Concerning Calibre w;, and Calibre (w1, w)

\eorem 2. If there exists a first countable Ty space which has calibre (wy, w)
: not hawve calibre ., then there evists a first counsable Ty space with calibre (wy,
ch 48 not pe-lindelof.
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Proof (1) Let 8§ be a first countable T, space which has calibre (ws, ®) bub
oeg not have calibre ;. Let T be the Sorgenfrey line. ¥ =8 %7 is the product
pace. Y ig first countable 7'; space. If # = {u. X v,: a<wy} i9 a family of bagic open
ots, ¥ = {va: a<wy}, there must be ¢ €7 such that ord($, ¥) =wy. Let A={a: tE
‘ot Us={ta: € .4}. Then there existd s€ S guch that ord (s, %4)=>w. Lot y=(s. t)
ZY. It ig eagy to see that ord(y, #")=w. This shows that ¥ has calibre (wy, ).
3ub ¥ has not calibre v, since § is the continuous image of Y. A

(2) § is oco with character x(S) =, then |§|<®@*@=2% Tet §={s,: mEE},
(BCR). X=EUY. We select a decreasing neighbourhood base {W,(s): n<w} for
wery s€S. For n<w, if y= (s, 1) €Y, we define V() =W ,.(s8) x [}, ¢+1/n), if o &
B, we define V,(z) = {o} U [W.(s;) ~{se}] X (—1/n, ). With the base {V.(v): yE
V, n<o} U {V.(2): sE€EE, n(co}, the topology on X ig first countable and T,. ¥ is
an open denge subgpace of X. By (1), X has calibre (w4, o).

(3) Let {U,: {<wi} be a point countable family of open sets of S. Then {U,x
I': {<wy} is a point countable family of open sels of Y. Let U=£LEJMU;. UxT is an

open sﬁbspace of Y, hence U x T hag calibre (wi, ) but does not have calibre c;.
For all £ <y, we choose s,, EU; and n;<w such that W, (s,,) cU,. Since

Vo (e) = {2¢) U (W o, (85,) —{85,}) X (@ —1/my, @),

we have ¥V, (z,) NY U, xT<U xT.

(4) Lot Z={zy: §<wi}U (UxT). The subspace Z of X has calibre (w1 )
because U x T' is open and denge in Z. {V,, (): £ <wi} U {U x T} is a point countable
opencover of Z which has nob countable subcover. ‘ B

Theorem 8. If there oxists a first countable Ta space with calibre ; which is
not separable, then there exists a first countable non~"lindelof T's space with calibre w;.

Proof Let S be a first countable non-separable 7', space with calibre wy, T be
the Sorgenfrey line, ¥ =8 xT'. It is easy to see | [¥']¢|=2¢, Lot {4q: a<2°} be an
enumeration of [Y]* such that for every A€ [Y1* |{a: 4,=A4}|=2" Let P be the
projection from ¥ to 8. Obviously, P(clyds) Cels(P(4a)) for all <2« |P(4,) | <o
and S is not separable. There. exists s,ES8-cls(P(A4s)). Choose a deoleaséingv
neighbourhood bage {W,(s.): a< co} of s, such that Wy(s.) Nels(P(4s)) = Q Let s
=W.(sa) ~{84}-

Lot X = {7q: <<2“} be the get of all reals, Z =X U Y be the d:isjoin’s union of X
and V. We define a topology on Z generated by the base % described as following:

Ity=(s, 1) €Y, V.(y) =W,(s) x [}, $+1/n) €Z for all n<cw. Herse {W,(s): n<
o} is a decreasing ‘neighbourhood base of s in §.

I 3EX, Val@a) = {Ta} Utha X (&—1/n, 5) € for all n<w. It is ne$ difficuis o
check that the topology generated by 4 is first countable and T';. ¥ is open and
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in Z, and X ig a closed discrete subset of Z. The subgpace ¥ is homeomorphic
T, the product space of § and T'. Therefore Z has calibre w,.

ow we olaim that Z ig not *Lindelsf. For every a< 2%, let Ga= (¥ --¢l;(4s))
G= {0, a<2"}.

) Yoovers Z. Let y=(s, i) €Y. Since ¥Y'={y} U [U (¥ —V.(y))] and Y is

ntable, there exist n<<w and a<2* guch that cly(4,) is contained in Y V.(y)
yEely(4q) ~clz(A¢) NY and y€4.,.
) Gy is open for all @< 2. Tt ig sufficient to show that z,E€Int G,. Nobe thatb
YNY =cly(Aa), 50 Y —clz(dy) =Y —cly(Ag). Since weNels(P(4e)) =@ taX
» Ta) Ctze X T ig disjoint with els(P(44)) XT. Bub ely(da) P (clg(P(42)))
P(44)) xT, we have Vi(zs) = (¥ —cby (4a)) U {za} =G
{st (2, ¥): 2€Z} has not countable suhcover. Let AC[Y]* and A=A4,.

ANG.= and 2€U{st(y, ¥): yC A}. Becauge {a: 4,=A} i3 uncountable,
{st(y, ): y € 4} is uncountable. On the other hand, st(x, %) N X = {za} for
2 X. This shows that for any M€ [Z]«, U{st(s, ¥): 2EM} + 7.

is known that the space ./ in [2] i 0-dimengional first countable Baire cco
» with calibre (w1, ®)) non-separable space. Assuming CH. # hag not calibre

ssuming MA+ "|OH, 4 i8 @, Baire and has calibre w; ([56]). As the
iries of Theorems 2 and 3, we have

wollary 4. (CH) There ewists a first countable Ty space with calibre (a)1 ®)
48 not po-lindelof . :
wollary 5. (MA+ 7|OH) There ewists a first couniable T space with calibre

¢h 48 not *Lindelof .
1 the other hand, the result of Efimov [3] tells ug that CH implies that every

untable T’y space with calibre w, is separable. Then the statement in Corollary

lependent of ZFC. But we do not know wheather the statement in Corollary
depen-dent of ZF0.
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