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AN EQUIVALENCE BETWEEN RING F AND.
INF!NITE MATRIX SUERING OVER F -

XU YONGHUA (354 ) * .
(Dedicated to the Tenth Anniversary of CAM)
- Abstract’ -
In 1074: Faller charactemzed the equlvalences between certam subcategones of the .
category of modules over a ring and the category of umtal modules over a rmg Wlth iden-

tity. In this paperthe author uses this equlvalence to extend the well- known theorem F~
M (F), where F is a ring wﬁ;h 1dent1ty and M,y (F) 1s the ring of matrices: over I,

Introductlon

The prototype of Morlta eqmvalence ig prowded bya rmg F and the ring M (F)
of X n—maitrices over F. Indeed, the Wedderburn’s theorem on simple Artin rings
may be viewed ag one of the earliest treatments of the theory of equivalence of rings.
In 1974 Fuller charaocterized the equivalences between complete additive subeatego-
rieg of the category of modules over a ring and the category of unital modules over a
ring with identity. In thig paper following the Fuller’s theory we shall give an
extension of the well-known theorem: F = M .(F), where F ig a ring with identity
and M,(F) is the ring of matrices over F.

Throughout this paper modules over ring F with identity always mean unital
modules, and ringg always mean associative rings (not necessarily with identity).
'We always denote by .#» (or r.#) the category of right (or left) modules over F.
Besides, we also introduce some terminologies as follows.

Let .#¢ be the category over ring &. A full subcategory Og of .#g is oalled a
complete additive suboa.tegory' if it ig ologed under submodules, epimophic images and
direot sumg (See [1], P.503).

Definition 1. Let K be a ring with identity and let © be a ring. We say that
K ~@ if and only &f there exists @ complete additive subcategory Og of the category Mg
such that My and Og are equivalent, denoted by My~ 0Oe,

The following Lemma plays a orucial role in thig paper, itg proof appeared in [2].
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Lamma. Let ;| be a free module.over a ring F with identity, and dendte by Q
the endomor phism ring of M, 4.6. Q=End, M. Let {u}icr be a basis of M and {E:}icr
be the subset of Q such that uH;=u, w;H;=0, t5j foo‘ all 4, geI'. Write ©= %QE;.

Then
(1) for any elemermt € {E’;}.G r we have a ffree moalule Ei!z E1@ EEBK & over

K = E1!2E1 with bws'bs {&}ier such that s =105, oa@ Ei a, a,E for, all @E F ai—Ei,
and F=K.

(11) @—-.QEQfOfrall E e {E}jep, @f o= 0or o @ Ofoa" wEQ then w= O

(iii) denote A= ieEp(—BK oy then Endgd =Q,

(iv) there eatsts a semilinear Gsomorphisms 8 or 50t onio x4 such that w=8"'wS
for each € Q. o S e

Now we can prove ’ﬁhe'fc')ll‘owimg v . -

Theorem 1 Lt T =33 @ Fu; be a froe module overa ring with “identity, where
I is any infinite set. Let o= EndF‘Jﬁ and {uier bo a basis of M. Lot {B;}erTQ satisfy
il =y, uil,=0, fz,#j, 5, 7€ I'. Write ©=>)QH,, then F~@ R T

1=y

Proof: Denote K.=H.QH,, then K and F are ring isomorphism- by - Lemma,

‘ .Henoe M s M k. NOW we wantb. o show bha,t K ~6 Lot O~ be 2 full suboa,tegory of
‘ %@ whoge obJeots consist of the following get e

-  {NEObMg|NG=N}. o K <1)

F1rst we have to show thab O@ i9a eomplete a,ddltlve subea,tegory In fa,ot let N&E

ObO@, N iga submodule of N then for every element n of N’ we have n —‘2; MiSsy’ n,E

N, S,E S, From &= 2 QF, it follows that there exists an element s2=¢ € @ suoh that

i€l

88 =8, §=1, «, . Clearly n' =n sEN’@ N ’@ N', Thig shows that O~ is also cloced '

under submoduley. It ig eagy 150 see tha’ﬁ Og ig a,lso olosed under ep1m01 phic images
. a,nd chrect gumg, Now we.are gomg to show that M K~Oc : : :
. We contmue o use the symbols of Lemma,. We have A=HQ= E1@ ——E@K 0%

. Write A4* =Homg (4, K). It will be shown that 4*=QH,. Indeed, K < 4 by Lemma,.
Henoe evéry.element a* of 4*=Homnix (4, K) is a linear transformation of gpace: 4
and ¢*Hy=a"* € QH, since aa* =k € K. Thig proves that A*"CQH;. On the othei hand,
- QE,C A% since AQHEy = HQH, =K . Hence A" = QEi ' T
- By Lerama A*=QH,=CGH,.. Lo . S :
‘We come ‘back fio prove the theorer.: Let N be an obJeot of ,/// e Then olearly
- N®gzAECO0b.0s. On the other hand, (NQxA) ®s. A" is an object of A x.- Tt ig-well
known that (NQxd)Re A* and NQxr(ARe A*)are naturally 1somorphw Congider
| AR A'=H18Re GEI“‘ETL@E:L.@ N )
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It is olear that FRHi—kHy=Fk is an isomorphism of AQgA* onto K =H.QHy,
Applying the canonical isomorphism of N ®x K to N and oombmmg all of thegs,
we obtain a right K-module isomorphism - .
(N®xA4) Qe A™—>N. ©))

Since all of the intermediate isomorphisms that we defined are natural in WV,
@KAOgA ig naturally 1somorph10 to the identity funotor Lop,.

On the other hand, let N* bo an obJeet of Og. Then N*®s A*igan obJeo’u of Mg
and (N*®34") ®x A isan obgect of Oz. Now we Wa,nt o show that A*OKA a.nd S
are womorphm To do this, first we write o

A*QRxA =CE 1R« 2 K X
Lot v€ A* ®gA. Then
L= 2 8.1, Qw, = 2 <2&E 1&Qkis) Oy

where s,E €& and x,€ 2 Ko, We make a oorrespondence

7 2 (2 $:801Qk.3) 0‘!“’2 (2 stEikd) ol
IfE(E 8;%;5) 05 =0, then Zssk,,a, 0. By Lemma there exists an element w & Q such
that = B;=ay. Therefore 2 k=0 and o= 2 (2, $,H1Rk;5) s =0, This shows that

A*®x A and & aro 1somorph10 ‘We want to show that N ®g @ is natural momorphm
o N*, In fa,ot lei;

2ng ®s,—>§}ms¢, n; € N*, s,E@ @
Ifzn, 8;=0, then it ig clear that there exmhs an elemoent e?=g & @ such that s;&=s;.
.Thus 20@@3,, =§‘] n; 8,8 =0. Thns ghows that N Qe is womorphlc ’so N* gince N *@ -
—N*, | | -
Combmmg all of these we obtain a right @—module 1somorphlsm ‘
| (R4 @eA->N",

Since all of the intermediate 1somorph19ms that we defined are natural in N * eR4"
®x A i3 naturally isomorphic to the identity funetor 14, Therefore we have proved
that category .#x and Og are equivalent. The pair of functors Qx4 and ¢&Q A" define
an equivalence of the category .#x and the category Ug. Thig complets the proof. .

- Definition 2. Lot Mp(F) be the ring of row—finite I' X I'—matrices over ring F
with any indew set L. An element .(fi) rxr of Mp(F) s called a matrio with o fivite
number of non—zero columns &f (fis) rxr has at most a findte number of non—zero columns,

and the subring of all matrices of My (F). with finite numbers of non-zero columns is

- called the matrin ring with almost non—zero col/uxmns This submatrio ring will be
denoted by a. 2. c. Mp(F). ' ' o o o

Theorem 2. Let Fbea ring with identity, and let F be an arbitrary set; then F
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~a. 2. ¢. Mp(F). If|I'| =n<oco, then the above equivalence co'mc'bdes fw@th Momtw
equivalence F = M,(F).

Proof By Theorem 1 we need only tn show that the ring stated in Theorem 1 ig
ring igsomorphio to the ring a. z. o. Myp (K) . But it is-easy to do. In- fact, let s€ &,
then s —2 coiE, Now we come to the veoctor gpace 4= 2 Ka; again, stated in Theo-

g=1
rem 1. Then s corresponds 0 a matrix with a finite number of non—zero columns
under a bagis {&4} e, sin0E 038 —.——,ﬁ ks oy for 5,11 9 € I'. Conversely, if oyw =;2m1k”“t for
i= ’ .=
o C £, then there exigts s =H;-++.-+ H,, such that aws =oyw for all j&€ I', Hence wa
=€ E.QE;C@ Thus &=a. 2. 0. M p(K ). From Theorem 1 it follows that F~a.

%. 0. Mp(F), since F=K. Ndw we want to shew the last asseetion In faot, 1f || =
n<oo, we have ©€=Q=M,(K). Thus a. z. 0. M, (K)=M, (K). Thls proves thab F
~M,(F) coinocides wﬂsh F=M,(F). The proof is completed. .
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