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" ON THE SECTIONAL CURVATURE
|OF A RIEMANNIAN MANIFOLD™
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Abstract

In thls paper the author estabhshos the followmg o
, 1 If M”(n>3) is a connected R1emanman mamfold then the sectmnal curvature
‘ K (p), where pis any °pla,ne in Tm(M ), is o function of at most n(n 1) /2 vanables More -
precisely, K (p) depends on.at most n(n—1)/2 parameters of group SO(n).

2. Lot M*(n>3) be a connected Riemannian manifold. If there exists a point z €M
such that the sectional curvature K (p) is-independent of the plane p € T,(M), thon M isa
space of constant curvature. N _ e

This latter improves a Well—known theorem of F Schur

Leti M” be a connected Riemannian manifold of dimension >3. If the sectional
ourvabure K (p), where p is a plane in T, (M), depends only on =, for each &€ M then
M ig a space of congtant curvature. This is a well-known theorem due to F. Schur.
Since the group (SO)n depends on n{n—1)/2 parameters, the sectional curvature K (o)
as a funotion on M, depends generally on n(n+1)/2 variables. In the following
theorem we defermine the exact number of independent variables of K (p) on M
and as a congequence of it we improve the above theorem of Schur.

- Theorem 1. If M*(n>=>3) ésa connected Riemannion manifold, then the sectional
ourvature K (p), where p is any plane in To(M), is a function of at most n(n—1)/ 2
variables. More precisely, K (p) depends on at most frb(n 1)/2 parameters of group
SO(n).

Proof Let L(M) be the bundle of linear frames over M and O(M) be the
bundle of orthogonal frames over M. O(M) is a subbundle of L(M).

Let Xy, X,& T, (M) be an orthonormal bagis of a plane p in T,(M) and lei u
be a point of O(M) such that w(u)=w. We got {i=u(Xy), &a=u(X,), Bi=
B(£1), Ba=B(¢:), where B(£y) and B(£;) are the restrictions to O(M) of the
- standard horizontal vector fields corresponding to &3 and £, respectively. At any poink
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wof L(M) with ow(u) =, X* and Y* are vectors of L(M) ab u with w(X*)=X and
w(Y*) =Y. We have ([1], p. 133) o
R(X, Y)Z=u(Q(X* Y")) (wZ), for X, Y, Z€T.,(M), 1)

Where Q ig the curvature form of the connect.on form w, and
| R(X, Y)Z=[Vx V¥ Z-Vays. . @)
Moreover, the seetional curvature of plane p.is given by

K (p)=R(X;, X, X4, X2> g(R(Xi, Xz)Xz, X3), (3
where ¢ ig the metric-tensor.of M. - : e
Obgerving that u€ O(M) as a mappmg of R" onto T (M ) iy isometrio, we have
by @) o , .
K (p) =g (@ X3 (XD, Ti)= (X} XD (K, wiXy).
.Since avB(.fi)“—ufi-—Xi, avB(Sz)u—ugz—Xz, we have X1~B(§1) Xg—B(§2) and
consequently, forn>=38, . R L
o K (10) (Q (B (Ei)m B (§s)u)§z, 51), R N )
Where ( , ) denotes the natural inner produet in R, <> . oo L
| Let §,be thé canonical form of L(M); let wand'Q:bé respéotivélj"’uhé eonnecl on
form and the curvature form of & Riemannian connestion I of M. Then we have
the gtructure equations K S e Mt o
da————-a)/\g Caret R A S (5)
: dw=—wAw-ALQ = uoall T A (6)
Smoe B(§1) and B(E ) are both horizontal veotors w(B (§1)) ~co(B (f 2)) 0, we
lhave from (5) R -
o, daeBy, B,,) = -w(&)a(Bz) +w(B2)9(Bi) 0. )
Onythe other hand, since 8 (B(£1)) =&, 6(B(Ea)) =€3 €1, £2€ R", we have
| df (B, Bz) =B, (0 (Bz)) — B, (0 (Bi)> —0 ( (B, Bz])
=By (&€s) = Ba(€1).~8([By, Ba])
=—8([By, Bs]).
Congequently, we have ' o ' R
| - 6([By, Bs]) =0. (7
By definition 0([Bi, Bslw) =u*(w[Bs, Bs]), we have aw([By, Bsl,)= O that is, [By,
Bo]., is a vector tangent o the fibre.through w.
. ~Given a principal fibre bundle P(M, @), the astion of G on P induces & homomor-
phism & of the Lie algebra g of G into the Lie algebra Z (P) of vector fields on =P,
For each A€ g, A*=0(4) ig called the fundamental vector-field corresponding to 4.
Since the action of G-gends each fibre into itself, A%'is tangent to the fibre at sach w
EP. Ibis known that {4} span the tangent spaca G4 a,t % of the ﬁbre through ,
where G, is the vertical siibepace of T (P): - 7 .~ il e o
When G=80(n), dimg= - (n=1) /2 iwe: ean: ehoose 4 badis A;;0f g suoh that 4,,,
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=—4;,:(4, g=1, <=, n) If {£} (6=1, -+, n) is a bagis of R", ag a consequence of (7)
we can putb ' v B
[B(€); B(€)]=A4i, - ®
Denotie, for simplieity, B(E;) =B;, we have :
dw (B, Bj) =Bi(w(B;)) —Bi(w(B:)) — w([Bt, Bjl)
= “w([Bi; Bj]) = —w(Ai.j) =—A4d;s
and
co/\w(B" B;) =w(B)w(B)) —w(B;) ‘o (B,) =0,
Hence we have by (6)
| Q(B()w B(Ew) = — Aus. | ©
Since 4;,5€ g_depqnds only on &; and &, the left—hand member of (9) Q(B(£).,
B(£)) i8 independent of . Thus we conolude by (4) that the gectional curvature on
M i8 a function locally of at most n(n—1) /2 independent variables 4;,;. Since it is a
-continuous function and M ig connected, it mugt be a function of at most n(n—1)/2
independent variables on M. . |
- Theorem 2. Lot M*(n>>3) be @ connected Riemannian manifold. If there exists

a point o M such that the sectional curvature K (p) s -independent of the plane pE :

T.(M), then M is a space of constant curvature.

The above theorem improves the theorem of F. Schur. A

Proof This Theorem is a direct congequence of Theorem 1. Wo give here
another proof, .. e . :

Let YV and Y2 be an orthonormal basig of a plane g€T (M ), we get ni=u"(Y,),
ma=u"1(¥;) such that, for a€80(n), af1=mn1 a€a=mns We have by (4)

K (g)=(2 (B (1) B(ma) u) Mo Na)s - (10)
Since
R.(B (5)) B(a‘lf),
we have
‘Q(B ("71) th 3(772) w =0 (B<a§i) ) B(“§2)u)
= Q (Ra-* (B(§ 1) ua) ’ Ro—‘ (B (5 2) ua))
woo=ad(@) (Q(BEDw B(w)
=g+Q(B(Duw B(€a)u) a7

Substituting this expresszon intor (10) and notlemg that ¢ ag a mappmg ig isometrio,
‘we oblain .- ' A
¥ K (9) (Q (B (fi)ua, B (fz)m.)fz, 51) o N ¢ED

From (4) and (11) we see- that, for fixed &;-and & the gectional ourvabure
K (q) for any plane g€ T,(M ) can always e obtained by choosing a€80 (n) Binoce
we have assumed that K (p) =K (g) at w=av(u), thig implieg that -

: Q(B(Ex)w B(é2)e) =2(BEuw BEn)w)
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“for every a€SO(n). Moreover, we have proved in (9) that Q(B({1)w B(&)“) is
independent of u. Hence, for fixed &3 and &, the function (Q(B(£1)unBE2)us)Ea &1)
ig locally constant. This means that K (p), considered ag a funetion on M, is locally
congtant. Since it is continuous and M is connected, it must be a constant on M,
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