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THE HEAT KERNEL OF A BALL IN C»

Lv QkENG (1 & 48)*
(Dedicated to the Tenth Anniversary of CAM)

Absbract

' By introducing the horosphere coordinate of a unit ball B» in €» and an integral
transformation formula of functions in such coordidates, the author constructs the heat
kernel Hga(2, w,t) of the heat equation. associated to the Bergman metric of B».That is

1\ gt 1 2/1 a2y~ -2’-]
B(s, w, )= G”( _) Vi f ~~[sh2¢7 é‘&'(aha ’a?) A PR

where ¢, i3 a well-defined constant and r(z, w) is the geodesic destance of two points s
and w of B and ¢ € R*. Since

HBmxBn"HBm'HBﬂ;
then ' . _ .
G((s1, 2), (s, we))=— f:HB,,.(zi, wy, ) H o, w, ©)db

is the Green function of the topological product space B™x B,

Let
| Br={z=(2' o, 2") €O [2[% =22+ ...+ [2"[2<1}
be the unit ball in. € and

d,s".—-—-mz= han(2)de® dz?, where hua(z) = [ Ik (1 ?:l SRR o)

~ the invariant differential metrio of B*(that ig, Bergman metric of B” after multiplying
the factor(n+1)to the former). Now the corresponding Laplace-Beltrami operator ig

A=4 2 h‘““(z) 3, where #%%(z) = (1— [5[2)(8a3~z By=y, (2)

The purpose of thig paper ig bo eonsﬁruct the heat kernel H (2, w, t)of B" that is, to
find a funotion H(z, w, tH)with(z, w, t) €EB*x B"xR™* such that for any continuoug
and bounded function @(z)in B the integral

o, H)=[  H(, v, o) ®
where z ig the invariant volume element of B, ig the solumon of the heat equa,tlon
9 '

and satlsﬁes the initial condltlon
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ltj_{:(r)l D (w, t) =p(w). | ®)

The main result is
Theorem. The heot kernel of the heat equution(4)in B is .

. _ __:_I__)" 1 -n’tJ‘m 1 i( 1 i)n-l ..._‘;_'_;_
Hz w, ) O"( w) Vi’ -»[ sh2o o \sho o0/ ° Lwa:ch*ru»w)w’d?’
4 (6)

where

_ (2n)!
Or 2802 —1) Inl~ o \J

and (2, w)is the geodesic distance of the metric(1)between the points z amd w of B.
Moreover, 4t can be writien into the form '

” o
H(z, w, t)=—n___ g=nt—ri@,w)/@h
® ’ ‘) 2t"

o [eb?(z+r(z, w))—ech?r(z, w)]*? ¢
®

where foni(0) (k=1, 2,-+n) are defined by the folliwing recurrent formulae (n=1, 2,
0ee) _

¢ . g
g = e
fivi( sho

{ f»+1,n+i<a) ='§ﬁ%fn'n(o-): fn-+1, 1(6) =_S—é:6'_ "a%_“ fmi(o"> (9)
Fretsss1(9) = Fu(@) g S fura(@).

L k=1, «, m+1, ‘

The theorem hag been proved for n=1(see[1] ). The mai;i points of the proof for
‘n>2 are the generalization of the horocycle coordinate used in [1] to the horosphere
coordinate and that of the integral tansformation formulas (2) and (8) in [1] fo
higher dimensions, |

§1. The Geodesic Coordinates and
Horosphere Coordinates

Tt is known'® that the geodesic distance with respect o the metric (1) between
the pointg z and w of B" is - '

(e, w) =L Tog 1+ [(a—w) (I —0'2) =)/ (L— ) ]2 @

1-[(z—w) (T—w'2) "z —w)’ /(1~wa" )]
where we regard a.poinb z= (2%, +--, 2")in (* at the same time as a 1Xn matrix and
denote by A’ the transposed matrix of a matrix A. Ii i eagy o see

o 9»21 ( —_ 2t>k e fnm-—k (7+ ’)‘(Z, 'w) )sh'('v'-l-rr(z, 'w) ) (T Qe (e, w))/(4.t) d, -
=0 .
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thir(s, w) =-2mT WD) @mw) g (Loe)d—ww) -y g
1—ws ' [1—awz'|?
When. w =0, denote

N 1 1+ \/z'é’.
r=rz, 0) == log ———rex (1.8
the geodesio distance from 0 to z € B*. Then. -
2=~12d — e =threu, wu =1, "(1.4)

Ve
where (r, u) is called the geodesio coordinrte of the point z€ B". Since the obmponents
of u=(u, -, u*)are not independent but depent on only 2n—1 real parameters, we
should, for the precise definition of geodegio coordinate, find out theso n—1 parame—
ters, Letb |
uj — pjewi )
with real 4, aQnd p;(=0)and p3+.-+p2=1, or (when n>2) '
p1="CO8 q&, Po=SIN @1 COS P, *+*, Pyt =SiN @1+++SiN P,_5CO8 P,_1, Pp=SIN @4+++8in @,_3,
’ ‘ (1.6)
where
0<g;<mw/2 (j-——i, e, m—1),
Lemma 1. 1. The invariant metric in the geodesic coordinate is

n

ds® =dr?+-sh®r %__.71 (050 +sh?rplpi]d6;dby
Iy K= . ’
+sh? [d@} + sin? @ dp3 + -+« +sin? q---sin? @, , dp?_,]
and the inverse mairiw(g™)of the metric tensor is |
1 0 0

1 /8 )
wy, 2 — th?
(g )1<J»k<-2n 0 shep ( P?' thr 1<ishan o) '
o o .

where we set Bt =r, @2=04, -, =0, =@y o =@, 1 and pi, <o, p, are
defined by(1.6)and "

1 0 0
o1 0 sin~?gpy - 0
. 0 0 wr [sin®@ye--sin®p, o] 2
Hence : » .
g: = [det(g™)] "t =sh**rchrg,,
where | | o

Jo= p%. . .p:'sjn2("‘1) Py .Sj_n2 Py = 0082 @1 «cos? i qin, 4(n—1)¢1‘ eogin? Poi | (1 . 7)

and the Laplace-Belirami operator becomes
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o ' i
4 \/ g1 a:v’ g g )
_...___:_['___ 9 =1 - _.?._ 1 . 8 2 62
= b lychr or (Sh rohy r )+ sh® ; 2 < Pifs —th )80,-69;,
1 1 5 o2 ~go 0 ) ' 1
.8
+«/g_0 sh®r & Op; \sin? p---sin?@;_y 9p; (1.8)

Proof - Differentiating (1.4)we have

1 AL %
- | de=—2 drutthr du= (-4, thmu)( I)., |
Aocording to (1),

ds?=(1—22")"de(I —7'2)™ dz'

r_—_ohzr(—o%%, ’ohfrdu)( )(I th”fruu)"l(u I)( h"; , thrrdu>’

. : oh? ch?r N

—ctr(-2r, thr du>< e - th”:&,’u) B )(_og.g?. thr du)
=di?+shaohr dr (u du’ +dun’) +sh?r du (T —thPruu) = du'.

Notice that udu'+dun’ =0 and

(I —th%u/y) "t =1 +gh?ru'u.

‘We have o _
o ds® = dr®+sh?r(du dut’ +sh?r [ du ' |2).
Bince
du d’ =2 dp} + 2070
and _ n . 9 12 n 2 2
|t 2= | 33(ps dps-+i0} a6)) | =( 2 e} d6))
=1 i=1
we obtain

ds? =dr?+gh®r 2 (p§8m+sh”frp,p,,)d05 dfy+sh?r 2 dp3.
Bubstituting(1.6)into the last term of the above expression, we obtain ds? in geodesio
coordinabe. Leb p=(p1, pa **, p»)and

p1
Al
Pr
Then tho matrix
(038 5+ Sh2rp3pR) 1as,nan = A2+ 802 A0 A = A(T +5hPrp’p) A.
Hence _ | -
(p;5m+sh 1 0302) s 0an = AH(I +8hPrg/p) 141 = /1“1(1 thirp’p) A7

- - 3 )
o A2 __1h3 1.7 o it ___+h2
._ = A2 —th?r 4 p'pA™* (————p§ th T ) s

The lemma is proved.
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oo

Now let 0 ER, ¢ER, ug= (¢ ---u*) €0 %and gy=2", 2=(¢? ---,2"). Set

2y (1+2u2flc:’2)32"—-1——2f£w""‘, )= %\/_Z—uze"_ | ’ (1.9)
(14 2uqup)€® + 1 — 2i7e? (14 2uaut) e + 1 — 2ive™

where(o, us, ) ER XC1x R is called horosphere coordinate. In fact,

1—gy= h A 3:,00 s 0! .
{ (¢ O'+’M2’U;231 —9Te . (1.10)
St leg= —— :
‘ ? (cho + ugube® )2+ 776
Hence 4 |
1—2412 o
= N
or
ot 1 2+ 6% <L22[2+...+ [z”[2)=(£-—)2 (1.12)
1+e ™| "1+e™ e/ .

' This shows that for a fixed o, the loous of (1.9) is a elliptic sphere which lies inside
B and ig tangent to the boundary B of B" at the point (1, 0, :++, 0), Moreover, by -
(1.10)we see thab the inverse transform of(1.9)is

o= log[(1—~¢2)/ |1~ |,

1
w=rg

7 == (=) (1—4) ™,

52(1-—z1)‘i [1—2y] (1—25');!-‘3-", (1.18)

Denote
o= (@ -, 6*) EB®, a8 =0, a= (s, -, ),

S u —T 1.14
ya= (a"1, «o @) o= guch that (@, y2)=(u2-}2—u2’ u”%'u’”). (1.14)

Then the metric ds* in (1)can be writben into the horosphert coordinate such that
27
ds®= 21 (@) da? da® (1.16)
. J» k=
which ig a Riemann metric. We are 10 write out mefrie fensor gju.
Lemma 1. 3. Denote
A G = (gm)1<s11<2m
the matris of the metric tensor gm. Then

L G=A44", (1.16)
where '

1 - ‘\/ Eiﬂg \/—2— Ya 2

0 210D 0o - | 2
A= e . @.in -

0 0 V2T 99, |

0 0 0 i
Hence g=detG =22 qnd

G =(g™)1cspem=A'"TA2
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1 — @ —4a — 2
— o -é— I+ ahwy whtfa oo + Qvwh
= S { (1.18)
— 4/ 1Yog 5 I+aoys — -+ 279fh

M ~2v  yat2vwy —@yt2vys 1+ 20m0h + 2yn+4o?

_ & 9 _4 0/ a) 21 g ,a>
4 oc? +2’“aa 287;\ oo/ = .6:6’( oo

211, n2

ik
j 2 k—l ov’ <§' 3:0”)

(1.19)
Proof Denote
G=6"+bb’ — 2ive™, b=~2uy’. (1.20)
Then (1.9)becomes ' v
' _a—1 2
- - Z:l"*'zv"‘:l;‘]—j 22—-°——Q+1; A (1‘21).
and we have - \ ' -
' G+@ 171 _ o0 v 4e*”
5 %)) o 1—2z Taxi® - (1.22)
Then from(1.21) :
_ 2da (41)db—bda
di= (da. dita) = (( +1)2' N CESL )
o ()
a,
CES +1)2 0 (a+1)I
and from (1) _
' dzde | dez'zde
dsa—_" = - = ']
. , 1—22 k (1—22")?
where . »
de 7 2 1+50" -—(E+1)b)_____.
- da, db da, dby
1-z |a +1l2( )< (a+1)8 [a+1|I (da, db)
and
dez'ede
(1—22')2

_ 3-—40 5—1—' 263') ’ — Y S TAYA
= 4{@-{—1[2 (da, db)( 2(at1)b (a—1—2b%, 2(a+1)b)(da, db)

e la~1-208'(*  2(@a—1-208")(@+1)b\—
4“[ +1lz (dw, db) (2(““1—267)—,)(w+1)5' 4lw+1[251b )(d“rdb) .-

—-4

== W ((Z(Z, db)

.'[“H[,z_ (“*2'“ bz')(1+b5')

—21a+1125"'+4(“;“ —-bF’)(d—l—l)E’
x (da, dB)’

—2[w+112b§+4(ﬁ§5‘-—65')(a+1)b-
X » : :

- 4|a+1(%B
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¢ (da, db)
~ v %

X{( la+1[? _2-[a+1|”b>+46_20<—<1+65') (E-{_—i)b)]‘m

—2(a+1(%" 4|la+1]%'b (a+1)0’ 0
1 W 1 (1+b5") (Tz+1)b>]_0_l____7
=" (da, db)[(_%,)(l —2b) + Iw+1|”< (@+1)5 0 (da, db)’.
Hence ' ” |
ds" =7 6747 | da—24b8' |*+ 672 db T | (1.23)

By(1.20)and(1.14)we have
db=~"2¢? [(wado +das) +i(yado +dys)],
dbb’ =26 [ (wewh + Yok ) do - dav s+ dy sy + & (dyave — dways) ],
da =26 [ (14 2w,05 + 2yzy/2 ) do +2(da;2az§—i-dygy’2) —4(2vdo+dv)],
- da—2dbb’ =26% [do — 6(2v do -+ dr+ 2dy 0k — 2dwsyh)]
and o :
db db’ =26 [ (wy do +dw,) (wa do+dwg)’ + (yado+dys) (yado+dys)’].
Then.(1.23)becomes »
ds® =do?+2(wa do + dwa) (w2 da+dm2) + 2(yado + dys) (y2 d0‘+dy2)’
+ (2vdo + dv -+ 2dy 5 ~ 2dmgy2) 2

""(dO', d{l}2, dyg, dT)AA,(dO' dw;a, dyg, d'ﬁ')’, . (1 .24:)
where A is defined in(1.17). Hence '
1 —Pa -':'flllz - 2‘3'. ‘
1 Y—
v A R |
T ) . (1.25)

0 0 . ﬁ A '\/_2—50'2 ’ ‘
0 0 0 1

and G-*=A’-*A~* can be obtained by direot caloulation. This means that
{g B=1, gl=gt=—a/(j=2, :+ 2n=-1), gh™ =g = ~ 20,

the other ¢* are polynomials of #* -, a* of degree 2, (1.26)
Hence '
& 1 9 ( >
4= ,?ﬂ Nk A

=1§ 3w1(g 8:1;’") g‘g’_@_@__(gm 82”)

az —2n—1 % aﬂ : 27 2n o a
267 ~ &2 603:0" —2% 3 A am’(g aﬁ)

aa P ) 2n~1 3(7(,8 29 2n a " a
3”+2n8cr 67:( 0 ,Eaﬁ”’%)ﬂ%%“@?g o)

This proves the lemma,
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§2. The Integral Transformations

At first wo see that the coordinate transformation (1.9)can be written into |

_ Sho 4 usuhe” —ive” ta= ~ 2uy (2.1)
cho +uguhe” —iwe®  oho+ugihe® — iwe” | '
Since ug=wzp+iya= (2®, -+, a")+é(a™?, ---2*1), we denote the Euclidean volume

elemen’o by

—daPeedat, | (2.2)
Lemma 2.1, Let h(¢)be an mﬁmtely differentiable function of & ER such thas
Jor any non-negative integer la and, for any polynomial p(§)of &

i p) S50 2.3)

Then the mtecrral transformatlon

f ( 0‘) e“”JR’n_lIa( (cho + dgﬁée")” + 7% ) dvusy

- J L BCho iy ety (2.4)

has an inverse transformaetion

watn) (=) g o (e 25) 1@ e @9
“Shat bs '

(V[ [amr (e 27 . H((oho -+ usie) )

17 sh20 oo \ sho 3cr chio —chiy 473 d’l] ,
=h(ch’r). 4 (2.6)
Proof Ingtroduce the polar coordinate(p, 8y, ++¢, Og-a)of(a? -, o™-1) CR>-1,
"‘Then ' :

,2:‘2 2n~3 7 p(;)’
-where ¢ i3 the volume element of a unit sphere 5’2"'2 Denote w=2x""/(n—2)! the
wolume of 8§22, Then

flo)=w Jldwﬁh ( (cho- + %) 2 4-72) o2 =2 dp

=-‘-§-Ildvﬁh((eha+§ Y2 Ha?) g2 g€,
Hence |
(sha ao*) F(o) ~%J rag'ﬁ(aoz >n—1'h(ehd—l—_§')2+w’?)d§
o =%j czq,-j o %)“k((ehﬁg)a’wz)_dg
-~ n- 2) j d'vf - ag,f_,, h((oho +£)3-+72)dé = ov
=(~ 1>"—1.‘2(n 2)1[” hlobo+")dm, -
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Then

1 _@_ 1 8 #-1 L n__ljvoo P ’2 .
sh20 oo (sho‘ 55) f (0_) f“( ™) - Boh%% f(oh’o +%%)dw

and

i o1 oy
J—w[ShQG 30‘\9110‘ oo f<cr) cho=ch¥ 7% d’f)

e (o \n=1 ” 17 2 3 _
=(—m) J N [———~—30h2 h(oh o‘+'v_.)]0h’a=cw+ﬂ’d7dn

=(—m)*? J‘_mrl[ 3§ h(& )] et e dvdn=2w(~mw )”_1J‘:[_6_fba§§2_ pd p

. ]fr-ch’ﬂ-p‘
= (— av)"'.fjo -—————ahag) L‘:cww d (ch”fr + 92) = @ (—m) "‘1f: dh(oh%r+ \p’”")' |

=(—am)"*h(ch?r).
Thus the lemma is proved. .
Lemma 3. 8. Let h(§) be a function of & sat@sfy@ng the cond@t@on of ‘Lemma
2.1. lern. the integral '

flo)= eMLm—:. h{(cho +uasthe” )2 + 7262 ) dw uy

sattfies

( 567 )f (o) J. [Ah(°h2§ )] ch’; (cho+u,u.)’+7' d'Wa V
where 4 ts the Laplace-Beltramsi operater. D
Proof By(1.10) |

h{(oho +usube®)? + %) = h( T

when z =thfy. By Lemmas 1.1 and 1.2

{Ah (thg)] chd¢ =(eha+it:17;e”)’+'r’a’”

2n 1 o . _
= BT VI g M(eho sty ) |,

) h(ch®€)

where &= (#' -+, @™)is the horosphere coordinate when o, v, v, are related o @ by
(1.14). By the assumptmn of h(¢),

¥ oh
Jnﬁw’(gjk azv) =0, j k=1, ++, 2n,

and by Lemma 1.2 again,

jﬂ’n—x [Ah (Ghzg)] ch¥¢=(cho + ;%] )+ 73 d’lnz2

=" Lp [4h(0h%€) Laste et tuiaryionee ity

“ &h Oh o @ > -l -9 oh
nen-x[302+2 X3 2%( 30 4 ,;2 _5“”(_6—0T

2n Z2n 6 6h )
"' ik 2ne-1
+’§ 1?:'1' pw (y’ Py }d'v'dm T/ a
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oc* do

= e""J. [ Fh +2n ah]d'vdm «dr-1
RS" 1
- ”)J‘mn_le”"h((oh(r—l—uzﬁée")z—f—r"e”")dzdg,

(&
oc?

Lemma 2.2 is proved.

§ 3. The Proof of the Theorem

It-is known®thas any T'€ Aut(B"), the group of holomorphm automorphism of

B, ig of the form
- 4y, ' ~~1—aa’ -
(z) - 1—za’ (@)U, B(a) ~N1—ag’ \ aad’ aa)

(3.1)

wheae ¢ € B" and U ig an n X n-unitary matrix. Now we set
- H(z, w, 1)
=h(ch®r(z, w), t)

n 0 n—-1
=O"< - %) 717- 6--"#_[ —eo[ Shjéo‘ 3?}' (S;O‘ 3?1‘ ) 3_02/(“)'0] chig=chir(2, )47 i
(3.2)
whero r (2, w)is the geodesic distance defined by (1.1), which is invariant under
Act(B)i. e, , ¢(T(w))=7r(2 w). Henoe
H(T(z), T(w), t)=H(z, w, ) for any T € Aut(B"). (3.8)
- Por a fixed w& B", we can choose 7' such that 7' (w)=0. Hence without loss of
_generality we can arguein what follows only for the special case w=0,

Let .
f(o, 1) =71-—; g D (3.4)

~which satisfied ‘ éf a”f“ . -
TR f. ‘ (8.5)

Then from(3.2), Lemma 2.2 and Lemma 2.1 for fixed t,
0H (2, 0, t)
ot

==On<_“1_>n 3 [sh120 .330‘<S§-O‘ _éa—a‘— B af(gt’ t)] B =iy fn®
ch3g = ch 41
- (———“) rl[ sh12cr 32‘ ( s]:lto‘ 0 B < oo* - )f (0,%) ] ha¢=ehe,+,,.d’7
roo n—1
=O< w J-w[shéo‘ 63(91;10 o
I (41 (oh® ) avsmiene saiirse d«,;u ]cmmwwd,?=4h(eh2q~)

Since ds? is invariant under Aut(Br), 4 is invariant under Aut (B), i. e., dpgy=4,
forany T € Aut(B") Thig shows that for wE B,
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-@%f—"-’—t-)-=dﬂ(z, w, t). (3.6)

For the proof that H ig the heat kernel, it remaing to prove that for any continuous
and bounded function ¢(2)in B,

tim[ H(s, w, Dp(i=p(0), e
where y
(N deEADE A NP AR ~
z_< 2 ) (1 zzl)n-i‘l (3 .8)
ig the invariant volume element of B*, At firgt we prove
Lemma 8. 1. Let X= —_];T— aa and A(o) = o‘/sha and f (o, t)is defined by(3.4)

Then

2= S (=) fursl@), 59
where fo,n-1(0)are defined by the followmg frecu'frfrent formula(n=1,2, ++)
fu@)=4@,
For1ni1(0) = A(0)f (), Frs1,1(0) =X fn1(0), - (3.10)
Fort,ia1(0) = A(0)fou(0) + X fu(0), =1, -, n—1.
Henoo fo,x(0)are polynomials of X'A(c)(j=0, ++, n—1) and are bounded functions of
gER*, ;
Proof Since Xf(o,1) =(——-—;T>A (o) f _(d,vyt), we have from (8.9)by inductive
assumption that ' | :
=[R2 At B (o) X fualf
SJ-LY gt S L) ”(Af,.,,,_wxf,.,,.-;) (=2 ) Xfuif

DS L SN 1

%=0

Dividing both sides by f and comparing the coefficients of (—1/2¢)""*"* we obtain

(8.10). By this recurrent formula we know that f,, ,(o)are polynomials of X*A(c)

(k=0, 1, «-+, n—1). Moreover, from the 591‘169
2h+1

sho = 2 (2h+1“)‘ T
we know that 4(c)is an even power geries and bounded for small o, Then —-aa— A(o)
1 2
| _ Sho Do A(o) is agam even and bounded for
gmall o, Henoe all X*4 (o) (k=0 1, --) are even and bounded for small o. On the
otherhand 1/sho =26~ /(1—672°), whence all X"4 (o) are bounded for large =0,

Heonce all f,, ,x(o")are bounded. The lemma ig proved.

ig an odd power series and X 4 (o) =
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Lemma 3. 2.
| nmj Hz, w, t)s=1.

10 J B»

Proof According t0(3.2), (3 3)and Lemma 3.1,
H(z, 0 t>=o,,( =) s ®r D], .. 0

ch?o =ch?r 479

( )nnﬁi(“ ﬂ [20}:10 Fun-(o K/ “"”w’]ch»ﬁchywad"”
ol )2( 30 [ Fon-s(0) D b

CTNE J/oh?c — oh’r
SAE L P
, 2#\/?( 5w/ ¢ ;Z*‘;( 2)
oo Sh('v"'}"l") _ (v o
X nin-— + = “ dy, 3.11
Jo‘f o( T)\/ohz(fv—{-o")——oh”r ¢ ( )

Changing # 4o 2+/ ¢ 7 and using ch?r = (ch2fr+1) /2 we have

(s, 0, 1)= 20 (LY oo S (_gpye

sh(2~/— tov+r) @yTzan
J frwra(B¥ 7+'r)~\/oh(2(2~/ bytr))— ch(2¢)e ta.

Since the volume element with respect to the geodesie eoordinate is
' z=sh® 1rohrn/go 40+ A8, dps-+-d@,_s,
where go is defined by (1.7), we have

| JB” H(z, 0, i)§=@£— e‘""’g (—2t)* f:J': Fonr(28 3 v+r)sh(2V T w+r),

(28)"w"
% [oh(2(2+/F w+7)) —ch(2r)] /2
| X exp.[ — Q—"—/—%ﬂ)—z]sh“’”*rchm dvdr, ‘ (8.12)
where '
B= FW J% F/z " N Go d0y-+-d8,, Ay depy_y = (20'5) jwz J:/z N Godpy: Ay
=9l /() 1. S - (8.18)

Let r=2+/ % in(3.11). Then

. N20,B2 S o
JB" H(z, 0, t)z—— W ¢ sz)( Qt)

J’f f,,x;,._k(2\/t('v+w))sh(2\/‘—('v+a;))
~eh(4/t (v+a)) —ch(4 t o)

.e...(7+¢)£Sh2nf1(2,\/—m)eh(2g/ . {l})d‘l‘r’ dao

%R oS o ] f,,,,,-kw‘t‘<w+w>>3h(2*g—f/%?+w))

[ch(-'—l«/t (1;'+m)) sh(4\/tm)]
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PP h2n-1(9 iy 3 —_ .
X g~ (+e2 8 (;\/\%_t)gi:‘w)) ch (2«/F ) dw dw. (8.14)

Hence

H(z 0, t)z——g"o BJ I Fan(0) ——es TED oot o

t-'o ’r + 27w

_20,B j 2n1y-a8 dw I @ 438) /oI T O
‘0

m;ﬂ

e A OLES

because »
(2n) 1
2=2(n—1)Ini/

o=
The lemma ig proved.

Now we can prove (8.7). Wﬂ;hout loss of generality we only prove the cage w=0,
Denote by Bj the ball of centre 0 and radius §>-0. Since

[, B0 5[ HG 0, 9 ~pOi+o©) HE 0, )

and the lagt term fends o @(0) when {—0, it is sufficient fo prove that the firsh
integral of the right hand side tends to O when {—0. In fact, for any givan >0, we
can choose gmall >0 guch that | | '

[on, B 07 0T ~p(0)1i| <[, HG 0, i< H, 0, i<t
aceording to Lemma 3.2 for small ;. By hypothesis, there is a positive number M
such that |{@(2) [<-—§—-M in B*, Then, fixed J, we have

U H, 0, 1) [¢(z>—q)(0)]z‘<£+MjB,, o B 0, )3, (3.16)
Applying(3.12)and(8. 14)and gobting 8o= 1 log i+§ we have

JB”*B?_H<Z’ Oy t)z

=¢\/EO,,B - (2 foni(28/ 5 o+r)sh(2V t v+)
B ¢ & [ ], oh(2(2< § v +7)) —oh(ar)

2/ Frtr)3
Xe & gh® irchr dydr

T sh(2+/ ¢ (v+a))
_20,B _mz( 2yt 7 P2V (v42))———==
" 23? ‘/oh(4~/ t (z+ax)) _011(4\/ p m)
8t

—-72-2vm (Z'B’

e

X Sh(z;:i/(_‘?_\)/zziv) oh(2~/t @)dw.

The integrals inside the brackets have limits when # tends t0 0 respectively, because
Farn-u are bounded. Hence there is a positive number A, such that, when ¢ ig
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sufficiently small,

0, i< e B2/ T o) _—
Ln_BnH (2, 0, t)2<< M1L°/w_{e NI ch(2+/t w)dw

Since ch2+«/ ¢ #<<ch2z and

sh(2Via) _ < (2ﬁm>2k e
PN mggo CE+1)1 E (2k+1)! '?TSh(gm)’
wo have, for ¢ small gufficiently,

‘ ‘B/I 4 [ ~a;’ 2n—1
I B”—B”H(z’ 0, )iz 2201 J sosavE sh (2{6)0h(2m)da;< 2M

because the lagt integral is covergent. Then the absolute value of the integral in
(8.16)1s less than e. This proves(8.7)and the proof of the theorem iy completed.
Lot 2= (2y. 23) € B*X B" and
H gy pn (2, w, t) =Hpm (21, wy, £) H g2, fwz, ?),
where H (24, wy, )i the heat kernal of B™ with respect to the invariant Beltrami-
Laplace operator dg-. It is not hard to gee tha,t for any continuous and bounded
funection (p(z)m B™x B, ’ '

i Haman(s, 0, Dp(@)i=p(w).
. o t->0 J BmxBn.
Hence Hgnyp+(2, w,t)is the heat kernel of B™x B" hecause
———a—— .HBmxgn(z, 'w,t) == (ABM+_ABn)HBmxBn_(Z, w, t)a
- Moreovor, by mmﬂar argument ag in[1],

| GG, w)= [ H ey 0,
ig the Green function of B" X B" with respeot t0 Agn -+ dp..
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