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THE SPECTRUM OF CONTRACTIVE
'OPERATORS ON wm;

CHeN XI1A0MAN (f5EE2)”

Abstract

In this paper, it is shown that, for a coniraction on m;, the intersection of its
speebrum with the exterior of the unit disk is a finite set of isolated eigenvalues, each of
which has finite multplicity. Futhermore some relations between .its spectrum and the
spectrum of its minimal unitary dilation are established. .

Throughout this paper, @ denotes a complete space with an indefinite metrio
. +), which can be decomposed into m=H_DH,, where (H,, +(-, +)) ave
Tbert spaces and dim H_<oco. As known, there are some basio facts on the
whrum of selfadjoint or unitary operators on . For example, the spectrum of a
fadjoint operator on ay is real axial symmetry. There are only finite poinﬁé of the
xchrum outgide the real axis. In the case of Hilbert spaces, to study contractive
rrators, 8. Nagy and C. Foias have developed the theory of harmonio analysis of
wators™®. One of the basic facts on contractive operators of Hilbert spaces is that
spectrum is contained in ) where I) denotey the unit digk. |
In [2, 3], the concep? of contractive operators on w, wag introduoced, but only a
- results were obtained. In [4], Yan Shaozong developed the theory of dilation of
tracbive operators on Krein spaces, found a necessary and sufficient condition for
miractive operator on Krein space to have a unitarydilation and, in parriicular,
ated out that any contractive operator on «; has the minimal unitary dilation.
* convenienoce, we give the following definition.
Definition. 4 boundsd limear operator T on my és called a contraction, of (T,
< (=, z) for any o Cmw,, :
‘What can we say about the spectrum of a conbraftive operator on. or,? What
‘iong are there hetween the spectrum of a contration and the spectrum of its
tary dilation? There is notany information in [1, 3, 4]. But such two problems
very important for us to develop the corresponding harmonic analygig theory on
paces. The aimg of the present paper are o study the spectrum of the contraction
on. @, and find some relations bebtween the spectrum of the contraction and the
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speotrum of its unibary dilation.

§1. The Spectrum of Contractions on

Firgh, we congtruct a speecial model of contractions on ;. This model is derived
from the decomposition of contractions in [4]. Here, our deoomposmon ig finer than
bafore.

Lemmall, TILet T bs a contraction on =, and mw,=H BPH, 3 a reg
decomposition. Then

i) MH_)YDTH_)*! is also a regular decomposition of ), and
S
T,
where Tu_=Pry T |pa, T1=PraT|pu, and To=Puny'T|px,.
ii) There exist Hilbert spaces H; (=0, 1, 2), dim Hi<oo, dim H,<oco,

that H,=H®DH3 and (TH_)'=HyDH,. Under these decompositions of spaces,
of the following form:

Ta. Ty, Ta
T= Ty A
B O
iii) Set
0 0 0
7= T, ©
0 o/

Then T is & contraction on Hilbert space (w,=H_@DH,, [+, +1), whers [z_+a,,
Yil = — (o, )+ (o4, ¥4).
Proof 1) isa regultin [4].
Lot Hy=H_ N(TH.)*. Since (H,OHy)N ("’TI Yt={0} and ((TH_)'C
={0}, dim (H,OHy<dim TH_ and dim ((TH_)'OQH,)<dim H._
00rollary 1. 3.4in [1]. This hag proved ii).
From [4]). we know that T, in i) is a eontraction on H . So, we have
(T, T) = (( Lo ) ( Lo ))= (T2, Tow) + (Br, Br)< (v, z)
Bz Bz
for any o € H,. It followe that (Tyz, T'z) < (2, ©), since (Bw, Bx)>0. That is,
a contraction on H,. Obviousdly,
[T (@-+mo+21), T (@-+z0+20)] = [Tomo, Tomo] = (T oo T'o%0) < (o, o)
<o 4o+ o1, -+ 20+21] .
Therefore, 7 is a confraction on Hilbert space (w,=H_+H,, [+, *]).

From the above lemma one can obtain easily the following theorem.
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@ H =---QU 2{DU ' 2D Z2iDriDLeDUZoD - . (2.1)
Remark 2.4, In general, for a space with an indefinits metrie, the orthogonal
m above ig nonsenge. Below we will show U "2} and U*D,, n=0, 1, 2, ---, belong
H. In thig case, the orthogonal sum of (2.1) is carned out in Hilbert space (H
*)) expeept the palt of subspace
Proof Let us show firgt that

U2 1 TU™Dy, U 2§ TP, for m, n=0, m+n 2.2
d | _
U Do LU"D §, U"Do Lawy, UT"D} |, for m, n>0; - (2.3)

even suffices o esiabish thege relations for &, and Z; instead of &, and Z§. To
ove (2.2), without logs of generality we assume m=0. We have
U~U-T)h, U-T)¥)=U"n, ')~ U " Th, )~ (U"**h, Th') +U"Th, Th’) 0
> any h, B €w,. Similarly, we have U""@o_l_g“ Now, for h, k' €Em,, we have also
{~»-T)h ™07 — Tf)h’)
= (U™, 1) — (U**™*h, T1H') — (U Th, )+ (U™*Th, Th') =0,
(OO ~T)Yh, K'Y= (O, 1)~ (U"Th, k) =0

(U@t -Th, »")=O™"*h, K) —(U™Th. b")=0.
, the orthogonality relations of (2.2) and (2.8) are established,

Using above remark, we know that Di@UTLEU 2D+ w--- and DU D@
D@--- are two blosed subspaces of H. Hence they are also two olosed positive
bspace of P H . Denoto the orthogonal sum on the right hand side of 2.1) by

. Applying U torm by torm we obtain

 Uat=@U' DD OUD iDUnDU DoDUTo®D- - (2.4)
U2 DUm,= m:,,@jo, then Uw},=w}. Therefore w} is a subgpace of av,,@H reduocing
and containing @, and this implies by the minimality of U that

awl=(DH.
wviously, to complete the proof of Lemma 2.3, we need only to show that UZ§+
rp=my+ Dy, Lot o=a4+ (U —T)w; where a,Cmy, t=1, 2, Set yi=Tto + (1~
Tz, and yg—aa ~Tx,. We have
e=Uys+ U U —-T1)y,.
Conversely, let s=U{U" —T1)y;+ Uy, where y,€Em,, 6=1, 2. Set oy=Ty+ (1
Ty, and sa=y3—Tty,. Then we have
' s=az1+ (U —T)w,.
ug, we bave proved that UD|@Um,=w;DP,. (Thig implies that UTark@UTQ,,
D)
Using the above decomposition of space @, H, we obtain
Theorem 2.5. Let T be a contraciion on @y, and U be a minimal unitary de}lcit@}on.
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Suppose |A| =1. Then A€o (T) SAE 0y (U). Moreover, the corresponding eigenvectors
are the sume for T and for U.

Proof Without loss of generality, we agsume A=1,

Lot Tax = for some & & mw;,. Beoause of the relation

Uz —x, Us—x) =2(z, ©) —2Re(T's, ) =2Re(z—Ta, ) =0,

Uz —a i3 a neutral veotor of @@ H. On the other hand, for any yEw,, (Uz—=, y)
= (U, y) — (@, ¥) =Tz, y) — (2, y) =0. Hence Uz ~z_| m,, i.e. Uz —= € H. Therefore
Us=ug.

Convorsely, let Uz=g for some z €wDH. We will show that & €w,. By use
the decomposition of Lemma 2.3, z can be expresged uniquely asg #1+y+-2;, wher

@€y = 'E)Uf”gm gn 6931 Tg= z—_.:, U”f,‘, ]F“ 690
and @, € . Under the regular decomposition o, H =H_@®{H ,@®H}, we take i

oo

. Congequently, i [ gnl?< 0 and Z,:) [ fell®<co. Since U (wy-+zy+as) =

2=0

norm

+ w5+ 25 and UD{@BUm,=m@ Dy, it follows that
Z(])U " == ,.;()U“g"*"
This is impossible unless go=¢1=gs="---+>=0. Hence 2;=0. So we can agsume

Ut (2g+a3) =2a+ 25, Using again the decomposition of Lemma 2.8 and U'w,DU!
= @ }@Pmw, we obbain i U= 5}0 U"f 1. It follows immediately that a3=0.
n=0 n=

For |A|>1 and A€o0, (T), the above proposition does not hold. Indeed, if U
Az, |A]>1, then @ is a neutral vector. From Example 1.3, we know that » may
a negative vector for some # Cker (T'—2). But we have the following proposibion.

Theorem 2.8. Let To=Az, |A|>1 and o be a neutral vector. Then, AE oy
and Uz = Aa.

Pyoof In the proof of Theorem 1.4, we have proved this fact.
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