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" Abstract
In this paper, based on previous results, the Riemann-Hilbert boundary value
problems wﬁ;h_ goneral forms for overdetermined elliptic equations of first order are consi-
dered, The characteristic of modified function space is given, It is proved that there exists
a unique solution for modified problem of the problem which we discuss, By the way, it
is pointed out that there are great differences between overdetermined elliptic systems and

first order elliptei systems in the plane.

81.. Introductioﬁ

Overdetermined elliptic partial differentfial equations firgh arise in the theory of
functions of geveral complex variables. Since the nuxﬁber of equétions ig greater than
the number of unknown functions, there are great diﬂ’erences between them and firgt
order partial differential eqdat_ions in the plane. The formulations of the correspon-
ding boﬁnda,ry value problems are different, The formulation of the boundary ualue
problems depends on the shape of domain,

For the existonce theorem of genera,hzed golutions: of the overdetermmed elliptio

gystems and exp_rqsslons of the.solutions, R. P, Gilbert-and J. L. Buchanan have done |

some work™, W. Tutsohke and the authors have congidered several boundary value
problems with special forms ®-%, In this paper, we discuss the general R-H problems
for overdetermined elliptic systems in bieylinder:.. We look for w which satisfies:

. “‘a’_""’fi(ziy 2, ‘W) -
sw : in G4X Gy, - : : .
. 322 _”f2(ziy %y, 'll)) ] . : (*)

| Re(?»w) =y on a6 X 0Gs.
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The difference hetween the work pregented here and previous works is that, in thig
paper, we discuss above probléms for general A+0, however in previous works, we
only congidered the problems for special A. Here, we give out the characteristio of the
modified functions gpace and prove that there exists a unique solution for the modified
problem of above problem (). :

The plan of this paper is as follows: In section 2, some definitiong and notations
are given and the boundary condition in above problem ig transformed into canonical
form. In seotion 3, we discuss the properties of geveral boundary singular integral
operators, In seotion 4, the main result of this paper ig presented and the solvability
for the modified problem of the problem (*) ig digoussed. In lagh section, we present
some remarks for the problem (*). |

§ 2. Definitions, Notations and Canonical
Form of the Problﬂm
Suppose G,=={zi{ | 2;] <1}, aG,——{z,] Iz,[ ——1}, g= 1 2 G= G‘ixG‘z is a blcylmder

in 02 and 8G4 ¥ 0@, is the characteristio boundary of G.
We consider the problem:

. 2 y’fi(ziy %, ’I,U) SR - ; : N .
- 21 in Gﬁx Gtz, . (1) ‘
Er ”".U/f 2(21, 22, fw)

‘Re(Aw) =y on 3G1 X an, ” - @)

where A iy a Hélder continuous function on 9G4 X Gy and A#0; v is a real Holder
continuous functlon on 9G4 X an, o 1s a pa.rametre and 7 =;é0

We agsume that '

(i) f;is continuous with respeo’ﬁ o (24, za) EG;X G‘g and is h010morpb10 wzth

regpeot to w€ {w| |w| <K +1}; 8[1 nd Bf:

exigh and are continuous, wheore K is

& given sufficient large positive _number. .
(ii) Bquation (1) is complete integrable, that ig

P A

Thesé condibioné are called condition (0).

In the followmg, we ’uransform the boundary Value condltlon (2) into a canonical
form., ' )

Since A% 0 on 66‘1 % 0G5 and. 1—dnmenSlona,1 homology group of 9G4 X 0G4is Z X Z,
there exist two integers ny, ny guch that: arg(2722A) = naArge +ngargea+argh iga real
single-valued Holder cdntinﬁ_ous funotion. By the lemma in [7], we know that there
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. exigt two holomorphic functions (D(zi, 22), W (21, 25) suoh that, on Gk X. BGQ,
Re[® (24, 22)+ P (21, 22)] =niargey —!—margzz—i-a,rg?\.
- By using Vekua method, we do the transformation:
_ W= wexp [@W(zi, 23)].
The equatlons (1) can be transformed into
Zw _Au'fi<zix zﬁy ’&U) .
e in@ B
- —ﬂlf z(zi, 2 w) :
3 22
“where f,(zi, #s, W) =0XP [f@(zi, zz)] f,(zi, 25, wexp[ 'bdi(zi, zz)]), j=1, 2
" 'The boundary condition (2) is transformed 1nto . |
. Ro[simeimoxp [0 (2, 201001 =%, Y
where  y=wexp[—Im®(zy, 2s) —ImP (o, 22)] |A] % _
It is eagy to verify directly that condition (Q) still holds for* equa.hons 3.
Therefors, we can agsume without logs of generality that A= =21 "2z "eXp [P (24, 22)]

in problem (1), (2), (where ’!F’(zi, 23) is holomorphic in G* and can be continuously
'extended 6 boundary, and-the boundary value satisfies Holder oondltlon '
In the following, we only congider the problems for rn.2<0 From [7], we know
that, for ny>>0, ns>0 the conclugions are more complicated when fi=F,=0, 0. The
nonlinear problems for this case will be digousged in detail later.

8 3. SeVeraI Singular 'Ihtegral ‘O’perators
on Charactems‘mc Boundary

Let OF (ﬁGi X 8G) be the set of all Holder oontmuous funotlons with reSpeois to
(24, 22) €961 % 8G2 (The Holder mdex ig ,8), 0" (3&’1 X 3G2) the get of all real
funotlons in O%(8Q X 0Gy). .

““We congider four smgula,r mtegral opera,tors deﬁned on 691 X 66?‘2: -

Pub(es, 1) = o 1)+ gy [, oI,
+2 ém e héji L) dCE' |
2 @15%’(5: = Sl
T PG =g b ) - Mg
" ;m} Ju héff’_fj’) @ D
"(2;@1“96 (:cihg%é:)_zz) dgidl",. . o |
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_____ 1 - b4 22)
Psh@i, zz)— h(% Zz)+ R ZW%J'G\ ot dC

1 h(z, o)
T 2 2m .LG: C: as

L Al g
T (2w J‘QGax o6 (Ca—121) (La— 22) d€1dls,

Pih (%1, 85) == h(zi, 22) ~ 3 ;W% y hgf_i_' %s) dz

o 1 h(z.:_, Cg)
2+ 2w La. . s ,
1 (SRS, yar
(201:’1,)2 f sarxiGa (E1—21) ({a—2a) dgidg”
where hE OB (0G4 x 8G), (21, 2,) €0Gy X 3G,
Proposition 1. P,, =1, 2, 8, 4, are bounded oper atm‘s on Gﬁ(aGixaG‘z) and

zph h, Vhem(aaixaez) S )

Proof The boundedness of P; can be-obtained from - the propertles of C‘auchy
singular integral and the expregsion of P;. Tt .is obvmgs, that equality (5) holds.
| Proposn;lon 2. PiPy=0yPy g, b= 1 2, 3, 4, _
Proof 'We only prove. that Pl—Pi, PzPi—-O O’shers oan. be proved by snmla,r
method. : : R L
From the proof of Lemma 1 in [7], We know thaﬂ; for hE 0‘3 (8G‘1>< 8G'2) Pih is.
the boundary value of a holomorphic function_in G4 X Gz.._ Therefore, - piecewise holo-

morphic function

L pad )
Ps (e ) = (275’1/)2 J oGaxcots (L1 — 1) (Zg—-zz) ksl

satisfies D (24, 25) =0, 22 E C\G—z or zié G\G So Wo have tha,t P,Pi—O ;7 =2, 3, 4. By
proposition 1, we obtain Pl—-Pi

In the following we disouss four singular mtegral operators on 0% (6G1><6G‘2)
and 0 (9G4 x 8Gs).

T Pi{h‘i[Pih+P4h+Pgh+Psh]}, R OF

| Nh=Re(TH), . . . (7)

- Tih= Py [P+ Pt Pt Pgh]}, e

Nih=Re(MHE). . ()

T+ ig eagy to verlfy that T, N, T+ Ntare bounded operators from o* (8GIX3G2)

to 08 (86 % 9Gy). L O
Proposition 8. : For:any: heO (aG‘ixaG&,\ i4 holds’ that
‘ o NRNYh=R e

- Proof- First, it ig ‘noticed that,”.for- n2<0,?u‘1[P1h+?;h+P2h+ Dgh) is bhiet :
toundary value: of a function on 8G Xvan“whieh iSholOinoi@hictWiﬁhr Tegpect H0 Zg: - '
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By the results in [7], we have
Th—=T"%= 0" [Pih+Ph+ Pyh+Pyh].
By proposition 1, we have the conclusion.
Propesition 4. For operators N, N on O% (0G4 X 8Gy), 6t holds that
NNL1=NiN=0, N2-JN. N2=N1
Proof Firsh we prove NLN = NN4L
Sinoe N'+N =17 on 0%(8Q4 x 8G,) we have
Ni=N12y NN =N124L NNL
Therefore, we have
NNLl=NLN.
Next, we will prove NiNh=NN'h=0, for any h€E O (861 % 8@G,).
By using the integral expressions of N' and N we know
Ro{A[TN'h~T-Nh]} =0, on Gy x oG,.
By the resulty in [7], we have
TN h—T*Nh=A"[p(x) —@(20)], (10)
where p(zs) i3 a Holder continiious funetion on &G4 and is the boundary_ value of a
holomorphic funetion in G4, . ' -
Since the left part of (10) is the boundary value of a function with respect 1o 2,
and n, <0, 2Pefrexp [~ (21, )] [p(2) —p(e0)] is the boundary value of a function
with respeot 1o za. S0 we have g (%) —p (1) =0. '
By Proposition 2, we have -
PNip=TLNh=0,
Therefors NiN=NN' N2-NLi, N2-N.

§ 4. Solvability of Modified Problems
of Problems (1) (2)

By [6], we know that, for fy= Sfa=0, problem (1), (2) is no} always solvable for
abitrary y. Here, we present the characteristio of the necesgary and gufficient
conditions for the solvabilityof generalized Riemann-Hilbert problems.

Lemma 1. Suppose D (24, 2,) is @ holomorphie funetton tn G which can be ewtended
to the charaoleristic boundery and satisfies -

Re (M) =y on 0G4 %8G, (11)
then we have =Ty, on G, x 8G,.

Proof By tho results in [7], we know that @ (24, 25) has expresgion

(2, 29) =Ty + A" (p(2) —p (20)),
where p ig a Holder continuous fanction on G4 and ig the boundary value of a
holomorphic function in G4, By uging the similar ethod mused for proposition 4, we
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have @(21) —g(z1) =0. So wo have the conclusion. _

Theorsm 1. For fy=Ff,~0, the necessayy and sufficient condition for the solvability
of problem (1), (2) 48 NLy=0. When this condition 6s salisfied, the solutibon can be
ecpressed as ‘ |

N Ty (s, £o)
G mW.LG:st, (g:i—yzi)i(gg-—zz) 4 1L

Proof Sufficiency: When Niy=0, N v="y. Therefoie T'y satigfies
Re(MTy) =Ny=-r,

Nezl':%,. we will prove the uniquenesy of he solution.,

If there exigh two solutiony w.. ws we have Re[A(wi—wa)] =0. By the regulis in
[71. we have wi—~wa=A"*[p(2) —p(z)], where ¢ (p(z() —@(z1)) i9a Holder conti-
nuous function on 8G4. By using the similar method used for Proposition 4, we have o
wi=1wy. The soluotin ig unique, |

Nécéssity: By Lemma 1, we get the conolugion immediately.

From.above‘. we know |

1 Ty (:1» {2)
o )= G o T sy o

We define modified function space N+ _
Nt={N'h|hC O4(0Gyx 8Gs)}.
We consider modified problem:
ow

= 1o, 2, ) _
a“'%' | in @, (12)
EU =Ju'f2 (21) 23, ‘ll)) . |
322
Re(hw) =y+k on 8G X 8G,, (18)

where A€ N1 ig a modified function. ‘ 7
By using Pompieu operator™, we know that the solutions of equation (12) mush
be the solutions of following integral equation

& .
W=l f1-+ pTofa— T4y 8_22':?- +P (21, 25), (14)

where T'y, T, are Pompieu operators with regpect 1o 21, 2za regpechively (see [9]),
D(z1. 2,) I8 a holomorphio funetion in @.
We denote
Poy=T f1+Tsfo—T:T, %"

From (18), we have
Re(MP) =y+h—Re(uPw), on 8GyxoG,.
By Lemma 1 and Theorem 1, we know fhat, on 8G4 X 8@,
O=Ty—T(ReuPw), h=N'(RepPw—n).
Equation (14) can be transformed into |



20 S - -CHIN, ANN. OF MATH. . . v Vol. 11 Ser:'B

w=uPw—T (RepPw)+T» in@G, ~ . = .~  (15)

g 1 [ Th(t L) |
[where T s G Ty ol

~ Wo denote equatlon ( 15) as w=Huw.

In the followmg, we will prove that there exists a unlque solution of mbegral
equation (15). N T
We define functions space B: . .-

B={g(2, 2:)| g(2, zg), 20(e1 t). " Bgles. 1) are confinuous in G}.

021 02z e
It is eagy to verify that B is a Banach spaoe B
Let By, be the ball in B centered in O with radius K, i . B;,-— {g1 lgl <K}.
Without logg of genera,hty, wé take K sufficient large such that H 0 Bk
Lot (21 22, w) € GaxGyx {w] lfwl <K}, it holds that '

3% - 2fa 3f 3f1}<1-l N
ow'' wdyy, - ow’ dw e

By using some infegral estimations and Some resulty in seotion 3 we have
that,for wy wy€ By, it holds that
w1~ s < M (Lgy K)oz~ 03,
where M (Ly, K) isa posﬂnve number only dependmg on Iy and K. When u<

- The norm 1s deﬁned as o :
69' ’ 99
+- 3Z2

Ilglls—“' sup {lql+

(= 1,22)€G

naax{

m H is a con’sractlon ma,ppmg on Bk So there ex:sts a unique w*€ B,
..guch that .
o w* y,wa “',LbT (Rewa*) +T7 L _(16).
Next we prove, that fw*(zi, . zz) is the solutlon of the modlﬁed problem (12)
e I |
| By uging (186), 115 ig easy to Ver]fy that w* sainsﬁes boundary Value condl’mon
‘7(13) ' .'___ o .
‘+ By using. th® expression of Pompieu.i)pera,tor. we have S
gi =ufi(e, o 0o @), o n
3’%)* = wf 2(% 28 'w?Cz-i, Zz)>+MT : [ 3f1(/«1, (2, 22))
024 -~ 7y
- sl ta 0o, 2))] T (8
321 '

By usung eomplete mtegrable condltion equatlon ( 18) can be er’oten a,s‘

a ~uTs 2{; 3;‘; éwfz)]

Therefore
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\2:u’LMl E "ﬂf2 °

[ ' aw R
023

2 A “.’f 2

Therefore w(zi, zz) is the unique solutlon of ‘ﬁhe medlﬁed problem (12), (13) So

When p,<

L , yve have

we have followmg theortm. :
“Theorem 2. Uonsider :pfroblem (12) (13) Suppose that ryEO (3G‘1x 8G2) &8
given. When conditéon (O) s satisfied, there exists a unigue solutéon of the modéfied

problem ¢f p<min (Z}Tk_ —Q%T)

§5. SOme Remarks

In thig section, we show the difficulties we meet when we give up the hypothesis
that “f; is holomorphic with regpect o w” in condition (C). This is very important.
Due %o thig reagon, we can nob treat the problem by using the method gimilar %o
Vekua method.

Consider the equation:

ow _—
— =W 19
Y (19)
ow -
—=0, 20
o - (20)
The compatibility equation ig
' ow
023 =0. (21)

From (20), (21), we know that w is independent of z,. This overdetermined

equationg in fach ig a complex elliptic equation in the plane:
ow —

— =,

32’1
Obviously, it is not suitable to propose the boundary value condition gimilar to

(2) for equations (20), (21).
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